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Example of a complex service 

(def evacuate (zone coordinator alert)
  (let ((alerted
         (if zone
          (broadcast coordinator   
           (collect-region 
            (distance-to commander)
            alert))
          0))))
    (* alerted
     (follow-gradient 
      (distance-to (not zone))))))



Self-stabilization is hard to get right 

Naïve geometry: when stationary, fine… 



Self-stabilization is hard to get right 

… but doesn’t correct properly for change. 



Self-Stabilizing Building Blocks
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Resilience	
  by	
  construcAon:	
  all	
  programs	
  from	
  
these	
  building	
  blocks	
  are	
  also	
  self-­‐stabilizing!	
  



Building Block: G

Library	
  Examples:	
  
(def distance-to (source)
 (G source 0 nbr-range (fun (v) (+ v (nbr-range)))))

(def broadcast (source value)
 (G source value nbr-range identity))

Informa(on	
  spreading	
  
Field	
  Calculus	
  ImplementaAon:	
  
(def G (source initial metric accumulate)
 (2nd
  (rep distance-value
   (tuple infinity initial) 
   (mux source (tuple 0 initial)
    (min-hood
      (tuple
       (+ (1st (nbr distance-value)) (metric))
       (accumulate (2nd (nbr distance-value)))))))))



Building Block: C

Library	
  Examples:	
  
(def summarize (sink accumulate local null)
 (broadcast sink
  (C (distance-to sink) accumulate local null)))

(def average (sink value)
  (/ (summarize sink + value 0)
     (summarize sink + 1 0)))

Informa(on	
  collec(on	
  
Field	
  Calculus	
  ImplementaAon:	
  
(def C (potential accumulate local null)
 (rep v local
  (accumulate local
   (accumulate-hood accumulate
    (mux (= (nbr (find-parent potential)) (uid))
     (nbr v) null)))))
(def find-parent (potential)
 (mux (< (1st (min-hood (nbr potential))) potential)
   (2nd (min-hood (nbr (tuple potential (uid)))))
   NaN))



Building Block: T

Library	
  Examples:	
  
(def timer (length)
 (T length (fun (t) (- t (dt)))))

(def limited-memory (value timeout)
 (2nd (T (tuple timeout value)
       (fun (t) (tuple (- (1st t) (dt)) (2nd t))))))

Time-­‐summariza(on	
  of	
  informa(on	
  
Field	
  Calculus	
  ImplementaAon:	
  

(def T (initial decay)
 (rep v initial 
  (min initial 
   (max 0 (decay v)))))
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Building Block: if

Library	
  Examples:	
  
(def distance-avoiding-obstacles (source obstacles)
  (if obstacles 
      infinity
      (distance-to source)))

(def recent-event (event timeout)
  (if event true (> (timer timeout) 0)))

Restrict	
  scope	
  to	
  subspaces	
  
Field	
  Calculus	
  ImplementaAon:	
  

(if test
    true-expression
    false-expression)



All combinations are self-stabilizing! 

Now program rapidly converges following changes 



Applying building blocks: 

Example	
  API	
  algorithms	
  from	
  building	
  blocks:	
  
distance-­‐to	
  (source) 	
   	
   	
   	
   	
   	
  max-­‐likelihood	
  (source	
  p)	
  
broadcast	
  (source	
  value) 	
   	
   	
   	
   	
  path-­‐forecast	
  (source	
  obstacle)	
  
summarize	
  (sink	
  accumulate	
  local	
  null) 	
   	
  average	
  (sink	
  value)	
  
integral	
  (sink	
  value) 	
   	
   	
   	
   	
   	
  region-­‐max	
  (sink	
  value)	
  
Amer	
  (length) 	
   	
   	
   	
   	
   	
   	
  limited-­‐memory	
  (value	
  Ameout)	
  
random-­‐voronoi	
  (grain	
  metric)	
   	
   	
   	
  group-­‐size	
  (region)	
  
broadcast-­‐region	
  (region	
  source	
  value) 	
   	
  recent-­‐event	
  (event	
  Ameout)	
  
distance-­‐avoiding-­‐obstacles	
  (source	
  obstacles)	
  

Since	
  based	
  on	
  these	
  building	
  blocks,	
  all	
  
programs	
  built	
  this	
  way	
  are	
  self-­‐stabilizing!	
  



Complex Example: Crowd Management 
(def crowd-tracking (p)
 ;; Consider only Fruin LoS E or F within last minute
 (if (recently-true (> (density-est p) 1.08) 60)
   ;; Break into randomized ‘‘cells’’ and estimate danger of each
   (+ 1 (dangerous-density (sparse-partition 30) p))
   0))

(def recently-true (state memory-time)
 ;; Make sure first state is false, not true...
 (rt-sub (not (T 1 1)) state memory-time))
(def rt-sub (started s m)
 (if state 1 (limited-memory s m)))

(def dangerous-density (partition p)
  ;; Only dangerous if above critical density threshold...
 (and
  (> (average partition (density-est p)) 2.17)
  ;; ... and also involving many people.
  (> (summarize partition + (/ 1 p) 0) 300)))

(def crowd-warning (p range)
  (> (distance-to (= (crowd-tracking p) 2))
   range)

(def safe-navigation (destination p)
  (distance-avoiding-obstacles
   destination (crowd-warning p)))

18	
  lines	
  non-­‐whitespace	
  code	
  
10	
  library	
  calls	
  (21	
  ops)	
  
	
  	
  	
  	
  	
  IF:	
  3	
  	
  	
  	
  G:	
  11	
  	
  	
  	
  C:	
  4	
  	
  	
  	
  T:	
  3	
  



Generalization: Self-Stabilizing Calculus 

Restrict field calculus by replacing e with s: 

T	
  
C	
  
G	
  



Self-Stabilization à Substitution 

Given functions λ,λ′ with same type, λ is substitutable for λ′ 
iff for any self-stabilising list of expressions e, (λ e) always 
self-stabilises to the same value as (λ′ e).  
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Optimization of Dynamics 
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Optimization Example: Crowd Alert 

Naïve algorithm: when stationary, fine… 



Optimization Example: Crowd Alert 

… but dynamics can’t keep up with fast mobility. 



Optimization Example: Crowd Alert 

Optimized dynamics, however, work well. 



Eventual Consistency 

•  Consistent Program: Let P be a space-time program, e be an 
evaluation environment, and ei a countable sequence of ε- 
approximations that approximate field e. Program P is consistent if 
P(ei) approximates P(e) for every e and ei.  

•  Eventually Consistent Program: Consider a causal program P 
evaluated on environment e with domain M. Program P is eventually 
consistent if, for any environment e in which there is a spatial 
section SM such that the values of e do not change at any device in 
the time-like future T+(SM), there is always some spatial section SM′ 
such that P is consistent on the time-like future T+(SM′)  

Intuition: resilience against scale, discretization, device location  

[Beal	
  et	
  al.,	
  Submi]ed]	
  



What are the threats to consistency? 

•  Unbounded recursion 
•  Direct use of rep, nbr constructs  

(rep x 0 (- 1 x)) (/ 1 (min-hood (nbr-range)))
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What are the threats to consistency? 

•  Fragile values (measure zero sets)  
(def bisector (a b)
  (= (distance-to a) 
     (distance-to b)))



GPI-calculus 

•  Further restriction of self-stabilizing calculus 
–  Real # comparison produces "Boundary" for equality 
–  GPI = Gradient-Path-Integral 

G, except accumulation always integral, Boundary discarded 

6

e ::= x

��
l

�� (b e)
�� (f e) ;; expression�� (rep x w e)

�� (nbr e)
�� (if e e e) ;; special constructs

w ::= x

��
l ;; variable or value

F ::= (def f(x) e) ;; function
P ::= F e ;; program

(a) Syntax of Field Calculus

l ::= B | Z | R ;; Literals
b ::= m

��
mux

��
< ;; local operators

e ::= x

��
l

�� (b e)
�� (f e)

�� (sense Z+);; expression�� (if e e e)
�� (GPI e e e e) ;; special constructs

F ::= (def f(x) e) ;; function
P ::= F e ;; program

(b) Syntax of GPI-calculus

Fig. 6. Field calculus [10] is a minimal computational calculus that is space-time universal [2], but does not
ensure consistency. GPI-calculus restricts expressible programs to a subset that are eventually consistent.

rep state variable as defined below. These are then
composed using the following five constructs:

• Built-in operators: A built-in operator b determines
the value of its output field at event m only from
the values of the environment e and input fields
e1,e2, . . . at m. The built-in operators can range
over any such functions, including addition, com-
parison, sensors, actuators, etc.

• Function definition and call: Abstraction and recur-
sion are supported by function definition: func-
tions are declared Lisp-style with expressions of
the form (def f(x) e) and applied by expressions
of the form (f e1 e2 . . . e

n

).
• Time evolution: Program state is initialized and

changed over time by a “repeat” construct
(rep x w e). The state variable x is initialized
to a literal or variable and updated at each step
by computing e against the prior value of x.

• Neighborhood values: The (nbr e) construct ob-
tains a field mapping neighboring devices to their
most recent available value of e. These can then
be manipulated and summarized with built-in
operators. For example, (min-hood (nbr e))

maps each device to the minimum value of e

amongst its neighbors (excluding itself).
• Domain restriction: Distributed branching is im-

plemented by (if e0 e1 e2), which computes e1

where e0 is true and e2 where e0 is false by re-
stricting the environment domain. This prevents
computations from spreading unexpectedly and
allows termination of recursion.6

A field calculus program is then a set of function def-
initions followed by an expresssion to be evaluated.
For example, field calculus can be used to compute
the minimal distance to high temperatures with:
(def distance-to (source)

(rep d

infinity

(mux source 0

(min-hood (+ (nbr d) (nbr-range))))))

(distance-to (> (temperature) 25))

using four built-in operators: temperature extracts
temperature from the environment state, nbr-range

6. Domain restriction is important for predictable composition of
distributed algorithms, but is currently supported by surprisingly
few distributed programming models.

determines the most recent distance to an event’s
neighboring devices, + applies addition pointwise
over fields, and mux multiplexes between its second
and third inputs, returning the second if the first is
true and the third otherwise. For full details of field
calculus and more examples, see [10]; note also that
although the original semantics are defined for dis-
crete fields, the only construct whose generalization
to continuous fields is not obvious is rep, which uses
the semantics defined in [13]

3.2 From Consistency Failures to Fragility

Consistency is a useful property because it allows
us to evaluate when a computation is fragile to the
circumstances of its evaluation. Even though real
networks are always finite, comparison with a contin-
uous ideal can reveal vulnerabilities in a distributed
algorithm through the manner in which it fails to be
eventually consistent.

In this section, we discuss some key failure modes
for field calculus programs, both to illuminate the
challenges and to help give intuitions for how we will
generate sequences that ensures eventual consistency.

Unbounded recursion, of course, can create consis-
tency failures: infinite loops are obviously ill-defined.
There are also many ways to arrange a recursion that
grows in depth with density and does not converge.
We can eliminate this by the simple but harsh method
of prohibiting recursive function calls, which puts a
finite bound on the number of operations that can be
used in the evaluation of a program.

Let us turn next to a problem related to distributed
computation: interactions between devices frequently
lead to scalability problems due to implicit depen-
dence on the distribution of devices. Consider, for
example, the field calculus program:

(def non-convergent-nbr (v)

(/ 1 (min-hood (nbr-range))))

As devices pack more closely, the distance to the
closest device approaches zero, causing the inverse to
rise without bound, meaning it does not converge.
The program is thus not consistent, indicating its
fragility to device distribution.

Special	
  "Boundary"	
  value	
  

SemanKcs	
  prohibits	
  recursion	
  
GPI	
  replaces	
  nbr,	
  rep	
  

Restricted	
  built-­‐in	
  ops	
  

Only	
  integers	
  and	
  reals	
  



Example: Context-sensitive distance 



Summary 

•  Resilient convergence: self-stabilization 
•  Dynamics of resilience: substitution 
•  Resilience to location: eventual consistency 


