ON THE HEAT EQUATION INVOLVING A GRUSHIN OPERATOR
IN MARCINKIEWCZ SPACES

ALESSIA E. KOGOJ, MARIA E. LIMA, AND ARLUCIO VIANA

ABSTRACT. In this work, we give sufficient conditions to the existence and uniqueness
for the heat equation involving the operator

1
Ag =5 (A +[2’A,)

in Marcinkiewcz spaces. Furthermore, we give sufficient conditions to the existence of
positive, symmetric and self-similar solutions.

1. INTRODUCTION AND MAIN RESULTS

Since Fujita’s paper [12], the semilinear heat equation
(1.1) uy(z,t) = Au(x,t) + |u(z, t) [P u(z, t), in (0,00) x RY,
(1.2) u(z,0) = up(z), in RY,

p > 1, is of great mathematical interest.
It is well-known that if uy € Co(RY) be nonnegative and nonzero, then

(1) If 1 < p < 1+ 2, there exists no positive global solution of (1.1)—(1.2).

(2) If p > 1+ £, there exists uy € L%(pfl)(RN) such that there exists a global
positive solution of (1.1)—(1.2).

The critical case p = 1+ % was resolved by Weissler [28]. Initial conditions in Lebesgue
spaces were considered in [4, 28].
In this work, we will replace the classical Laplacian with the operator

1
Bg =5 (B, +aPa,).
where A, A, denote the classical Laplacian in the variables z € RY and y € R*,
respectively.

This operator, nowadays called of Grushin-type (see [15, 16]), actually belongs to
the general class of the operators studied by Hormander in [17] and is hypoelliptic.
Moreover, it is also a particular case of the class of degenerate elliptic operators studied
in [18] by Kogoj and Lanconelli. The first to introduce and study a metric and a
consequent underlying sub-Riemannian structure for such operators were Franchi and
Lanconelli in their seminal papers in the early 1980s [10, 9, 11]. In recent years,
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many works appeared in the literature dealing with second order linear and semilinear
degenerate elliptic PDOs falling into this class. We refer to [1, 2, 7, 19, 22| and reference
therein for recent results involving the Grushin-type operators.

We are dealing with the following problem

(1.3) uy = Agu + |ulftu, in (0,00) x RNTF
u(0) = up, in RNTH,

In bounded domains, we can find well-posedness, longtime dynamics and the existence
of attractors for semilinear equations involving degenerate elliptic operators containing
the Grushin ones in [20, 21, 24]. In particular, the authors of [24] applied the
Galerkin method to prove the existence of solutions of parabolic and pseudo-parabolic
equations with associated with Hormander-type operators, where they used Sobolev-
type estimates, which is available for bounded domains. They also proved the existence
and upper continuity of attractors.

In [26], Oliveira and Viana prove existence, uniqueness, continuous dependence and
blowup alternative of local mild solutions for (1.3)—(1.4) with initial conditions in
Lebesgue spaces. Also, they obtain the existence of global solutions in the special
case of ug € L=V (RN+F) with the sufficiently small norm.

In this manuscript, by working in Marcinkiewcz spaces, we allow larger (in Lebesgue
norm) initial data to be taken into account in order to obtain global solutions. More
precisely, we give sufficient conditions to the existence and uniqueness of mild solutions
for (1.3)-(1.4), with initial conditions in the critical Marcinkiewcz space LP>°(RN*F),
with
(1.4 p= ")

Then, we prove the existence of positive, symmetric and self-similar solutions. Indeed,

for example, if ug(z,y) = 6|:17|7%|y|7p%1 and ¢ > 0 is sufficiently small, Theorems 1.1
(a) and 1.2 gives the existence of a positive, self-similar and symmetric solution of (1.3)—
(1.4) in L>((0, 00); L®>)). Notice that such an initial condition has infinity LP(RN**)-
norm so we cannot apply those results in [26]. In other words, Marcinkiewcz spaces allow
singular homogeneous initial conditions that generate positive, self-similar solutions.
Moreover, Theorem 1.1 also gives sufficient conditions for uniqueness, regularity and
time-decay of the mild solutions.

The number N + 2k is the so-called homogeneous dimension attached to our operator
(see [19]).

Here, we will rely on the ezplicit expression of the heat kernel of the Grushin operator
(see e.g. [26, 13]):
(1.5)

N4

K(ZL‘,I‘(), Y t) — /k ( ‘5’ ) eig-yf%l((|z|2+\x0‘2)coth(\§|t)f2:p-xgcsch(|£\t)) df,
R

sinh(|£]t)

N+2k

(2m) ™3

for (x,xg,y) € R2VNTF ¢ > 0.
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To prove this, the authors followed the Geometric Method in [5] to find the heat
kernel of the heat equation with quadratic potential and then applied the partial Fourier
transform on the variable y. Then, the inverse partial Fourier transform gave (1.5), an
expression that also appears in Theorem 3.4 of the paper by Garofalo and Tralli [13],
with slight differences due to constant choices in the definition of the operator.

Let us recall some properties of the heat kernel and the heat semigroup in L? proved
in [26]. The kernel (1.5) is C* and

.
(1) Ki = AgK;
(2) fRN+k K(ZL’, Oa yﬂ t) d(.T, y) = ]- ;
(3> hmt%O‘*‘ fRN-Hc K(Iu w,Yy — t)90<w7 Z) d(wa Z) = 90(‘%‘7 y) :
Moreover,
(1.6) K(x,zg,y;t) =t~ K(t‘éx, t_%mo, 1y 1).

and the heat kernel (1.5) is positive. In particular, [|K(-,0, )|, wvir) = 1.
The unique solution of the Cauchy problem

N+2k
2

(1.7) Ou—Agu=0, z€RVTF >0

(1.8) u(z,y,0) = ug(z,y),  xe€RNTH

defines a strongly continuous semigroup in LP. It is defined by

(19) Sepley) = [ Klww,y - 50p(w,2) dw, ).
R

Indeed, we have the following result proved in [26].

Theorem A. For all 1 < p < oo, Sg(t) : LP(RN*F) — LP(RN*F) s a semigroup. If
1 <p<r<oo, then

(1.10) 1S6()@llr@nsn) < Cllplpmmrsnt™ "5 G2);

Furthermore, for 1 < p <r < oo, for all to > 0, it is strongly continuous, that is, for
o € L"(RNTF) it holds

(1.11) 19 (t) = Sg(to)ellr — 0,
as t — tg. When p =r < oo, then we may take tg = 0.

Now, we state our results. In the following, X = L>((0,00); L»>*)(RN**)) and a
mild solution is a solution in X that satisfies the integral equation associated with
(1.3)-(1.4) by means of the Duhamel principle. We refer to Section 3 for the precise
definition of the mild solution definition.

Theorem 1.1. Let 1 < p < oo be given by (1.4).

(a) Well-posedness. There exists 0, > 0 sufficiently small such that , if
luo|l(p,oc) < Op, then the problem (1.3)-(1.4) has a global mild solution u € X
that is unique in Bx(2¢e) (¢ > 0 will be precise later). Furthermore, if u,v € are
mild solutions of (1.3)~(1.4) with initial conditions ug,ve with L™ norm less
than 6,, respectively, then

1
(1.12) [u(®) = v(E) | p,00) < TMHUO = Vol (p,00)
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(b) Regularity. If uy € LP)(RNTF) N L@)(RNE) - lug|| (o) < O with

8¢ > 0 sufficiently small, for q > %, then u € L>((0, 00); LP=)(RN+k) N

L) (RNFR)) . Moreover, for p < r < q, we have u,u; € L=(0,00; L (RNTF))
and u(t,-) € C®°(RNT*), for each t > 0.
(c) Decay. Moreover, for q > pp, we have

(1.13) () (roe) < CE7, £ > 0.

(d) Uniqueness. The solution in unique in the set L>=((0,00); LP>)(RN+k) N
L@/ (RNFE))  for 1 < p < q < oc.

One key ingredient for the proof of Theorem 1.1 is a Yamazaki-type inequality ([29]):
if 1 <p < q < oo, there is a constant C' > 0 such that

(1.14) |GG g ds <l
0
for each ¢ € L®Y(R"™), in which G(t) denotes the heat semigroup. Also, it was
generalized by Ferreira and Villamizar-Roa, given by (see [8]) for the semigroup
generated by the fractional Laplacian. We will need to use a similar inequality for
the semigroup generated by our operator (see Lemma 2.5 below). The regularity relies
on interpolation arguments and on the smoothness of the kernel.

In the next theorem, we will use the following terminology. By a self-similar solution,
we mean a solution u that satisfies the scaling map

(1.15) uy(x,y,t) = /\%u(/\:v, Ny, AL).

Let A be a subset of the orthogonal matrices in O(N) x O(k). We say that a function
¢ is invariant under the action of A if ¢(T'z) = ¢(z), for all 2 € R¥N** and T € A.

Theorem 1.2. Let the assumptions of Theorem 1.1 hold.

(a) If ug is a nonnegative function, then w is positive.

(b) If ug is a symmetric function under the action of A, then u also is.

(c) If ug is a homogeneous function —ﬁ, then the solution u given by Theorem 1.1
is self-similar.

The rest of the manuscript is organized as follows. In Section 2, we define and gather
some properties of the Lorentz and Marcinkiewcz spaces. We also study properties of
the semigroup associated with our operator in Lorentz spaces, and the Yamazaki-type
estimate. Other key estimates are proved in this section. Section 3 is devoted to the
proof of Theorem 1.1, and Section 4 to the proof of the symmetries. We close the paper
with some remarks on the solutions to our problem.

2. KEY RESULTS

Most of the notation we use in this paper is standard. Lorentz and Marcinkiewicz
spaces L9 and L) are as defined in [3, 8]. The norm in these spaces will be denoted
by || - [|(p.q)- Next, we collect the main properties of these spaces.
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Consider a measurable function f : R® — R. The f* rearrangement function is

defined by
ff)=inf{s >0:m{z eR":|f(z)| >s}) <t}, t>0,

where m is the measure R"-Lebesgue. The averaging function f** is defined by

1 t
= —/ f*(s)ds, t > 0.
t Jo

Let 0 < p < 00,0 < ¢ < 0o. The Lorentz space, L®9 (R™), is the set of all measurable
functions f : R" — R, such that [|f|[{,, < oo, where

1
00 1o q a7 .
o1 i =L PR (Er@) 4] 0 ocpcso0<q<x,
’ (r,9) : .
Sup;~q 7 f (t)7 if0<p<oo,qg=o00

Since || f H’("n ;) does not satisfy the triangular inequality, L®9) is metrizable with the
norm || f]| g given by

1
tr f*( }dtt)q, if l<p<oo, 1<qg<o0;
2 Iilw—{ (I Lf / ! !
) if 1< p< oo, g=oo
When ¢ = oo, the space L") ig called the Marcinkiewics space or weak-L?.

Proposition 2.1. The spaces L®9 with the norms | f| (e are Banach spaces and

(2.3) 1f 116y < e A [[OF

where 1 < p < oo and 1 < g < oo. If, in addition, (R™, 1) be a o— finite space, then
(L(pﬂ))* — L(ono)7 I<p<oo, 0<qg<,
(L(M))* — L(P’vq/), l<p<oo, 0<qg<oo.

Moreover, given T € (LP9)*, with 1 < p < oo and 0 < q < 00, exists g a measurable
function such that

(2.4) T(f) = . fadp.

The following remark is a consequence of the equivalence between the norm and the
seminorm of the Lorentz space.

Remark 22 Let 1 < p < oo and 0 < q < oo. If h € L®>®)(R™), then
11717

(ro0) < 757 1Al (g0
Plus, we need a Holder-type estimate.

Proposition 2.3 (Generalized Holder inequality). Let 1 < pi,ps < oo. Let f €
Lpvd) g ¢ [(P2d2) gpd p% + piz < 1. Then the product h = fg belongs to L"%)  where

1211 andds>1 is such that di > 1 . Moreover,
r p1 p2 1
171l (rds) < 0(7‘)||f||(p1,d1)||9||(p2,d2)‘
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Ifr =ds =1, then h € L' and

1hlly < 1 fllpgn) 191l g2)
where p' is the conjugate of p.

We can use the interpolation theory in [3] and Theorem A to obtain the behavior of
the semigroup generated by our operator in Lorentz spaces.

Proposition 2.4. For all 1 < p < oo, the semigroup Sg(t) : LPs) (RVN+RY —
L) (RN*R) s a strongly continuous semigroup for t > 0, provided that 1 < p < r < 0o
and 1 < s < 0o. Moreover,

_N42k(1_1
(2:5) 1S5@llirs) < Cllellpat™ > 7).
Moreover, given 1 < p < oo,v € L) and ¢ € LWV we have
(2.6) (Sg(t)v, @) = (v, Sg(t)e).
Proof. Recall that Lorentz spaces are real interpolation of Lebesgue spaces, that is,
LP9 = (L, LP),q with 1 = =8 4 2L Also, Th. A gives that Sg : LP'(RV*F) —
L'i(RN*TF) 1 < p; < r; < oo, i=0,1. From the Marcinkiewcz interpolation theorem
(see [3]) and Theorem A, we obtain that

1—
156 (0| L s v Sl SG (0| oo 1o 1S (D) s s

<c (y%%(m))l" (G

)
because 2 = L1 4 L and L = 04 1
p Ppo p1 r To r1 ,
Identity (2.6) comes from a combination of the duality relation (L®°))* = L")
and Fubini’s theorem. O]

Now, let us prove a Yamazaki-type lemma (see [29]).

Lemma 2.5. Let 1 <p <r < oo. Then,

 Ni2K(1_1)_
(2.7) / G186 (0l ds < clldlon

N+2k

Proof. Set £(t) =t 2

G- 1Sg(1)¢ll (1) and 1 < py < p < pa <1 such that
1 A 1=
- = — +
p D P2
From Proposition 2.4, we have

;A€ (0,1).

1 1

156(£)0ll 1) < Ct_T(?j_;) 18llpy.1), ¢ €7D (RYF), j=1,2.

_ N+2K
o 2

<}% - ) + 1. The above estimate gives us
J

Now, define ll 1
J p
—1
§t) <t |9l )-
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Since ||tlj_1|](pj’oo) = 1, we conclude that [|{(t)][1;,00) < ¢l|®ll(p,,1)- Note that

1 = %+ %, L®D(RN+F) = (L(pl,l)(RN"rk‘)’L(IEJ)(RN'HC)))\J and LIY(0,00) =

(L9(0,00), L#29(0,00)), ;. Then, real interpolation again gives us &(t)

LD RNTF) — LAD(0, 00) and
IE@) | (1.00) < cllll ),
that is (2.7). O

For the function f be the function f(w) = |w|’~'w,w € R, 1 < p < r < 0o, and we
define

) = [ So(a) (R s
We have the following lemma.

Lemma 2.6. Let h € L™ ((0,00); L)), p = 2E2E(p — 1), and p > 522 Then,

N+2(k—1)
(2.8) 1€ | (pocy < I sup [|A(£)[{, o
£>0 (po0)
If, in addition, h € L™ ((O, 00); LP>o) N L(‘“’O)), for q > %, then
29) I < Oggg Iy 5 10 0
Proof. Let ¢ € L®>) note that = 5 > p = %1 and N+2k (1% — ’%) —1=20. From
(2.6), the Holder inequality 2.3, and the Yamazaki-type mequality (2.7), we have

6o = sup | [ e

ol (pr,1y=1

:||¢|\?32:1 / 4N+k(59(8)f(h))(8)¢(z) dz ds

= sup / / (s)p) dz ds
||¢H(p',1): RN+k

< s [Ty IS0 ey

el =10

< s /“t“f’“ﬁ-%")*||sg< 90l yds (sup IO, )

Ml (pr,1y=1 0
<C'sup ||h(t)
t>0

H (p oo
This proves (2.6).

To prove (2.9), we repeat the idea above rather using that

IC(A) (g0 < sup / 1 (Pl o0 (156 ()bl 1)t

81l pr,1y=1 /0
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and
-1
1 (P) lrioe) < NRMI{G o) 1Pl gu0)
for 1 = p;fl + %. Now, we apply Yamazaki’ inequality with (p,q) = (¢/,’) to obtain
-1
IC(A)ll(g.00) < C'sup [[R(E)IT, o) sup [[2()]]g,00)
>0 >0
since ¢ < 1’ aDdM<l_l):M<l_l>:M@:1 0
) 2 q r! 2 T q 2 p '

Let us recall the following contraction-principle based in [8, Lemma 3.9]. It is
especially useful to control the size of the constants that will appear in some proofs.

Lemma 2.7. Let 1 < p < 0o and X be a Banach space with norm ||-||, and B : X — X
be a map witch satisfies
|1B(x)|| < K|l=|]”
and
IB(x) = B(2)|| < Kllz — 2| ([le]l”~" + [|2]”7") -

Let R > 0 be the unique positive root of the equation 2°Ka’~' —1 = 0. Given
0<e< Randy € X,y # 0, such that ||y|| < e, there exists a solution x € X for
the equation v = y + B(x) such that ||z|| < 2e. The solution x is unique in the ball

By. := B(0,2¢). Moreover, the solution depends continuously on y in the following
sense: If ||| < e, =g+ B(Z), and ||Z|| < 2¢, then
o~ | <+ lly
—1—2rKer !

3. PROOF OF THEOREM 1.1

This section is devoted to the proof of the global existence of solutions for the problem
(1.3)-(1.4) in the space X that will be defined below. As it is claimed in the introduction,

we will take the initial data in LP°)(RN*2*) with p = 8525(p — 1).

Definition 3.1. We define the space X, formed by the functions u : (0,00) — L®>),
such that
u € LX((0,00); LP)),

with the norm ||ul|x = sup, ||u(t)]

(p,00) -

Considering this space and the Duhamel principle applied to (1.3)—(1.4), we define
mild solution below.

Definition 3.2. For uy € L®>) q global mild solution of the initial value problem
(1.3) — (1.4) is a solution w € X of the integral equation

t
(3.1) u(t) = Sg(t)ug +/ Sg(t — s)|ulf~ u(s) ds == Sg(t)ug + B(u)(t),
0
such that u(t) — ug, ast — 07, in the sense of the distributions.

From Proposition 2.3 and Remark 2.2, we have the following simple and useful
Lipschitz property.
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Lemma 3.3. Let u,v € X and f given by f(w) = |w|’lw,w € R, for1 < p <r < cc.
Then,

(3.2) 117 () = FO .00y < plla = vl ooy |1l ey + 011Gy | -
Proof of Theorem 1.1 (a). We recall (3.1) and define ¥ : X — X by

W(u)(t) = Sg(t)uo + B(u)(t).
Let Bx(R) be the closed ball for radius R > 0 as in Lemma 2.7, and centered at the
origin: Bx(R) :={w € X : ||w||x < R}. We will apply Lemma 2.7.
Initially, we see that it follows from Proposition 2.4 that there is C’ > 0 such that
155 ()0l (poc) < C"lluollp,00):

for all £ > 0. For a sufficiently small 6, > 0, we conclude that

(3.3) 156 (t)uollp.00) < €,

where 0 < ¢ < R.
Now, as in [8], we define h(s, ) = u(t — s,-), if 0 < s < ¢, and h(s, ) = 0 otherwise.
Then, B(u) = ((h). Lemma 2.6 then yields

(3.4) 1B ()l po) < K (el poc))”

for some K, > 0. At this point, notice that R > 0 chosen as in Lemma 2.7 depends on
this K, > 0.
Analogously, for u,v € Bx(R), we can use (3.2) and Lemma 2.6 to estimate

(35) B = BE) Ol < K s (= vllgo [lulfy L) + 1015 5)])
t>0

We are ready to apply Lemma 2.7, which gives us a unique u € Bx(2¢) that is a solution
of the integral equation u = W (u).

It remains to show that the solution u(t) — wug, as t — 0T, in the sense of the
distributions. Let ¢ € C°(RV*F). Since C5° € L¥) (not densely injected), then

[(Sg(t)uo — uo, )| = [(uo, Sg(t)e — @) < |luollp.o) 156 (t) = @llr.1) = 0.
Similarly, by Fubini’s theorem and Holder inequality

t
(B < [ el s ydsl0(t = 5)l 0

< Ctllgll o sup ullt =0,
t>0

as t — 01, Therefore, u(t) — ug, as t — 07, in the sense of the distributions.
Furthermore, the last inequality Lemma 2.7 guarantees that, if w,v € are mild
solutions of (1.3)—(1.4) with initial conditions wug, vy, respectively, then

1
[u(t) = o) l(poo) < 55777 lto — vollp,00)-
P 1 — 20 Kper! P
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Proof of Theorem 1.1 (b). Let ug € L®P*)NL@>®) implies u € L>(0, 0o; L(9>°)). Define
Picard’s sequence

uy = Sg(t)ug, and wugiy = uy + B(uy).
We know that uy, — u in L>(0, 0o; L)),

[l (g00) < lluoll(g.00)

and

[tr1ll(g.00) < Clluolligo) + 1B (ur) lg.00)-
By the part (a), we have that, for all £k € N,

[k 1]l poo) < 2.

From (2.9),

1B (1) llg.00) < Kpsup (D)1, %) Sup [[ux ()l g.00) < Ky (2)" [ (t) | g.00) -

for [|uo|(p,00) < 0p. For a possible smaller ,, we have a := K,(2¢)?~! < 1. Then

luksillgoe) < Cog+ K7 g

(3.6) < Cs,(1+a+a*+--+a")
Cd,
(3.7) = T4

Let us see that {u;} is a Cauchy sequence in L(¢>). Define vy = g1 — ug, Then, (2.9)
again will yield

|k ll(go0) = | B(ur) — B(ur—1)ll(g,00)
/0 Se(s)Lf (i) — f(hey))ds

< Kpsup || f(ur) = f(ur=1)](r,00)
>0

(g,00)

< Kysup (sl ) + sl 2)) 00 oo g
Now, if §, > 0 is sufficiently small, the above estimate and (3.7) ensure that
|vkll(goo) — 0, as k — oo. Therefore, {uz} converges in L¢*) to a function that
equals u by the uniqueness of the limit in the sense of distributions. This proves that
u € L=((0,00); L) (RNFR) O [(@:0) (RN +FY),
In this case, by interpolation,

(3.8) t = u(t) € L>(0, 00, L"(RNTEY)

with p < r < ¢, because setting n such that % =241 4 g = 0o and s = r, we have

(L) (L@, =L = [,

This with the smoothness of the heat kernel yield that u(t) is C*°(RY¥*X). Moreover,
Metafune, Negro and Spina [25] proved that the Grushin operator generates an analytic
semigroup (e~29');>¢ in Lebesgue spaces. By uniqueness e 29t = Sg(t), for all ¢ > 0,

777T
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whence, (Sg(t)i>0 is extended to an analytic semigroup. Then, since uy € L™ (RN 1K)
by interpolation,
(3.9)

Sg(t)Uo — 0,

T

h

as h — 0T, for all £ > 0. Now, we use the integral representation of the solution, the
decay of the semigroup in L", and (3.8) to get

HSg(h) "y

t+h)—u(t Sg(h) —1
Wl )| St =Ty
h . h ,
s fjut+h—s) —u(t—
+20/ s ult + 8) —ult =) ds - sup ||u(t)?*
0 h . 10
Put &,(t) = w K Then,
Sg(h) — I b
&n(t) < ‘ LSg(t)uo +2C sup ||u(t)||ﬁ1/ s rép(t —s) ds.
h . t>0 0
Because p < r we can apply the Singular Gronwall Lemma (see [4]) to obtain
h)—1
(3.10) &ty <C %Sg(t)?ﬁo — 0,
as h — 0%, by (3.9). O

Proof of Theorem 1.1 (¢). For the decay, it needs 1 < p < g < 00, f = w (le — %),

and the space Y, formed by the functions v € X, such that
t i t7u(t) € L=((0, 00); L5,
endowed with the norm

(3.11) llly = sup [[u(t) ]| o) + supt” u(t) | g.00)-
>0 >0

In view of the estimates obtained in the proof of part (a), to apply Lemma 2.7 with
the Banach space Y, we only need to estimate t7u(t) in L(¢>)). From Proposition 2.4,
we have

(3.12) 156 (£)uoll(g.00) < €,
and (2.9) yields
1Bl (g.00) < Kpllt()p.00) l4(t)ll (g.00)
or
s B0} g0y < Ky sp )] .0 0 7 )7, < -
Then, one can apply Lemma 2.7 to find a mild solution of (1.3)—(1.4) in the ball By (2¢).

In particular,
[u(t)ll(goe) < CE, > 0.
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Proof of Theorem 1.1 (d). For the uniqueness, take two mild solutions wu,v €
L>((0, 00); LP>)(RN+F) N [(4:20) (RV+K)) for the same Cauchy problem (1.3)(1.4), with
1 <p<q<oo. Then,

lu(®) = vl o) < /0 15g(t = $)[f (u(s)) = f(v($)]llp.ocyls

p—1
< 20 (Sup IIU(t)H(q,oo))
t>0

NA2k 1 _ 1

t
x/ (£ — 5) " F G lus) — v(s)l| oy s,
0
with 2 = =141 Then, 542 (1) = 2 < 1. Define p(t) = sup.c g u(5) ~0(5) e
By the Singular Gronwall Lemma, ¢(t) = 0, for all £ > 0, which means that v = v in
LPoo)(RNFR),

O

4. PROOF OF THEOREM 1.2

We will split the proof of Theorem 1.2 into small lemmas.
The Lorentz space L®9(RN**) enjoys the following scaling relation:

N2k
(4.1) 1SN gy =27 1l a)-

To see this, recall that m(T'(E)) = | det T'|m(FE) for any Lebesgue measurable set E and
T € GL,(R). Thus, consider the dilation dy(z,y) = (A\"'z, \"2y), we conclude that

m(0\(E)) <t <= m(F) <\,

Using this in the rearrangement function and then in the averaging function (see Section
2), we have

() () = [NV

(f)7(8) = fr(ATF2h),
respectively, where fy = f(\-,A\2-). Now, this latter identity inside (2.2) implies (4.1).
Identity (4.1) says that, if we want the initial condition to comply with (1.15), we
must take it in the space LP>)(RNTF) p = W(p — 1), which is the case of Theorem
1.1. Furthermore, the Marcinkiewcz space L") (RN*¥) is invariant by the (1.15):

and

le) gy = llullp.g)-

Consider the following sequence
(4.2) uy(z,t) = Sg(t)up(z), and upq(x,t) = uy(x,t) + B(ux), k € N.

The proof of Theorem 1.2 relies on the fact that Picard’s sequence 4.2 propagates the
stated symmetries and positivity of the initial conditions. Indeed, the theorem will
be proven if we show that if the initial condition iss the the symmetry (resp. is non-
negative), then each term of Picard’s sequence will also be invariant by that symmetry
property (resp. is positive). Therefore, it will be the theorem will be proved after the
lemmas below. 0
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Lemma 4.1. (a) If v is a nonnegative function, then Sg(t)p is positive.

(b) Let ¢ € L) be a homogeneous function of degree —/% in the following sense:

(4.3) p(Az, Ny) = N Tp(,y), (a,y) € RV
Then Sg(t)e is invariant by the scaling map (1.15).

(c) If the function ¢ is invariant under the action of A, then Sg(t)¢ also is.
(1.15).

Proof. The proof of (a) is immediate from the positivity of the heat kernel (1.5).
To prove (b), we will use expression (1.5):

K(Ax, Axg, Ny, \%t)

N
_ / _ N ey g (el +rmof?) coth((€A2) ~2(h)-(Aao esch(1321)) e
Nk e \ sinh(j€[A%E)
)\72ka

(2m)"
N
- 4 / (L) 6= 15 ((lal*+lzol?) coth(g])—2-aoesch((€t) q¢
Rk

(2m) "5 sinh(|¢]¢)
= N HFNK (2, 20,y,1)
Then, a change of variables in (1.9), and the homogeneity (4.3) yield
(Se()eha(w.u,t) = AT [ K(Ar,w,201) p(w, Ny — 2) dwda

RN+k

— ANk K (A, dw, \22, \2) (0w, \2y — A22) dw dz

RN+k

= (S(-)) (z,y,1).
The proof of (c) relies on the fact that T € A is written as T' = (7}, T%) for orthogonal
matrices 77 € O(N) and T, € O(k). Then |Tiz| = |z| and (T%)~! = T5. Hence, the
change of variables Ti& = &' gives

N
L €\ 7 eyl ((maal+ioo P 2Ty
K(za. T A i€ Toy— 1§ (| Taz[>+|wo|?) coth(|&]t)—2Tia-zoesch(€]t)) g
(3707 (xay)7 ) (271_)1\742—21@ /Rk (sinh(|§|t)) € §
= K(x,T{xo,y,1).
Then, the change (w, z) = T'(w, z) gives Sg(t)p(T(z,y)) = Sg(t)p(z,y). O

Lemma 4.2. Let u € L=(0, 00; LP>).
(a) If u is positive, then B(u) is also positive.
(b) If w is invariant by the scaling map (1.15), then so is B(u).
(¢) If u is invariant under the action of A, then so is B(u).

Proof. The positivity in (a) follows immediately from f(u) > 0 and Lemma 4.1 (a).
Notice that, if ¢ is invariant under the dilation (4.1), then

(4.4) AT Az, Ny) = (oa(x,9))? = (2, y).

Hence,
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[Sg(N* )] ( Az, N2y) = KAz, w, N2y — 2, A1)’ (w, 2) dw dz

RN+E

= \NH2k KAz, dw, N (y — 2), N2t)? (Aw, \22) dw dz

RNJrk

= K(z,w,y — 2z,t)”(Aw, \22) dw dz

RN+k
_ 20
= A7 1Sg(t)e’ (2, y)
Then,

Bn = | [ sot = netspis]
A%t
= /\921/0 Sg (ANt — s)uf(\w, \?y, s)ds

t
= A2+p21/ Sg(N2(t — s))uP (Ax, N2y, A2s)ds
0

2p t

= AP Sg(t — s)u’(s)ds
= /0 Sg(t — s)u’(s)ds
B(u).

It proves (b). The invariance of f(u) by A and Lemma 4.1 (c) finish the proof. O

5. FINAL REMARKS

We finish the paper with some remarks that are either useful to give a more concrete
taste to our results or also to give insights to further related research.

(a) Let T} and T be the rotation matrices in RY and R*  respectively. Then,
T = (T1,T5) € A. Then , if ug(z,y) = uo(|z|,|y|), Theorem 1.2 guarantees
that the solutions are cylindrical in the sense that u(x,y,t) = u(|x|, |y|,t) =
ug(z,y) = uo(|zl, ly|), for all (z,y,t) € RNT* x (0, 00).

(b) If uo(z,y) = €|x]_%|y\_ﬁ, then, for € > 0 sufficiently small, Theorem 1.2
gives the existence of a positive, self-similar, and symmetric solution of (1.3)—
(1.4). Such a solution belongs to L>((0, o0); LF)).

(c) Given a initial datum uy € LP>) satisfying (4.3), the self-similar solution u
given by Th. 1.2 is stable in the sense of Eq. (1.12) in Th. 1.1. Nevertheless,
the proof of (1.12) tells us that it can be replaced with

(5.1) [ut) = v(®)ll (o) < M|Sg(t) (1o = v0) [[(p,00)-

Therefore, if in addition

156(¢) (uo = o) llp.oc) = 0,
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as t — oo, then
Tim [u(t) — v(®) oy = 0.

that is, each self-similar solution is a basin of attraction. Similar results occur
with the heat equation with the fractional Laplacian [8] and the Navier-Stokes
equation [6].

If a positive classical solution is self-similar and we make A\ = £z in (1.15),
then u(x,y,t) = t_ﬁv(é”,n), where ¢ = t~2z and n = ¢~ 'y. Straightforward
computations show that v must be a solution of

§
Agv — Vv - (577] — P

Ag in (5.3) is our operator (1) in variables (§,7) and V() is the Euclidian
gradient. As

v+ 0P

Av—V,u-z— 11}—1—"0"’

raised self-interest for being related to positive forward self-similar solutions of
ur = Au + u” (see [14] and references thereof), also (5.3) is interesting itself.
The last comment concerns with the nonexistence of global solutions for (1.3)—
(1.4). For this, define the following energy functional associated with it:

E(u) = %/}RNM |Voul? do — ]ﬁ - u|Pttda.
Now, define the Sobolev space
H = {u e L*(R"**) : Vgu € L* (RN},
endowed with the norm
[ull = llullz> + [[Vgull 2.

Here Vg = (V,,|z|V,) denotes the intrinsic gradient of our operator. Let
ug € L*NHS be such that E(ug) < 0. If the solution u belongs to C((0,T); H}),
then we can apply the following Green identity. Let B;(R) and By(R) be balls of
radius R > 0 in RY and R, respectively. For B(R) = B1(R) x By(R) C RNtk
we have

0 0
/ ulAgv = / / uZl + / / v / Vgu - Vgu.
B(R) Bs(R) JS1(R) V= Bi(R) JS3(R) V= B(R)

In particular, for v =u € C§°, for R > 0, we get

/ ulAgv = —/ IVgul®.
B(R) B(R)

By density, those identities should work with v, u € Hé. Hence, if the solution
u e C((0,T); H;)NLPT, then we can prove that E(u(-)) € C([0,T1)NC*((0,T))

and
d

EEw@y——AMf@
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This can be proved by following [27, Lemma 17.5] with the Green identities
above. From this on, the Levine concavity method [23] can be applied to show
that T := Tiax (ug) < 0.

Acknowledgment. We thank Giulio Tralli for many valuable discussions. A.E. K.
has been partially supported by the Gruppo Nazionale per 1’Analisi Matematica,
la Probabilita e le loro Applicazioni (GNAMPA) of the Istituto Nazionale di Alta
Matematica (INAAM). Most of this research was carried out while Kogoj and Viana were
visiting the Abdus Salam International Centre for Theoretical Physics. We would to
thank the ICTP for the hospitality during their short visit and INdAAM for the support.
A. Viana is partially supported by CNPq under the grant number 308080/2021-1.

REFERENCES

[1] C. O. Alves, S. Gandal, A. Loiudice, and J. Tyagi. A Brézis-Nirenberg type problem for a class
of degenerate elliptic problems involving the Grushin operator. J. Geom. Anal., 34(2):Paper No.
52, 41, 2024.

[2] W. Bauer, K. Furutani, and C. Iwasaki. Fundamental solution of a higher step Grushin type
operator. Adv. Math., 271:188-234, 2015.

[3] J. Bergh and J. Lofstrom. Interpolation spaces. An introduction, volume No. 223 of Grundlehren
der Mathematischen Wissenschaften. Springer-Verlag, Berlin-New York, 1976.

[4] H. Brezis and T. Cazenave. A nonlinear heat equation with singular initial data. J. Anal. Math.,
68:277-304, 1996.

[5] O. Calin, D.-C. Chang, K. Furutani, and C. Iwasaki. Heat kernels for elliptic and sub-elliptic
operators. Applied and Numerical Harmonic Analysis. Birkhduser/Springer, New York, 2011.
Methods and techniques.

[6] M. Cannone and G. Karch. About the regularized Navier-Stokes equations. J. Math. Fluid Mech.,
7(1):1-28, 2005.

[7] J. Dou, L. Sun, L. Wang, and M. Zhu. Divergent operator with degeneracy and related sharp
inequalities. J. Funct. Anal., 282(2):Paper No. 109294, 85, 2022.

[8] L. C. a. d. F. Ferreira and E. J. Villamizar-Roa. Self-similar solutions, uniqueness and long-time
asymptotic behavior for semilinear heat equations. Differential Integral Equations, 19(12):1349-
1370, 2006.

[9] B. Franchi and E. Lanconelli. Holder regularity theorem for a class of linear nonuniformly elliptic
operators with measurable coefficients. Ann. Scuola Norm. Sup. Pisa Cl. Sci. (4), 10(4):523-541,
1983.

[10] B. Franchi and E. Lanconelli. Une métrique associée & une classe d’opérateurs elliptiques dégénérés.
pages 105-114. 1983. Conference on linear partial and pseudodifferential operators (Torino, 1982).

[11] B. Franchi and E. Lanconelli. An embedding theorem for Sobolev spaces related to nonsmooth
vector fields and Harnack inequality. Comm. Partial Differential Equations, 9(13):1237-1264,
1984.

[12] H. Fujita. On the blowing up of solutions of the cauchy problem for u; = du + u'*®. J. Fac. Sci.
Univ. Tokyo Sect. I, 13:109-124, 1966.

[13] N. Garofalo and G. Tralli. Heat kernels for a class of hybrid evolution equations. Potential Anal.,
59(2):823-856, 2023.

[14] Y. Giga. On elliptic equations related to self-similar solutions for nonlinear heat equations.
Hiroshima Math. J., 16(3):539-552, 1986.

[15] V. V. Grusin. A certain class of hypoelliptic operators. Mat. Sb. (N.S.), 83(125):456-473, 1970.

[16] V. V. Grusin. A certain class of elliptic pseudodifferential operators that are degenerate on a
submanifold. Mat. Sb. (N.S.), 84(126):163-195, 1971.

[17] L. Hérmander. Hypoelliptic second order differential equations. Acta Math., 119:147-171, 1967.



[18]

[19]

[28]

[29]

HEAT EQUATION INVOLVING A GRUSHIN OPERATOR 17

A. E. Kogoj and E. Lanconelli. On semilinear A y-Laplace equation. Nonlinear Anal., 75(12):4637—
4649, 2012.

A. E. Kogoj and E. Lanconelli. Linear and semilinear problems involving Aj-Laplacians. In
Proceedings of the International Conference “Two monlinear days in Urbino 20177, volume 25
of Electron. J. Differ. Equ. Conf., pages 167-178. Texas State Univ.—San Marcos, Dept. Math.,
San Marcos, TX, 2018.

A. E. Kogoj and S. Sonner. Attractors for a class of semi-linear degenerate parabolic equations.
J. Ewol. Equ., 13(3):675-691, 2013.

A. E. Kogoj and S. Sonner. Attractors met X-elliptic operators. J. Math. Anal. Appl., 420(1):407—
434, 2014.

P. D. Lamberti, P. Luzzini, and P. Musolino. Shape perturbation of Grushin eigenvalues. J. Geom.
Anal., 31(11):10679-10717, 2021.

H. A. Levine. Some nonexistence and instability theorems for solutions of formally parabolic
equations of the form Pu; = —Au + §(u). Arch. Ration. Mech. Anal., 51:371-386, 1973.

G. Liu and S. Tian. Well-posedness and longtime dynamics for the finitely degenerate parabolic
and pseudo-parabolic equations. J. Fvol. Equ., 24(1):Paper No. 17, 26, 2024.

G. Metafune, L. Negro, and C. Spina. LP estimates for Baouendi-Grushin operators. Pure Appl.
Anal., 2(3):603-625, 2020.

G. Oliveira and A. Viana. On the semilinear heat equation with the Grushin operator. Preprint,
arXiv:2409.06578 [math.AP] (2024), 2024.

P. Quittner and P. Souplet. Superlinear parabolic problems. Birkhduser Advanced Texts: Basler
Lehrbiicher. [Birkhduser Advanced Texts: Basel Textbooks]. Birkh&user Verlag, Basel, 2007. Blow-
up, global existence and steady states.

F. B. Weissler. Existence and nonexistence of global solutions for a semilinear heat equation. Israel
J. Math., 38(1-2):29-40, 1981.

M. Yamazaki. The Navier-Stokes equations in the weak-L™ space with time-dependent external
force. Math. Ann., 317(4):635-675, 2000.

UNIVERSITA DEGLI STUDI DI URBINO CARLO BoO, DIPARTIMENTO DI SCIENZE PURE ED
APPLICATE, URBINO-PU, ITALY
Email address: alessia.kogoj@uniurb.it

UNIVERSIDADE ESTADUAL DE CAMPINAS, IMMEC, CAMPINAS-SP, BRAZIL
Email address: m227985@dac.unicamp.br

UNIVERSIDADE FEDERAL DE SERGIPE, DEPARTAMENTO DE MATEMATICA, 49100-000 SAo
CRISTOVAO-SE, BRAZIL
Email address: arlucioviana@academico.ufs.br



	1. Introduction and main results
	2. Key results
	3. Proof of Theorem 1.1
	4. Proof of Theorem 1.2
	5. Final remarks
	Acknowledgment

	References

