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LINK OF GROUPS
AND HOMOGENEOUS HORMANDER OPERATORS
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ABSTRACT. We study a notion of link of Lie groups suggested by the structure
of the partial differential operators of Kolmogorov type. As an application of
our link procedure we construct explicit examples of stratified Lie groups,
with dimension and step arbitrarily large. We also give a set of examples of
hypoelliptic second-order operators which are left translation invariant and
homogeneous of degree two on the previous groups.

INTRODUCTION

In this paper we study the notion of link of homogeneous groups first explicitly
fixed in [9]. This notion seems not completely new and it is somehow related to the
notion of fiber product. However, our presentation, which is inspired by the structure
of the operators introduced by Kolmogorov in studying diffusion processes from a
probabilistic point of view (see [12], [T1]) seems more suitable to be applied to the
theory of second-order partial differential operators of Hérmander type.

In order to clarify our main purpose, we first recall that the above-mentioned
Kolmogorov operator is the following one:

(1) K:Aw+xvy—8t,

where z,y € R" and ¢t € R. A, and V, respectively denote the classical Laplace
operator and the Euclidean gradient in R". Moreover, 'V, stands for the first-order
differential operator Y7_, x;0,;.

It has been proved in [12] that K is left translation invariant on the Lie group
(R2"+1 o) whose composition law is given by

(x,y,t)o (2,9 t) = (x+2",y+y +tz,t+1).
The dilations
Oyt RIFL LR 5y (g, t) = Mz, Ay, A2, A >0,
are homomorphisms of (R*"*1 o) so that
K= (RQTLJ,»I’ o, 6)\)
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2020 A. E. KOGOJ AND E. LANCONELLI

is a homogeneous Lie group. It easy to verify that K also is dy-homogeneous of
degree two.

We shall say that K is the Kolmogorov group related to the first-order partial
differential operator

Y = xVy - 8t-

It seems quite natural to expect that replacing A, in () with a suitable sub-
Laplacian on a Carnot group, we should obtain a new operator with an underlying
structure of a homogeneous Lie group.

Actually, as an application of our general results, we shall see that if Ag is any
sub-Laplacian and Y is a first-order partial differential operator which is transverse
to G (in the sense of Definition [45]), then

£:Ag+y

is left translation invariant and homogeneous of degree two on a new homogeneous
group obtained by linking G with the Kolmogorov group related to Y.

As another application of our linking procedure, we are able to construct explicit
examples of homogeneous and Carnot groups of dimension and step arbitrarily
large. We are also able to give new explicit examples of degenerate elliptic and
ultraparabolic operators of Hérmander type.

The study of this class of operators, started with Hérmander’s paper []], has
significantly improved since the works by Folland [7] and by Rothschild and Stein
[13]. In the latter paper it was shown that every Hérmander operator can be locally
approximated by hypoelliptic operators of the following type:

m
> X+,
j=1

where the X;’s and Y are first-order partial differential operators with polyno-
mial coefficients, left translation invariant and homogeneous of degree one and two,
respectively, on a homogeneous Lie group in a real space RV .

As is well known, in the last decades a lot of literature has been devoted to
the Hormander operators on homogeneous Lie groups. We just mention, besides
the celebrated papers [§], [4], [7] and [I3], the monograph [I4], the recent survey
article [I], the papers [2], [3] and the references therein. We would also like to
explicitly mention the papers [5] and [6] containing a deep analysis of operators
with non-smooth coefficients on Lie groups.

The present paper is organized as follows. In Section[Ilwe introduce the notion of
link of groups and in Section 2 we study the algebras of the linked groups. Section
3 and Section 4 are devoted, respectively, to homogeneous and Carnot groups. In
Section 3 we show that the link of homogeneous groups is always a homogeneous
group. In Section 4 we give sufficient conditions for this to also hold for Carnot
groups. Finally in Section 5, by using our general results, we show how to construct
sequences of sub-Laplacians and of sub-Kolmogorov operators.

We close the introduction by recalling few basic facts from Lie group theory in
RY. A vector field in RY is a smooth function

X :RYN — RV, X(x) = (a1(x),...,an(z)),
where a; € C*°(RM,R) for every j € {1,...,N}.
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LINK OF GROUPS 2021

We identify X with the linear first-order partial differential operator
N
X:=Zaj(x)8xj, x=(x1,...,TN).
j=1

Given a Lie group G = (R, 0) we denote by g its Lie algebra, i.e. the Lie algebra
of the vector fields in RY which are left translation invariant on G. For every
je€{l,..., N}, the vector field

Xj(x) = ay_;’ (CC o y)|y:07 HAS RNy
belongs to g. The family {X;,..., X} is a basis of g which is called the Jacobian
basis of g.
1. LINK OF GROUPS

Let G; = (M;,0;),i = 1,2, be Lie groups. Assume the manifolds M; can be split
as follows:
]\42‘:]\70><Z\fi7 i:172,

where Ny is the underlying manifold of a Lie group H = (N, -).
We also assume that the projection

m; + Ng X Ny — Ny, mi(no, ng) = no,

is a homomorphism of G; on H, i =1, 2.
Given (ng,n;) € M;,i = 1,2, we define

(ng, n1)A(ng, ng) := (ng, n1, n2).
Thus, if we set M = Ny x N1 X Na, we have
M = M1 AMs == {(ng,n1)A(no,n2) | n; € N;y, i =0,1,2}.

In M we introduce the following composition law:

(no,n1,m2) o (ng,n1,m5) = ((no,n1) o1 (ng, ni)) A ((no, n2) 02 (g, 13)) -
We explicitly remark that this definition is well posed since

mi((no,n;) o5 (ng,ni)) =ng-ny  fori=1,2.

The following proposition holds.

Proposition 1.1. G := (M,o0) is a Lie group.

Proof. We omit the details of the proof, which is completely elementary though
lengthy. We just remark that the zero of M is 0 = 0;AO2, where 0; denotes the
zero of G;, i =1,2.

Moreover, if m € M, m = mqiAmo, with m; € M;, then

m~t =mtAmyt

We shall say that
G = (M7 O)
is the link of G1 and Gs.
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2022 A. E. KOGOJ AND E. LANCONELLI

The following proposition will be useful in what follows.

Proposition 1.2. Let G;, i = 1,2, be as before. Let

d(i) : Gl — GZ
be an automorphism of G;, i =1,2. Assume
(2) md® = mpd®.

Then
d:=dYAd?
is defined as follows:
d(no,n1,n2) = (dY (ng,n1))A(d® (ng, n2))
is an automorphism of G.

Proof. The proof is quite easy. We only need to notice that d is well defined thanks
to condition (). O
2. ALGEBRAS OF LINKED GROUPS ON REAL SPACES

Let RN, N > 3, be split as follows:
RY =RP x R? x R"
and denote its points by
T = (x(P)’x(Q)7x(7‘)),
where 2 € RP, (9 € R? and z(") € R". We shall also use the notation

2(Pa) . — (x(p)’x(q)) and z®7) .— (x(p),x(”).
Accordingly, for consistency of notation, we shall write R® and R(®7") instead of
RP x R? and R? x R", respectively.
Let
Gl = (R(p’Q), 01) and Gg = (R(p,r)7 02>

be Lie groups. Assume the composition laws in G; and G» take the following form:
(3) P9 oy 4yPD) = () (D))o, (y(p)7y(q)) = (2 4 y@), Q(x(p»q),y(m))),
(4) 27 oy 1) = () (M) oy (yP) 4 () .= (2P) 4y @) R(2PT) 4(P1)Y)

where Q and R are vector functions with values in R? and R", respectively.
Then G and Gs are linkable and the composition law on G := Gy AGs is given
> zoy:= (2P 4+ y® QzPD yPD) R(zPT) 4@Pr)y),
We shall denote by g; and g the Lie algebras of G; and G respectively (i = 1,2).
Theorem 2.1. Let
{X1,.... Xp1q} and M",..., Y}
be the Jacobian bases of g1 and go respectively. Then
Xptr1,-, Xprg € 9.
Moreover, if R is independent of y®), we also have

(5) Xi,..., X, €q.
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Analogously,
(6) }/p+1a"'7Y;7+T€g
and, if Q is independent of y®), then

Yl,...,Ypeg.

Note. If 1 < s < N, we agree to consider any vector field in R® as a vector field in
RY with the last N — s components equal to zero.

Proof. If R is independent of y§p’q) for some j € {1,...,p+q}, then X; € g. Indeed,
5y(_m> (xoy) = ay(p’q)(x(p) + y(p)7 Q(x(nq)’y(p,q))’ R(x(pw)’y(p,r)))
J J
ayy),q) (x(p) + y(p)a Q('r(p’q)7 y(p,q)), 0)
8y;p,q>(x(p) + y(p)7 Q(x(m)’y(p,q))) — ayEP’Q) (x(p,q) o1 y(zxq))’

so that
0,0 (T 0 Y)ly=0 = 0, .0 (@®D oy yP D) ) _gwm = X;

and hence X; € g.
Then (@) and (B) are proved since R is always independent of y(@,
The second part of the theorem can be proved exactly as the first part. O

Example 2.2. Let G; = (R(®% o)) be a Lie group whose composition law o; is

as in (3)).

Let us now consider a (p+r) x (p+7) matrix B taking the following block form:

0 0
5=(5 5)

where B; and By are, respectively, rxp and r xr real matrices. Then the exponential
matrix

E(t) := exp(—tB), teR,
takes the following block form:

@ Et) = < Ef’ft) B )

In R®"+1) whose points will be denoted by (x(p>r), t), we introduce the composition
law

(8) (P t) og (yP), 1) = (yP") + BE(r)2P) t + 7).
It easy to show that
Gy = (R, o5)
is a Lie group.
Moreover, due to (),

(2P ) oy (P 1) = (2® +yP ) 4 B (7)2®) 4+ By(r)z™ t 4 1)
©) = @ 4y R, 1), (7, 7).

It follows that G; and G are linkable and, by Theorem 2.1}, since R is independent
of yP), the Jacobian basis of g; turns out to be contained in the Jacobian basis of
g (the Lie algebra of G = G1AGs).

We now compute the Jacobian basis of ga.
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2024 A. E. KOGOJ AND E. LANCONELLI

From (@) we immediately get
0 o (7, 8) 02 (y P, T)|(ywrr mym0 = €55 G =1,-cpF,

where e; denotes the j-th element of the canonical basis of R®7+1)  Moreover,
directly from (8)), we obtain

, ; —Bg®m)
(=002 (1 oo = (T ).

Then, the Jacobian basis of gs is
{8I§p,r), j=1,...,p+rtU{Y},
where
(10) Y = —(BzP") YV, ) + 0y
Therefore, by Theorem 2], the vector fields
Y and 8w§p,r>,j=p+1,...,p+7‘,

are left translation invariant on G.
It follows that the Jacobian basis of g is given by

Xq,...,X O v yees0 wm,Y
1 y “Xp+q> x;il)v ) x;ﬂ”.)a

where we have denoted by {X1,..., X4} the Jacobian basis of g;.

3. LINK OF HOMOGENEOUS GROUPS

We shall call group of dilations in R any family (dy)aso of diagonal linear map
of the form

dy RN — RN dy(z1,...,28) = (A2, ..., A 2y),

where the o;’s are suitable real positive numbers.

A Lie group (R¥,0) will be called a homogeneous Lie group if there exists a
group of dilations (dy)xso such that dy is a homomorphism of (R¥, o) for every
A > 0.

We shall denote by

G = (RY,0,d))

a homogeneous Lie group endowed with a group of dilations given by (dx)x>o. Let
Gy = (R(qu), o1, dE\l)) and Gy = (R(p,r), o9, dg\2))

be homogeneous Lie groups and suppose the composition laws o1 and oo are defined

as in (@) and ). We also assume that the dilations df\l) and df\2) take the following
form:

(1) @2 0) = a0 ),
dP @@,z = (Az® pP (@),
These assumptions imply that G; and G, are linkable (in the sense of the previous

section) and that the dilations dg\l) and df) satisfy the hypotheses of Proposition
Then
G =G1AG,
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LINK OF GROUPS 2025

is a homogeneous Lie group with respect to the dilations
dy RN — RN, dy (2@, 2@ 2y = ()\gc(p),pg\l)(x(Q)),pg\g)(x(r))).
In what follows, we shall call
G = (RY,0,dy)
the link of the homogeneous groups Gy, and Go.

Example 3.1. Let G; = (R®9 o, d}) be a homogeneous Lie group. Assume the
composition law o; and the dilation d} as in @) and (), respectively.
Let us now consider a Kolmogorov-type group, i.e. a group

K = (R(p,r+1)’ 09, dg\Q))
where oy is the composition law (§)) related to the following (p+r) x (p+r) matrix

B:
0 0 0 ... 0
Bi 0 0 ... 0
(12) B=| 0 B

0 0 0 By 0
Assume that B; is a maximum rank matrix of dimension r; x r;_1, with ro = p >
ri>...>rp>landrg+r;+...+7r, = N.

The dilations
d(f) (RO, R+

d(f)(x(p), ) e ) = ()\x(p), Ng(r) o \ZRHL () A2, A>0,
make K a homogeneous Lie group (see [12], where the Kolmogorov-type groups were

first introduced).
Then, G; and K are linkable homogeneous groups.

4. LINK OF CARNOT GROUPS

Let G = (R¥,0,d)) be a homogeneous group and assume that
dx(x1,...,zn) = A2y, ., AN N),

where a; € N for every j € {1,...,N}. Let us denote by Ag the subset of the
indices j € {1,..., N} such that a; = 1, and assume that the cardinality of Ag is
greater than or equal to 2.

We say that G is a Carnot group if the Lie algebra g of G is generated by the
left translation invariant vector fields

X J € Ag,
such that X;(0) = ;. These vector fields are called the generators of G. It can
be proved that, if j € Ag, the j-th component of the composition law is Euclidean,
ie.
(zoy)j==z;+y;  Vj€EAg.

We want to show that, under suitable conditions, the link of two Carnot groups
is a Carnot group.

So let

Gy = (R®D o d))  and Gy = (R®") 0g,d?)

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



2026 A. E. KOGOJ AND E. LANCONELLI

be Carnot groups. Up to a rearrangement of the variables we may and do assume
Ag, ={1,...,p}, Ag, ={1,...,m}, with p<m<p+r.
As a consequence, dg\l) and dg\Q) take the form
df\l)(:c(p”)) = Az, pf\l)(x(q))),

dP Py = M@, pP(2)) = MA@, Ax (=) 62 (zPr7=m)),
Then, G; and G, are linkable homogeneous Lie groups with dilations given by:

dA(x(p), 29, x(r)) = dy (x(p), 2@ g (m=p) x(zﬂrrfm))
(13) — ()\x(p),pg\l)(x(q)), /\x(m*p)’gf)(x(pﬂfm))).

However, in general, G := G1AG, is not a Carnot group.
In order to give a condition ensuring that G is a Carnot group, we first remark
that the composition law o; can be written as follows:

2PD o D) = () 4y (PO (DY)

Theorem 4.1. Assume the following conditions are satisfied:

(H1) R is independent of y®).
(H2) O ) is left translation invariant on Gg for 1 < j < p.

Then
G =G1AG,
is a Carnot group with m generators.
More precisely, if p < m, X1,...,X, are the generators of Gi and 5‘r§p), ceey

aw@),YpH, ..., Yy, are the generators of Go, then the vector fields
P

Xla"'aXp7Y;D+17"'7Ym
are the generators of G.

The proof of this theorem will straightforwardly follow from the next lemma and

corollary.
Lemma 4.2. Let Y be a vector field in R®%7") taking the form
(14) Y =) "o
k
k=1

with %) independent of 9, k=1,...,r.
Then
[X;,Y] = [%m,Y} vje{l,...,p}

Proof. From the general theory of homogeneous Lie groups on Euclidean spaces it
follows that X, j € {1,...,p}, can be written as

Xj=0,m + X,
J

where .
)ZVJ = Z ag-k)azgcq), agk) = aik) (x(p"n).
k=1
Then [X;,Y] = 0 and the assertion follows. O

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



LINK OF GROUPS 2027

Corollary 4.3. Let
(15) 8925;,),...,8x;p>,Yp+1,...,Ym,...,Yp+r
be the Jacobian basis of go. Then
Y;D—i-i S Lie{Xl,...,Xp,Y;j_i_l,...,Ym} Vie {1,...,7"}.

Proof. From the general theory of homogeneous Lie groups on Euclidean spaces, it
follows that each vector field

Yp+1;-"aYma"'a}/p+r

can be written as in ([4) with coefficients independent of z(9).
Therefore the result follows by applying Lemma O

Proof of Theorem &1l Let us denote by
X1y, Xp, Xpt1y -+, Xptyg

the Jacobian basis of g1. Moreover, let (IH) be the Jacobian basis of go. Hypothesis
(H1) and Theorem 21l imply that

(16) X],. .. 7Xp,Xp+1,. .. 7Xp+q7}/p+17 cee 7th,. .. 7Yp+r,- cg.
On the other hand,

X;(0) =0, it je{l,...,p},
Xp+5(0) = 8355;1) it je{1,...,q},
Yp1i(0) = 0,n if ie{l,...,r}

Then, the vector fields in (G are linearly independent since they are linearly
independent at the origin.

Since dim g = dim (R®?AR®")) = p + g 4 7, we get that (IG) is the Jacobian
basis of g. The structure of the dilations in (I3]) implies that

Ac={1,....,p}U{p+q+1,....,q+m}.

Hence the cardinality of Ag is equal to m.
In order to complete the proof, we have to show that

(17) dim (Lie{X1,..., Xp, Yp41,-- s Y }) =p+ g+
It is quite obvious that
X, € Lie{Xy,...,Xp,Y1,..., Y.} Vijied{l,...,p+q}
Moreover, by Corollary E3]
Y, € Lie{Xy,.... X, Y1,....Y,,}  Vie{l,.. .}
Then ([IT) follows from the first part of the proof. (Il
Example 4.4. Let G| = (]R(pﬂ),ol,df\l)) be a Carnot group with p generators.
Assume Ag, = {1,...,p} and denote by
X1, Xp

the generators of Gy .
Let us now consider a Carnot-Kolmogorov type group on R®™+1) je a homo-
geneous Lie group

CK := (R®" D) oy d(?))
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2028 A. E. KOGOJ AND E. LANCONELLI

whose composition law is defined as in (8) (see Example 2.2)) and the matrix B is
given by ([[2). Moreover the dilation dE\Z) is defined as follows:

a0 @) = dP (@), 2+ )
= dg\2)(x(p),$(rl)’...,x(rk)7t)
Az N2 (o) N () 6,
Then, CK is a Carnot group with p + 1 generators and
ACK:{177P}U{p+T+1}
(see also [2]). The generators of CK are the vector fields
ax(lp)v cee 7a$§)p) ) Y
where
(18) Y = —(Bz'""), D, ) + O

see (I0). Here (-,-) and Dy, ) denote the inner product and the Euclidean gradient
in R®") | respectively.

Then, since the function R in (@) is independent of y*), G; and CK are linkable
homogeneous Lie groups and the linked group

G :=G;ACK
is a Carnot group whose generators are
X1,..,XpY

(see Theorem FT]).

Definition 4.5. We shall call the vector field Y in [I8)) a derivative operator trans-
verse to .

5. AN APPLICATION

5.1. Sequences of sub-Laplacians. Let G; be a Carnot group with generators

Xi1,..., Xp.
Then
p
Ao
j=1

is a second-order partial differential operator which is called the canonical sub-
Laplacian on G;. Since
g1 = Lie{Xl, ey Xp},
g1 being the Lie algebra of G1, Ag is hypoelliptic by the well-known theorem of
Hormander [8].
Let us now consider a derivative operator Y; transverse to G; and denote by
CK; the Carnot-Kolmogorov type group related to Y7 (see Example d.4).

Then
X1,...,Xp,
are the generators of the Carnot group
GQ = G1ACK1
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Hence

p
Ag, > X7+ P
j=1

= Ag, + Y12.

We can continue this procedure by choosing a derivative operator Y, transverse to
Go. Thus, denoting by CKy the Carnot-Kolmogorov type group related to Ys, we
have that

AG3 = AGQ + Y22 = A(Gu + Y12 + Y22
is the canonical sub-Laplacian on the Carnot group
Gg = GQACKQ = (G1ACK1)ACK2

By iterating this argument, we can construct a sequence of Carnot groups (G, )n>1
such that
Gn+1 = GnA(CKn,
CK,, being a Carnot-Kolmogorov type group related to a derivative operator Y,
transverse to G,,.
We also have

AG7L+1 = A(Gn + Y;z2
n
= Ag, + Z YkQ
k=1

5.2. Sequences of sub-Kolmogorov operators. Let G; be a Carnot group with
generators Xi,...,X,. Let Y7 be a derivative operator transverse to G;. Then we
call

P
Kii=2g, +Y1=)Y X4V,
j=1

a sub-Kolmogorov operator (see [9] where this notion was first introduced).
Then, K; is left translation invariant on the homogeneous linked group

Kl = Gl AKl

where K; is the Kolmogorov-type group related to Y; (see Example BI). We
also know that X; is homogeneous of degree two with respect to the dilations
of Ky. Moreover, the composition law on Ky is the same composition law on Go
of the previous example. Then Ks and Go have the same Lie algebra, which is
Lie{X1,...,X,,Y1}. It follows that Ko is hypoelliptic, since it satisfies the
Hoérmander condition. Now, let us now consider the sequence of sub-Laplacians
(Ag, )n>1 constructed in the previous section, and let (Y,),>1 be the related se-
quence of transverse derivative operators, i.e. Y,, is transverse to G,,. Then

]Cn = A(Gn + Yn

is a sub-Kolmogorov operator for every n € N.
We would like to explicitly remark that

Kni1=20g, + (Y2 + ... +Y2) + Y, n>1.

All these operators are contained in the classes studied in [9] and [10].
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