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We derive Hardy-type inequalities for a large class of sub-elliptic operators that
belong to the class of Aj-Laplacians and find explicit values for the constants
involved. Our results generalize previous inequalities obtained for Grushin-type
operators

Ay +1xP%Ay,  (x,y) eRM xRV o >0,

which were proved to be sharp.
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1. Introduction
Let @ C RY be a domain, where N > 3. The N-dimensional version of the classical Hardy
inequality states that there exists a constant ¢ > 0 such that

Ju(x)|?

o |x?

dx 5/ |Vu(x)|2dx,
Q

forallu e H(} (£2). If the origin {0} belongs to the set €2, the optimal constantisc = (NT*Z) 2,
but not attained in H(} (£2). Hardy originally proved this inequality in 1920 for the one-
dimensional case. Hardy inequalities are an important tool in the analysis of linear and
non-linear PDEs (see, e.g. [1-4]), and over the years the classical Hardy inequality has
been improved and extended in many directions.

After the seminal paper [5] by Garofalo and Lanconelli, where the Hardy inequality
for the Kohn Laplacian on the Heisenberg group was proved, a large amount of work has
been devoted to Hardy-type inequalities in sub-elliptic settings. For a wide bibliography
regarding these topics we refer to [2].

Our aim is to derive Hardy-type inequalities for a large family of degenerate elliptic

operators belonging to the class of Aj-Laplacians. In recent years, A;-Laplacians are
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attracting increasing attention and their properties have been widely studied [6—17]. The
class of operators we consider contains Grushin-type operators

Ay + XAy, (x,y) e RN x RN,
and, e.g. operators of the form
Ay 4 1x1P%Ay + PPy Ay, (x,y,2) € RV x RV 5 RY3,

where «, f and y are real positive constants. Our results extend the family of Hardy
inequalities derived for Grushin-type operators in [18]. Improved Hardy inequalities for
Grushin-type operators were obtained in [19,20], Hardy inequalities involving the control
distance in [21] and Hardy inequalities in half spaces with the degeneracy at the boundary
in [22].

The proof of our inequalities is based on an approach introduced by Mitidieri in [23] for
the classical Laplacian. Our results coincide for the particular case of Grushin-type operators
with the inequalities D’ Ambrosio obtained in [18], where he proved that the inequalities
are sharp. We derive explicit values for the constants in the inequalities, but are currently
not able to show its optimality in the general case.

The outline of our paper is as follows: we first introduce the class of operators we
consider and formulate several examples. In Section 3, we explain our approach to derive
Hardy-type inequalities and give a motivation for the weights appearing in the inequalities.
The main results are stated and proved in Section 4. In the appendix, we illustrate the relation
between the fundamental solution and Hardy inequalities and comment on the difficulties
we encounter proving the optimality of the constant in our inequalities.

2. A,-Laplacians

Here and in the sequel, we use the following notations. We split RV into
RN = RM x ... x RM,

and write

x:(x(l),...,x(k)) ERN, x("):(x](i),...,xl(\';i)), i=1,...,k.

The degenerate elliptic operators we consider are of the form
Ay =MAm + -+ A A w,

where the functions A; : RY — R are pairwise different and A ) denotes the classical
Laplacian in R, We denote by |x| the euclidean norm of x € R™, m € N, and assume
the functions A; are of the form

Ax) =1,
A (x) = [x D)

Mx) = |x(l) |3t |x(2)|a32’

Ak (x) = |x(l)|0lk1 |x(2)|ak2 . |x(k—1)|0(kk—l’ x e RN,
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where ;; > Ofori =2,...,k, j=1,...,i — 1. Setting o;; = 0 for j > i we can write
k .
M) =[], i=1,... k& 2.1)
j=1

This implies that there exists a group of dilations (5, )r=0,
& RN S RN 5,00 =60, ... x®)y=oixD . oy,
where 1 = o1 < o; such that A; is §,-homogeneous of degree o; — 1, i.e.
2 (0)) =r7 (), YxeRY, r>0,i=1,...k,
and the operator A is §,-homogeneous of degree two, i.e.
A8 (x)) = r*(Au)($,(x))  Yu e CO®Y).

We denote by Q the homogeneous dimension of RN with respect to the group of dilations
(8/)r>0, 1.€.
Q :=01N1 + -+ oxNg.

0 will play the same role as the dimension N for the classical Laplacian in our Hardy-type
inequalities.
For functions A; of the form (2.1), we find

o =1,
oy =1+ o0y,
03 = 1 + 01031 + 02032,

or =1 + o0 + 0202 + -+ + Ok 10— 1.

If the functions A; are smooth, i.e. if the exponents « j; are integers, the operator A
belongs to the general class of operators studied by Hormander in [24] and it is hypoelliptic
(see Remark 1.3, [9]). The simplest example is the operator

8,%1 + |x1|2°‘a§2, x=(x) ek ael,

where 0y, = %, i = 1, 2, that Grushin studied in [25]. He provided a complete characteri-
zation of the hs;poellipticity for such operators when lower terms with complex coefficients
are added. For real o > 0, the operator is commonly called of Grushin type.

Operators A; with functions A; of the form (2.1) belong to the class of Ay -Laplacians.

Franchi and Lanconelli introduced operators of A -Laplacian type in 1982 and studied
their properties in a series of papers. In [26] they defined a metric associated to these
operators that plays the same role as the euclidian metric for the standard Laplacian. Using
this metric in [27,28] they extended the classical De Giorgi theorem and obtained Sobolev-
type embedding theorems for such operators.

Recently, adding the assumption that the operators are homogeneous of degree two,
they were named A;-Laplacians by Kogoj and Lanconelli in [9], where existence, non-
existence and regularity results for solutions of the semilinear Aj-Laplace equation were
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analysed. The global well-posedness and long-time behaviour of solutions of semilinear
degenerate parabolic equations involving A, -Laplacians were studied in [11], and this result
was extended in [12], where also hyperbolic problems were considered. We finally remark
that the A, -Laplacians belong to the more general class of X-elliptic operators introduced
in [29]. For these operators Hardy inequalities of other kind with weights determined by
the control distance were proved by Grillo in [30].

To conclude this section we recall some of the examples in our previous paper [11].

Example 2.1 Let o be a real positive constant and k = 2. We consider the Grushin-type
operator

A=A+ XV AL,

where A = (A1, A2), with A1 (x) = 1 and A»(x) = |x(D|*, x € RM x RM2. Our group of
dilations is

Sy (x(]), x(z)) = (rx(l), r“+1x(2)) ,

and the homogenous dimension with respect to (§;),~0 1S Q@ = N1 + Na(a + 1).
More generally, for a given multi-index o = (q, .. ., @x—1) with real constants ¢«; > 0,
i=1,...,k—1, we consider

Ay = Ay 4 xDPHA o) 4 4 [x D21 A .
The group of dilations is given by

8y (x(l), . ,x(k)> = (rx(l), plray@ ,r1+"‘k—‘x(k)) ,

and the homogeneous dimensionis Q = N + o1 Np + o N3 + - - - + otj—1 Ng.

Example 2.2 For a given multi-index « = (q, ..., ox—1) with real constants «; > 0,
i=1,...,k—1, wedefine

Ay =A0+ |x(l)|2a1Ax(2) + |x(2)|2‘x2Ax(3) + -+ |)C(k_1)|20[k_I Acw.

Then, in our notation A = (Aq, ..., Ax) with

M@ =1, re) = xCD =2k, x e RV x o x RV
and the group of dilations is given by

Sy (x(l), .. ,x(k)> = (r"lx(l), .. ,r""x(k)>

withoy =lando; = a;j_j0;_1 + 1 fori =2,...,k.
In particular, if ] = ... = ag_1 = «, the dilations become

5 (x(l), L x(k)) _ (,,xa), petl @ rotk_]+~-+ot+1x(k)> _

Example 2.3 Let «, B and y be positive real constants. For the operator

A=A+ 1XD1PA L0 + x VPP 1@ 1A g,
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where A = (A1, A2, A3) with
M) =1, @) =xD a0 = xPPR@, x e RV x RM x RM,
we find the group of dilations
5 (x(l)’ M) x(3)) _ (rx(l)’ paetl @ rﬁ+(a+l)y+1x(3)> _

3. How we derive Hardy-type inequalities

Our Hardy-type inequalities are based on the following approach indicated by Mitidieri in
[23].

Let Q ¢ RY, N > 3, be an open subset and p > 1. We assume u € C(l)(Q), and the
vector field h € C'(Q; RV) satisfies divh > 0. The divergence theorem implies

/ lu(x)|Pdivh(x) dx = —p/ lu ()P 2u(x) Vu(x) - h(x)dx,
Q Q

where - denotes the inner product in R". Taking the absolute value and using Holder’s
inequality, we obtain

/ lu(x)|Pdivh(x)dx = —p/ )P 2u(x) Vu(x) - h(x)dx
Q Q

p=1 1
<p (/Q Iu(x)lpdivh(x)dx> ! (/Q —(di\lf;z(();))l;_l IVu(x)lpdx> ! ,

and it follows that
|h(x)|P

Pd; p p
L|u(x)| divh(x)dx < p /g;(divh(x))p_llvu(x)l dx. 3.1
If we choose the vector field
he(x) = ———,
(x> + )2
where ¢ > 0, then
x|
. AT | x|
divhe(x) = ——F he(n)] = ———.
(Ix[*+&)2 (x> + &)z

Assuming that N > p we have divh, > 0, and from inequality (3.1) we obtain

1 2 p
_/ (N_p Igcl ) | ()| _d
r? Ja IXI“+¢e/ (|x|2 +¢)2

2 NPT e
5/ <N—p 5 ) ﬁWu(x)V’dx
Q |x|=+¢ (Ix|2+¢&)2

Taking the limit ¢ tends to zero, the classical Hardy inequality follows from the dominated
convergence theorem,

_ 14
<u> /'”(x)|pd </ |Vu(x)|? dx,
p Q |xIP
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and by a density argument it is satisfied for all functions u € HO1 (€2). If the origin {0}
belongs to the domain €2, the constant Nop g optimal, but not attained in HO1 ().
This approach can be generalized to deduce Hardy-type inequalities for degenerate

elliptic operators. For the operators A; with functions A; of the form (2.1) and a function
u of class C1 (), we define

Vau = (M V,ou, ..., \Vou), AiV i) = ()»,'BXEI‘), . ,k;ax}(\;?), i=1,...,k.

We will obtain a wide family of Hardy-type inequalities, that include as particular cases
inequalities of the form

_ p
(Q ”) O a < [ peanwrax (32)
p o [[x11; Q

_ p
(Z2) [ow S ar < [ 1vucorrar (33)
p Q [[x]1; Q

where Q is the homogeneous dimension, and ¢ and y are suitable weight functions.
Moreover, [[-]], is a homogeneous norm that replaces the euclidean norm in the classical
Hardy inequality.

We introduce the following notation. For a vector field 4 of class C'(Q2; R") we define

k N;
divy, h = Z)»idiVx(i)h, div,.iyh := Z 3x(i)h.
i=1 j=1

The subsequent lemma follows from the divergence theorem and can be shown similarly
as inequality (3.1). See also Theorem 3.5 in [18] for the particular case of Grushin-type
operators.

LEmma 3.1 Let h € CY(Q;RN) be such that divih > 0. Then, for every p > 1 and

u € CY(R) such that —"——|v;u| € LP(Q), we have
(divyh) P—T

/ lu(x)|Pdivih(x)dx < pp/ |h(x)|?
Q

o @iva Qo)1 AN .

Proof We define

I 0 0
0 Al
o= ,
0
0 cee 0 o
where I; denotes the identity matrix in RN i =1,... k. The divergence theorem implies

0:/ |u|ph-avd§:/ diV,\(|u|ph)dx:/ p|u|p_2uvku~hdx+f |u|Pdivyh dx,
aQ Q Q Q

where v denotes the outward unit normal at ¢ € 9€2.
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Applying Holder’s inequality, we obtain

/ |u|pdivkhdx=—/ p|u|p_2uvku-hdx§/ plulP~ YV u|lh| dx
Q Q Q

= /lv’(d‘ h+e)d - / UL g
= p o u 1V), € X o (le)Lh +€)p—1 AU X N

and consequently,

. 1
o lulPdivyh dx 3 h|? )’
=P\ Jo @ivah +ep—1'7* '

(f,, lu|P(divih + €) dx) 7

The statement of the lemma now follows from the dominated convergence theorem.  [J

To illustrate our approach we first consider Hardy-type inequalities of the form (3.2),

i.e.
_ p
(Q P) |M(x)|pp dxsf Y ()| Vau ()| dx,

p Q [[x]]x @

with a certain weight function ¥ and homogeneous norm [[-]];.
Motivated by Lemma 3.1, we look for a function / satisfying

O-p
[x118

1 a1x(1) okx(k)
hx) = 5 e ,
(11 \ Ar(x) Ak (x)

and since A; does not depend on x*), we obtain

div,h(x) =

If we choose

. 0
divyh(x) = [[x]]f [[ m p+1 ZU, = Vo (x)-

Consequently, the homogeneous norm [[-]], should fulfil the relation

k
> 0ix® v 0 ([1x11) = (X1 (34)

On the other hand, computing the norm of 4 we obtain

Ih(x)]* =

1 1
e (oot o+ [Twotioe)
(10 TTizt 202\ G j#k

which motivates to consider the homogeneous norm

1
204+3F_ (0-1)
el = | [T 12t xR+ + ]2 007 1@ EENGE)
J#1 J#k
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The exponent is determined by requiring [[-]], to be §,-homogeneous of degree one. Since
the functions A; are of the form (2.1), the relation (3.4) is satisfied.

4. Hardy inequalities for A,-Laplacians
4.1. Our homogeneous norms
We recall that A; = A%Axu) + -+ )\.iAx(k) with functions A; of the form

k
M) = P9, =1,k
j=1

which are §,-homogeneous of degree o; — 1 with respect to a group of dilations
S x) = (xM o ®y x e RN, > 0.

Using our previous notations follow the relations
k k k .
> aijoj =i - 1, [T = [Twti=mre.
j=1 i=1 j=1

Definition 4.1 We define the homogenous norm [[-]], associated to the A,-Laplacian by
relation (3.5),

S N
204+5F_ (0-1)

(1l = [ [ a2 0f1x @1 4+ [ i) o 1x 2 . xeRV.
i#l i#k

Under our hypotheses [[-]], can be written as

I
k k . 20+55 (0, - 1)
[[x]];, = H |x(./)|2,¢1 20‘1_1012|x(1)|2 Fooeet 1_[ |x(J)|Zi#k zai_iakz|x(k)|2

j=1 j=1

We compute the homogeneous norm [[-]], for some of the operators in our previous
examples.

e For Grushin-type operators
Ay = Ay + XAy, (x,y) e RV x RV

where the constant « is non-negative, the definition leads to the same distance from
the origin that D’ Ambrosio considered in [18],

1
[[(x, »)]Ix = <|x|2(1+0!) +(1 +a)2|y|2) 20+a) '
e For operators of the form

Ay = Ax + x| Ay + xP A, (x,y,z) € RN x RV x RN3,
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with non-negative constants « and 8, we obtain
(G, v, DT = (PP o (4 2Py + (1 + B2l 2P?) i
e For A;-Laplacians of the form

A=A+ IxPAy+ PPy A,y 2) € RM X RV xR,

where the constants «, f and y are non-negative, we get
1
11k, v, 21 = (1327 U (1 e PAYRO) (1 )22 2) T
where u = g+ (1 + a)y.
ProrosiTiON 4.2 Our homogeneous norm [[-1],. satisfies the following properties:

(1) Itis §,-homogeneous of degree one, i.e.
([8r (O 11x = rllx]]x.
(2) It fulfils the relation
Do (x 7,0 ) [T =[]
i=1

Proof

(1) Let x € RV. The homogeneity of the functions A; implies that

(18- e = | [ [ G )20t 7 x D -
i#l
-
204+ 55 (0 -1)
+ [ i 6 0?0 1r7x® 2
i#k
=[] D))o ix VP + -
i#l
-
204+55 (0 -1

+ 1_[ r2(fkr2(0'i71)()\’i (x))20k2|x(k) |2

ik
k
— | J2+Ximi 200D H(Ai(x))2012|x(1)|2 4+
i#1
1
20435 (0 -1)
+] i) 1x @ = r[[x1]s.

i#k
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(2) We observe

1
0.y _ A 25212 L.
X collx1x TS = 1) ,Ll1( (x) 7o |x"|

I —T
204+ 55 (0 -1

+ [ i@ o1 @
i#k

) [ (2D i | TR ot ix P+ [ 2D ey | [Ju @) o 1x® P
j#1 i#1 j#k i#k

+2[Jri?ef1x VP |
i#l

and using the relation Zf: (o1 j; = o — 1 it follows that

k
1
@) — . 2 _2),.(1)2
o (x0 90 l1x1) = : [T @202 ix P+ -
par : 200+ X0 = ) \ 4
1 —
20+55 (0 -1) !

+ [ [ o ix®)?

ik
k
<2 (DD o | + o | [JOu@) o lx PP+
j#1 =1 i#l
k
+ (D2 e | +on | [T )0l 1x® P | = [1x1l;.

j#k =1 ik

4.2. Main results
We denote by W; P(Q) the closure of Cé (£2) with respect to the norm

1
P
Il 1o gy = ( [ 1weorrar)”.

and for € L! (Q) such that ¢ > 0 a.e. in Q we define the space W;’p(Q, Yr) as the

loc
closure of Cé (£2) with respect to the norm

P

el gy = ( /Q |vku(x>|l’x/f<x>dx)
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THEOREM 4.3 Letp > land 1, ..., i, s € R be such thats < Ny + 1 and
—pminf{ay;, ...k, 1} +s < Ni+p; i=1,...,k. “4.1)

Then, for every u € Wl’p(Q, v), we have

_ @) |ii
s+ 2i ot / [T 1|x‘ I lu(x)|P dxg/ Y (x) [ Viu(x)|? dx,
» [[x]13 Q

(1+ (o;—1))—s
[xT1, i

where ¥ (x) = .
VO e
In particular, for s = p and 11 = - - - = ur = 0 we get
k
_ p P X D ii(oi=1)
(S52) [ o= [ R iwucor
p Q [[x]])\ Q l_[izl Ai(x)P

and choosing s = p(1 + Zf-‘zl(ai —1))andu; = p Zﬁ':l o j; we obtain

(Q -~ p)” T, 2P

)4 Q [[x]]f(1+2§:1(‘7i_1))

u()|? dx 5/ V(o dx.
Q

Proof We deduce the inequalities from Lemma 3.1. To this end, for ¢ > 0 we define

o

k %j
= (A5, 5, ,\f(x):zl_[(|x(1>|2+e)2, i=1,... .k

J=1

R S
k 204+ 35 (0 -1

(elles = | 30 ([Tri %021 R)

=1 i

and consider the function

ha(x) = Hf:l |x(i)|m le(l) gkx(k)
U, \ M )
We obtain
k. k (@) i
. _ A (x) ] H,‘:l B ()
divyhe(x) = z Af(x) V. - ([[x]];)h 0 X
N N S YA L0 g
T, ;xf(w (N’U’+U’“ TSI 'vx(”([[x]]‘g’“)
1‘[ |x(l)|m
[[x]] o ce(x),
where

k
1 .
._ E . . (@) .
ce(x) = - )Lg(x) (Nlal + o i S[[x]]8’A ;X vx(t)([[x]]s,k)> .
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Using Proposition 4.2 we observe that
k k
£¥Aﬂ=Z;Mm+mm—ﬂ=Q—s+2kmh
1=

which is positive by our hypothesis. Moreover, there exist positive constants «; and 2 such
that

O<oa; <c(x)<ar<oo VxeQ. (4.2)
Indeed, we compute
DV X e
1

= Ao lx P2+
214+ Y5 (0 — 1)) L! :

_
20+55 (0 - 1) !
+ [ @n?of1x @
ik

s 2 D2
_{|x(1)|2+€[( Za,z) H()f(x)) o 21 M2 4

Jj#1 i#1

+@§}wﬁjwaW#uWﬂ+HIW@N#MW1,

J#k i#k i#l

and consequently, using the relation Zf: (o1 j; = o — 1it follows that

K@) Sy
. _ _ oD
ce(x) = ;:1 ) (Nyoy + o) — s T 1§=1 Ale(x)glx Voo ([x]1]e,n)

5

=1

k
(e 52D S O g (el )
=1

A (x) (Njoj + )
(e} (e —
3Gy T T ]]g

k 2(1+Z (oi=1))
e [x]] =

(M0+0u)—s :
oo IR TS (6 - 1)

=1

k
x {(( Z ) +al) [T @202 + .
=1 i#1
k
( ZW“/[) + Uk) H(Af(X))zakzlx(k)lz}
k=1 ik

Ay (x)
:Z B3 (Njoy +ojuy) —s > Ny +pp —s > 0.
— A (x)



Downloaded by [Princeton University] at 13:57 05 November 2015

Complex Variables and Elliptic Equations

On the other hand,

k

A

ce(x) = Z Alii);)) <N101 +oju—s
=1

. ox®.v xm([[x]]g,k))

k
<Y (Nioy + o) < oo,
I=1

which concludes the proof of property (4.2).
Moreover, we compute

1
k i)k ko 2, )12\ 2
1‘[._1|x(l)|uz o2 |xD|
lhe ()] = —= E :
i=1

[x112, A (x)2

1
I, e (T T 250221 01)
o g, JERPEES
[T Py ==

- [Tz A6 (x)

and Lemma 3.1 applied to hg yields

1| (l)|u,
—/ ce(x ) [[ e, lu(x)|Pdx

P
k i . k 2 iVi2\ 2
< | I i (5 ) g e a
= o@D, \& e

P
ko 2 2\ 2
|x(l)|u, o?|x®]
< [ e (52 2 o a
0 \Z 2

= — v pd .
aip_l) fQ YOOIV AU dx

Since

hm ce(x) =0+ Zﬂzlb S,

13

the theorem now follows from the dominated convergence theorem by taking the limit &

tends to zero.

O

Remark 4.4 The first condition on the exponents in Theorem 4.3 allows to derive the
uniform estimates for ¢ (x) in the proof, while the condition (4.1) ensures that v belongs

to L}

loc

(£2).

We formulated a very general family of Hardy-type inequalities, the parameters allow to
adjust the weights and to move them from one side of the inequality to the other. Particular

choices lead to inequalities of the form (3.2) or (3.3).
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Remark 4.5 For Grushin-type operators Ay = Ay +|x[>*Ay, o > 0, (x, y) € RV xRM,
we recover the Hardy inequalities of Theorem 3.1 in [18], where it was proved that the
constants are optimal.

For the convenience of the reader, we first formulated Hardy-type inequalities for the
particular case of our homogeneous norms [[-]];. We now generalize Theorem 4.3 and
consider homogeneous distances from the origin || - ||, that satisfy the relation

oj (x7 - 9y0) Ixls = Il x € RY.

k
=1

J

For instance, we could choose

k 2]_[{.(=l(7i
Il == | Y @ P : x €RY, 43)
j=1
.
k 2]_[{.(:1 oj
or Il = [ (ol P2z , x e RV, (4.4)
j=l1
Remark 4.6 For Grushin-type operators, the second distance || - ||, coincides with our

homogeneous norm [[-]]; and with the distance considered by D’ Ambrosio in [18].
We first compute the homogeneous distances for our previous examples.
e For operators of the form
Ay =D+ XAy + xPPA,,  (x,y,2) € RV x RM x RMs,
with non-negative constants « and 8, we obtain
R (M ) R
e For A;-Laplacians of the form
Ay = A+ XAy + PPy A, (xy,2) e RV xRV x R,
where the constants «, f and y are non-negative, we get
R (M ) Rl
where u = 8+ (1 +a)y.
THeEOREM 4.7 Letp > land u1, ..., g, s,t € R be such thats +t < Ny + 1 and

. t .
—pmln{ali,...aki,1}+s+; <Ni+pu i=1,... k. 4.5)

1
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Then, for every u € W;‘p(Q, Y) we have

P d v P4 ’
g o Il O s /QW)I ()P dx

P -
(Q —s—t+ 30 UiMi) [Tis O

Sk .
£ S

where ¥ (x) = E S S and || - ||, denotes the homogeneous norm (4.3) or
ll2 11, (X1, =

(4.4).
In particular, for s =0, u; = 0andt = p we obtain

—p\? PU+YI (0= 1))
(Q p) Qmm'pd < [ Vou()I” dx.

p X = P 11k
p 115 @ %I} [Tz 4 ()P

Fort = 0, we recover the Hardy inequalities in Theorem 4.3 with our homogeneous
norms [[-]];..

Proof We prove the statement for the homogeneous norm (4.3). The result for the distance
(4.4) follows analogously. We deduce the inequalities from Lemma 3.1. To this end, we
define the function

k i
. 1_[,:1 |x(l)|“’ le(l) akx(k)
hs()C).Z 7 5 - P s
el [ T18 5 \ A5 AL (x)
where || - ||, is a smooth approximation of || - ||,
o
k ZH{.C:I oj
llxlle,n = 2:(|)c(1)|2 4 e)llizj i
j=1
We obtain
k
k ()i I+ (g =1)—s
i—p [ 1R[]
e (x)| = iz £

k
[Tizi 27 () llx Il 5
k

k @) i .
. 1 x @) 1 r(x)
divyhe (x) = H"—(cg(x)—t > o= 'x(1)~Vx<i)(||x||s,A)>

I, [0 Ix] Pt
&, £,A er i N

o
= HlZ"—’“'”(cm - ns<x>),

TSR

where ¢, was defined in the proof of Theorem 4.3 and

k

Ne(x) :=1t : Z)Li(x) ¢

—0j
Il = AF (x)

)i (Ixlles)-

i=1
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We observe that

k o )
! ki) x] 2 [liwio 12T, o
0<nx)=t . (@12 4+ )% ) |1 k

e ||x||s,k<§ () D)2t e A ) Xl 5

- k
- § . + j 12112, o
<t ( (|_x(l)|2 o)l Lizi UJ)”-x”g,)\ H_,_] k ;
i=1

llxle,x
and consequently, it follows from the proof of Theorem 4.3 that
Ce(x) = me(x) = Ny +pp —s—1t>0.
Moreover, we have
k
lim (c: (x) = nc(x)) = Q + X}:mm —s—1.
i=
By our assumptions Q > s + ¢ — Zle o, which implies that divyh, > 0 for all
sufficiently small ¢ > 0. Lemma 3.1 applied to the function 4, leads to the inequality
H§=1(|x(i)|lti

[lx ”;)L[[x]];’)»

1
- /sz o) —me D Ve @ Vau@I” dx,

1
—p/(cg(X) — ne(x)) lu(x)|” dx
prJg

where
Hﬁle |x @ i ( O’i2|x(l)|2>2
Il T, \ & 8 ()2

e, |x(i)|m< k Gi2|x<i)|2>§
< = .
R ; mopr ) T

Ye(x) =

By taking the limit ¢ tends to zero the statement of the theorem follows from the dominated
convergence theorem. O

Remark 4.8 The first condition on the exponents in Theorem 4.7 allows to derive the
uniform estimates for 7¢ (x) in the proof, while the condition (4.5) ensures that v/ belongs
to L ().

loc

Finally, we formulate Hardy-type inequalities without weights.

THEOREM 4.9 Let Ny > p > 1. Then, for every u € W;’p(Q) we have

NP
<N1 p> u()1” de/ (oI d,
Q

p o |x(p

_ P
(Nl P) lu(x)|? dxg/ V() dx.
Q

p o lxlly
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Proof Tt suffices to prove the first inequality. The second inequality is an immediate
consequence of the first, since the norms satisfy ||x[; > [xP|, x € RY. We define the
function
he() = ——— (x®.0.....0)
(xOP + )8
and compute

L2
v (o) = - VEUEE
ivihe(x) = ——— > 0,
T (xOp t et
D)
e ()] =

(xDP2 +6)%
Since N1 > p we have divyh, > 0, and Lemma 3.1 applied to &, yields the inequality

1 x(D)2 u(x)|?
s Ny — p |]2| |t ()] _dx
p? Jo XD +e | (xD2 4 6)7

—(p—1
B YL R L
Q x(D]2 + ¢ (xM12 + )%

The first inequality of the theorem now follows from the dominated convergence theorem
by taking the limit ¢ tends to zero. (I
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Appendix 1. Some remarks on the optimality of the constant

For the particular case of Grushin-type operators D’ Ambrosio proved in [18] that the constants in
the inequalities in Theorem 4.3 are optimal. The optimality was shown similarly to the classical case
using the explicit form of the function for which the Hardy inequality becomes an equality. This
function does not belong to the Sobolev space Hol (€2), but an approximating sequence in H (€2) is
used in the proof. Moreover, the function is strongly related to the fundamental solution at the origin.
For more general A -Laplacians this function as well as the fundamental solution are unknown, and
at present we are not able to prove that our Hardy-type inequalities are sharp.

Using the fundamental solution at the origin the following observations yield a simple proof for
Hardy inequalities. We will only consider the case p = 2 here.

Let A be of the form (2.1), Q C RN bea domain, N > 3, and ® be the fundamental solution at
the origin of —A; on €, i.e.

—A;® = cép,
o >0,

for some constant ¢ > 0, where 8 denotes the Dirac delta function. Moreover, let u € Cé (2) and

1
v :=u®d" 2. Then, the following identities follow from integration by parts and the properties of the
fundamental solution (see [31] for the case of the classical Laplacian),

) L[ v , 1 ) )
[Vyuldx = — 5l dx + < V@V, (v7)dx + [Vv|~Pdx
Q 4Ja | 2 Ja Q

1 [ (V.02 , L 5 / 2
= - u“dx + —cv”(0) + Vi v|“ddx
4/Q o 2O+ | 193]

1 v, ®[2 1 v, @2
_L v 2' uzdx—l—/ V502 ®dx > — V3 2' u?dx, (A1)
4J)a | Q 4 ) |9

1
where we used that v(0) = u(0)®(0)"2 =0.
The fundamental solution at the origin for the Grushin-type operator

Ay =Ax + 1xPP%Ay,  @>0, z=(x,y) e RM xRV
is of the form

C
O(r,y) = ———5—.
(Lo e
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for some constant ¢ > 0 (see [32]). The estimate (A1) implies the weighted Hardy-type inequality

2 2a
euor e = | Ivvb(z)l s = @ 2)/ x| 2
/ Va2 1 o Tee 1 T Ja g e @

which is a particular case of the inequalities in Theorem 4.3. To show the optimality of the constant
we consider the identity

1920 = 0@u@ P s = [ 19200 + )P (o) + divap ) dz

and observe that the function

0-2 | x| 2 (1 +a)y
(p(x’)’):_ s

21
2 [, e
which we applied in the proof of Theorem 4.3, satisfies

Q _ 2)2 |x|2a
2 ) e it

lo(x, Y12 + divie(x, y) = — (

A solution of the equation

0-2 |x |2 ( ( +ot)y>
Vau(x,y) =— X, u(x,y)
’ 2 {0, 1 x|

is the function

1
u(x,y) = I

e, L, 2

which was used in [18] to prove the optimality of the constant. It transforms the Hardy inequality into

an equality, but does not belong to the class W;Q(Q) if the domain €2 contains the origin (see [18],
p.728).
The fundamental solution for general Aj-Laplacians is unknown. Assuming that there exists a

homogeneous distance from the origin dj such that the fundamental solution is given by ® = d)%*Q
we obtain

|75, ®(x)[? 5 |Vads (]2
AT = e ATA
owp ~e7? |d, (x)|?

and (A1) implies the Hardy-type inequality

(02?2 [ IVidi(0)]?
4 o ld)?

Consequently, if the fundamental solution was known we could define the distance
1

lu(x)|* dx.

/ |Vu(x)|*dx >
Q

d;, := ®2-0 and compute explicit, weighted Hardy inequalities.
On the other hand, suitable to analyse the optimality of the constants in our family of Hardy-type
inequalities is the relation

2

/Q ‘ ;‘j((’:)u(x) — Y () Vau(x)

= /Q Y ()2 Vu0) | 4 u(x)? (

lp(x0)?
¥ (x)2

+ divMp(x)) dx, (A2)
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which follows from integration by parts, where ¢ : R — RY is a vector field and ¥ : R — Ra
scalar function. Comparing with the first inequality in Theorem 4.3 we choose

20143 (07— 1))
(L= D

lﬂ(x)2 =
Hf:] \x(i)|2zl;:1 aji—Hi

)

and observe that the function

0—s+ Zf'(:l o i Hle Ix @i (5D oxx®
2 [[x]15 )T ) )

px) =—

which we used to prove the theorem, satisfies

2 .
(I(p(x)|2 +divx<p(x)> =— (Q —s+ 3 UiMi) [Th @k

¥ (x)? 2 [[x115

Consequently, the Hardy-type inequality in Theorem 4.3 is an equality if « is a solution of the equation

@(x)
Vaulx) = ——u(x),
Y(x)?
ie.
k 2
— s+ i o hi(x) )
vx@u(x):—Q stXizioimi iz ! oixDux), i=1,....k. (A3)
2 20 E @)
A

Except for Grushin-type operators we are unable to solve this equation, not even for the particular
Aj-Laplacians in Examples 2.1-2.3.



