
Probabilistic Model Checking

Christel Baier
Technical University Dresden

1 / 376



Model checking pmc-04

requirements

specification, e.g.,
temporal formula ΦΦΦ

reactive
system

abstract
modelMMM

model checker
doesM |= ΦM |= ΦM |= Φ hold ?

no yes
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Model checking pmc-04

functional
requirements

specification, e.g.,
temporal formula ΦΦΦ

reactive
system

abstract
modelMMM

model checker
doesM |= ΦM |= ΦM |= Φ hold ?
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Probabilistic model checking pmc-05

quantitative
requirements

specification, e.g.,
temporal formula ΦΦΦ

probabilistic
reactive system

probabilistic
modelMMM

probabilistic model checker
doesM |= ΦM |= ΦM |= Φ hold ?

no +++ counterexample yes +++ witness
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Probabilistic model checking pmc-05

quantitative
requirements

specification, e.g.,
temporal formula ΦΦΦ
formula ΦΦΦ of some
probabilistic logic

probabilistic
reactive system

probabilistic
modelMMM

probabilistic model checker
quantitative analysis ofMMM against ΦΦΦ

probability for “bad behaviors” is < 10−6< 10−6< 10−6

probability for “good behaviors” is 111
expected costs for ....
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Probabilistic model checking pmc-06

quantitative
requirements

formula ΦΦΦ of some
probabilistic logic

probabilistic
reactive system

probabilistic
modelMMM

probabilistic model checker
quantitative analysis ofMMM against ΦΦΦ

quantitative analysis relies on a combination of

• model checking techniques
• known concepts for probabilistic models
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Probabilistic model checking pmc-06

quantitative
requirements

formula ΦΦΦ of some
probabilistic logic

probabilistic
reactive system

probabilistic
modelMMM

probabilistic model checker
quantitative analysis ofMMM against ΦΦΦ

logical approach ��� unambiguous measure specifications

model checking ��� automatic computation of
quantitative measures (probabilities, expectation)
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Probabilistic model checking pmc-09

• termination of probabilistic programs
[Hart/Sharir/Pnueli’83]

• qualitative linear time properties [Vardi/Wolper’86]

for discrete-time Markov models [Courc./Yannak.’88]
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Probabilistic model checking pmc-09

• termination of probabilistic programs
[Hart/Sharir/Pnueli’83]

• qualitative linear time properties [Vardi/Wolper’86]

for discrete-time Markov models [Courc./Yannak.’88]

• probabilistic computation tree logic [Hansson/Jonss.’94]

for discrete-time Markov models [Bianco/de Alf.’95]

• continuous stochastic logic [Aziz et al’96]

for continuous-time Markov chains [Baier et al’99]
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Probabilistic model checking pmc-09

• termination of probabilistic programs
[Hart/Sharir/Pnueli’83]

• qualitative linear time properties [Vardi/Wolper’86]

for discrete-time Markov models [Courc./Yannak.’88]

• probabilistic computation tree logic [Hansson/Jonss.’94]

for discrete-time Markov models [Bianco/de Alf.’95]

• continuous stochastic logic [Aziz et al’96]

for continuous-time Markov chains [Baier et al’99]

• probabilistic timed automata [Jensen’96]

[Kwiatkowska et al’00]...
...
...

tools: PRISM, MRMC, VESPA, YMER, LIQUOR,
APNNToolbox, TwoTowers, RAPTURE, . . .. . .. . .
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Tutorial: probabilistic model checking overview

part 1: Markov chains
probabilistic computation tree logic
(PCTL/PCTL*)

part 2: Markov decision processes (MDP)
PCTL/PCTL* over MDP
fairness
partial order reduction
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Tutorial: probabilistic model checking overview-mc1

part 1: Markov chains ←−←−←−
probabilistic computation tree logic
(PCTL/PCTL*)

part 2: Markov decision processes (MDP)
PCTL/PCTL* over MDP
fairness
partial order reduction
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Markov chain pmc-12

is a transition system with probabilities
for the successor states
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Markov chain pmc-12

M = (S , P, . . . )M = (S , P, . . . )M = (S , P, . . . )

• state space SSS
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Markov chain pmc-12

M = (S , P, . . . )M = (S , P, . . . )M = (S , P, . . . )

• state space SSS ←−←−←− here: finite

• transition probability function P : S × S → [0, 1]P : S × S → [0, 1]P : S × S → [0, 1] s.t.∑
s ′∈S

P(s, s ′) = 1
∑
s ′∈S

P(s, s ′) = 1
∑
s ′∈S

P(s , s ′) = 1
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Discrete-time Markov chain pmc-12

M = (S , P, . . . )M = (S , P, . . . )M = (S , P, . . . )

• state space SSS ←−←−←− here: finite

• transition probability function P : S × S → [0, 1]P : S × S → [0, 1]P : S × S → [0, 1] s.t.∑
s ′∈S

P(s, s ′) = 1
∑
s ′∈S

P(s, s ′) = 1
∑
s ′∈S

P(s , s ′) = 1

���
discrete-time or time-abstract
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Discrete-time Markov chain pmc-12

M = (S , P, AP, L )M = (S , P, AP, L )M = (S , P, AP, L )

• state space SSS ←−←−←− here: finite

• transition probability function P : S × S → [0, 1]P : S × S → [0, 1]P : S × S → [0, 1] s.t.∑
s ′∈S

P(s, s ′) = 1
∑
s ′∈S

P(s, s ′) = 1
∑
s ′∈S

P(s , s ′) = 1

• APAPAP set of atomic propositions

• labeling function L : S → 2APL : S → 2APL : S → 2AP
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Discrete-time Markov chain pmc-12

M = (S , P, AP, L )M = (S , P, AP, L )M = (S , P, AP, L ) ←−←−←− +++ initial distribution
or initial state

• state space SSS

• transition probability function P : S × S → [0, 1]P : S × S → [0, 1]P : S × S → [0, 1] s.t.∑
s ′∈S

P(s, s ′) = 1
∑
s ′∈S

P(s, s ′) = 1
∑
s ′∈S

P(s , s ′) = 1

• APAPAP set of atomic propositions

• labeling function L : S → 2APL : S → 2APL : S → 2AP

21 / 376



Discrete-time Markov chain pmc-12

M = (S , P, AP, L )M = (S , P, AP, L )M = (S , P, AP, L ) ←−←−←− +++ initial distribution
or initial state

• state space SSS

• transition probability function P : S × S → [0, 1]P : S × S → [0, 1]P : S × S → [0, 1] s.t.∑
s ′∈S

P(s, s ′) = 1
∑
s ′∈S

P(s, s ′) = 1
∑
s ′∈S

P(s , s ′) = 1

start
try to
send

delivered

message
lost

0.980.980.98

0.020.020.02
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Discrete-time Markov chain pmc-12
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Discrete-time Markov chain pmc-12

M = (S , P, AP, L )M = (S , P, AP, L )M = (S , P, AP, L ) ←−←−←− +++ initial distribution
or initial state

• state space SSS

• transition probability function P : S × S → [0, 1]P : S × S → [0, 1]P : S × S → [0, 1] s.t.∑
s ′∈S

P(s, s ′) = 1
∑
s ′∈S

P(s, s ′) = 1
∑
s ′∈S

P(s , s ′) = 1

start111 try to
send

delivered

message
lost

111
0.980.980.98

0.020.020.02

111

111

e.g., AP = {try , del}AP = {try , del}AP = {try , del}

∅∅∅

∅∅∅

{del}{del}{del}

{try}{try}{try}
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Probability measure of a Markov chain pmc-15
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Probability measure of a Markov chain pmc-15

M = (S , P, AP, L,M = (S , P, AP, L,M = (S , P, AP , L, p0)p0)p0) Markov chain
↑↑↑

initial distribution p0 : S → [0, 1]p0 : S → [0, 1]p0 : S → [0, 1]
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Probability measure of a Markov chain pmc-15

M = (S , P, AP, L,M = (S , P, AP, L,M = (S , P, AP , L, p0)p0)p0) Markov chain
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probability measure for sets of paths:
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Probability measure of a Markov chain pmc-15

M = (S , P, AP, L,M = (S , P, AP, L,M = (S , P, AP , L, p0)p0)p0) Markov chain
↑↑↑

initial distribution p0 : S → [0, 1]p0 : S → [0, 1]p0 : S → [0, 1]

probability measure for sets of paths:

consider the σσσ-algebra generated by cylinder sets

∆(s0 s1 . . . sn) =∆(s0 s1 . . . sn) =∆(s0 s1 . . . sn) = set of infinite paths
s0 s1 . . . snsn+1 sn+2 sn+3. . .s0 s1 . . . snsn+1 sn+2 sn+3. . .s0 s1 . . . snsn+1 sn+2 sn+3. . .↑↑↑

finite path
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Probability measure of a Markov chain pmc-15

M = (S , P, AP, L,M = (S , P, AP, L,M = (S , P, AP , L, p0)p0)p0) Markov chain
↑↑↑

initial distribution p0 : S → [0, 1]p0 : S → [0, 1]p0 : S → [0, 1]

probability measure for sets of paths:

consider the σσσ-algebra generated by cylinder sets

∆(s0 s1 . . . sn) =∆(s0 s1 . . . sn) =∆(s0 s1 . . . sn) = set of infinite paths
s0 s1 . . . snsn+1 sn+2 sn+3. . .s0 s1 . . . snsn+1 sn+2 sn+3. . .s0 s1 . . . snsn+1 sn+2 sn+3. . .↑↑↑

finite path

probability measure is given by:

PrM
(
∆(s0 s1 . . . sn)

)
= p0(s0) ·

∏
1≤i≤n

P(si−1, si)PrM
(
∆(s0 s1 . . . sn)

)
= p0(s0) ·

∏
1≤i≤n

P(si−1, si)PrM
(
∆(s0 s1 . . . sn)

)
= p0(s0) ·

∏
1≤i≤n

P(si−1, si)
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Example pmc-16

startstartstart trytrytry

deldeldel

lostlostlost

0.980.980.98

0.020.020.02

probability for delivering the message within 555 steps:
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Example pmc-16

startstartstart trytrytry

deldeldel

lostlostlost

0.980.980.98

0.020.020.02

probability for delivering the message within 555 steps:

=== PrM(start try del)PrM(start try del)PrM(start try del) +++ PrM(start try lost try del)PrM(start try lost try del)PrM(start try lost try del)

=== 0.98 + 0.02 · 0.98 = 0.99960.98 + 0.02 · 0.98 = 0.99960.98 + 0.02 · 0.98 = 0.9996
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Example pmc-16

startstartstart trytrytry

deldeldel

lostlostlost

0.980.980.98

0.020.020.02

probability for eventually delivering the message:
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Example pmc-16

startstartstart trytrytry

deldeldel

lostlostlost

0.980.980.98

0.020.020.02

probability for eventually delivering the message:

===
∞∑

n=0
PrM(start try (lost try)n del)

∞∑
n=0

PrM(start try (lost try)n del)
∞∑

n=0
PrM(start try (lost try)n del)

===
∞∑

n=0
0.02n · 0.98 = 1

∞∑
n=0

0.02n · 0.98 = 1
∞∑

n=0
0.02n · 0.98 = 1
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Fundamental property of finite Markov chains pmc-20

Almost surely, i.e., with probability 111:

A bottom strongly connected component will be
reached and all its states visited infinitely often.
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Fundamental property of finite Markov chains pmc-20

Almost surely, i.e., with probability 111:

A bottom strongly connected component will be
reached and all its states visited infinitely often.

PrM
{
s0 s1 s2 . . . :PrM

{
s0 s1 s2 . . . :PrM

{
s0 s1 s2 . . . : ∃i ≥ 0 ∃ BSCC C∃i ≥ 0 ∃ BSCC C∃i ≥ 0 ∃ BSCC C s.t.

∀j ≥ i . sj ∈ C ∧ ∀s ∈ C
∞
∃ j . sj = s

}
= 1∀j ≥ i . sj ∈ C ∧ ∀s ∈ C

∞
∃ j . sj = s

}
= 1∀j ≥ i . sj ∈ C ∧ ∀s ∈ C

∞
∃ j . sj = s

}
= 1
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Fundamental property of finite Markov chains pmc-20

Almost surely, i.e., with probability 111:

A bottom strongly connected component will be
reached and all its states visited infinitely often.

PrM
{
s0 s1 s2 . . . :PrM

{
s0 s1 s2 . . . :PrM

{
s0 s1 s2 . . . : ∃i ≥ 0 ∃ BSCC C∃i ≥ 0 ∃ BSCC C∃i ≥ 0 ∃ BSCC C s.t.

∀j ≥ i . sj ∈ C ∧ ∀s ∈ C
∞
∃ j . sj = s

}
= 1∀j ≥ i . sj ∈ C ∧ ∀s ∈ C

∞
∃ j . sj = s

}
= 1∀j ≥ i . sj ∈ C ∧ ∀s ∈ C

∞
∃ j . sj = s

}
= 1
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Fundamental property of finite Markov chains pmc-20

Almost surely, i.e., with probability 111:

A bottom strongly connected component will be
reached and all its states visited infinitely often.

PrM
{
s0 s1 s2 . . . :PrM

{
s0 s1 s2 . . . :PrM

{
s0 s1 s2 . . . : ∃i ≥ 0 ∃ BSCC C∃i ≥ 0 ∃ BSCC C∃i ≥ 0 ∃ BSCC C s.t.

∀j ≥ i . sj ∈ C ∧ ∀s ∈ C
∞
∃ j . sj = s

}
= 1∀j ≥ i . sj ∈ C ∧ ∀s ∈ C

∞
∃ j . sj = s

}
= 1∀j ≥ i . sj ∈ C ∧ ∀s ∈ C

∞
∃ j . sj = s

}
= 1
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Tutorial: probabilistic model checking overview-mc2

part 1: Markov chains
probabilistic computation tree logic ←−←−←−
(PCTL/PCTL*)

part 2: Markov decision processes (MDP)
PCTL/PCTL* over MDP
fairness
partial order reduction
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Probabilistic computation tree logic pmc-25
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Probabilistic computation tree logic pmc-25

PCTL/PCTL* [Hansson/Jonsson 1994]

• probabilistic variants of CTL/CTL*

• contains a probabilistic operator PPP

to specify lower/upper probability bounds
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Probabilistic computation tree logic pmc-25

PCTL/PCTL* [Hansson/Jonsson 1994]

• probabilistic variants of CTL/CTL*

• contains a probabilistic operator PPP

to specify lower/upper probability bounds

• operators for expected costs, long-run averages, ...
not considered here, but can be added
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Syntax of PCTL* pmc-26

state formulas:

ΦΦΦ ::=::=::= true
∣∣ a

∣∣ Φ1 ∧ Φ2

∣∣ ¬Φ
∣∣true

∣∣ a
∣∣ Φ1 ∧ Φ2

∣∣ ¬Φ
∣∣true

∣∣ a
∣∣ Φ1 ∧ Φ2

∣∣ ¬Φ
∣∣ . . .. . .. . .

path formulas:

ϕϕϕ ::=::=::= . . .. . .. . .
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Syntax of PCTL* pmc-26

state formulas:

ΦΦΦ ::=::=::= true
∣∣ a

∣∣ Φ1 ∧ Φ2

∣∣ ¬Φ
∣∣true

∣∣ a
∣∣ Φ1 ∧ Φ2

∣∣ ¬Φ
∣∣true

∣∣ a
∣∣ Φ1 ∧ Φ2

∣∣ ¬Φ
∣∣ PI(ϕ)PI(ϕ)PI(ϕ)

path formulas:

ϕϕϕ ::=::=::= . . .. . .. . .

where a ∈ APa ∈ APa ∈ AP is an atomic proposition

I ⊆ [0, 1]I ⊆ [0, 1]I ⊆ [0, 1] is a probability interval
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Syntax of PCTL* pmc-26

state formulas:

ΦΦΦ ::=::=::= true
∣∣ a

∣∣ Φ1 ∧ Φ2

∣∣ ¬Φ
∣∣true

∣∣ a
∣∣ Φ1 ∧ Φ2

∣∣ ¬Φ
∣∣true

∣∣ a
∣∣ Φ1 ∧ Φ2

∣∣ ¬Φ
∣∣ PI(ϕ)PI(ϕ)PI(ϕ)

path formulas:

ϕϕϕ ::=::=::= . . .. . .. . .

where a ∈ APa ∈ APa ∈ AP is an atomic proposition

I ⊆ [0, 1]I ⊆ [0, 1]I ⊆ [0, 1] is a probability interval

qualitative properties: P>0(ϕ)P>0(ϕ)P>0(ϕ) or P=1(ϕ)P=1(ϕ)P=1(ϕ)

quantitative properties: e.g., P>0.5(ϕ)P>0.5(ϕ)P>0.5(ϕ) or P≤0.01(ϕ)P≤0.01(ϕ)P≤0.01(ϕ)
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Syntax of PCTL* path formulas pmc-27

state formulas:

ΦΦΦ ::=::=::= true
∣∣ a

∣∣ Φ1 ∧ Φ2

∣∣ ¬Φ
∣∣ PI(ϕ)true

∣∣ a
∣∣ Φ1 ∧ Φ2

∣∣ ¬Φ
∣∣ PI(ϕ)true

∣∣ a
∣∣ Φ1 ∧ Φ2

∣∣ ¬Φ
∣∣ PI(ϕ)

path formulas:

ϕϕϕ ::=::=::= Φ
∣∣ ϕ1 ∧ ϕ2

∣∣ ¬ϕ
∣∣Φ

∣∣ ϕ1 ∧ ϕ2

∣∣ ¬ϕ
∣∣Φ

∣∣ ϕ1 ∧ ϕ2

∣∣ ¬ϕ
∣∣ . . .. . .. . .���

state formula
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Syntax of PCTL* path formulas pmc-27

state formulas:

ΦΦΦ ::=::=::= true
∣∣ a

∣∣ Φ1 ∧ Φ2

∣∣ ¬Φ
∣∣ PI(ϕ)true

∣∣ a
∣∣ Φ1 ∧ Φ2

∣∣ ¬Φ
∣∣ PI(ϕ)true

∣∣ a
∣∣ Φ1 ∧ Φ2

∣∣ ¬Φ
∣∣ PI(ϕ)

path formulas:

ϕϕϕ ::=::=::= Φ
∣∣ ϕ1 ∧ ϕ2

∣∣ ¬ϕ
∣∣Φ

∣∣ ϕ1 ∧ ϕ2

∣∣ ¬ϕ
∣∣Φ

∣∣ ϕ1 ∧ ϕ2

∣∣ ¬ϕ
∣∣ ©ϕ

∣∣©ϕ
∣∣©ϕ
∣∣ . . .. . .. . .

© =̂© =̂© =̂ next
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Syntax of PCTL* path formulas pmc-27

state formulas:

ΦΦΦ ::=::=::= true
∣∣ a

∣∣ Φ1 ∧ Φ2

∣∣ ¬Φ
∣∣ PI(ϕ)true

∣∣ a
∣∣ Φ1 ∧ Φ2

∣∣ ¬Φ
∣∣ PI(ϕ)true

∣∣ a
∣∣ Φ1 ∧ Φ2

∣∣ ¬Φ
∣∣ PI(ϕ)

path formulas:

ϕϕϕ ::=::=::= Φ
∣∣ ϕ1 ∧ ϕ2

∣∣ ¬ϕ
∣∣Φ

∣∣ ϕ1 ∧ ϕ2

∣∣ ¬ϕ
∣∣Φ

∣∣ ϕ1 ∧ ϕ2

∣∣ ¬ϕ
∣∣ ©ϕ

∣∣©ϕ
∣∣©ϕ
∣∣ ϕ1 U ϕ2ϕ1 Uϕ2ϕ1 U ϕ2

© =̂© =̂© =̂ next U =̂U =̂U =̂ until
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Syntax of PCTL* path formulas pmc-27

state formulas:

ΦΦΦ ::=::=::= true
∣∣ a

∣∣ Φ1 ∧ Φ2

∣∣ ¬Φ
∣∣ PI(ϕ)true

∣∣ a
∣∣ Φ1 ∧ Φ2

∣∣ ¬Φ
∣∣ PI(ϕ)true

∣∣ a
∣∣ Φ1 ∧ Φ2

∣∣ ¬Φ
∣∣ PI(ϕ)

path formulas:

ϕϕϕ ::=::=::= Φ
∣∣ ϕ1 ∧ ϕ2

∣∣ ¬ϕ
∣∣Φ

∣∣ ϕ1 ∧ ϕ2

∣∣ ¬ϕ
∣∣Φ

∣∣ ϕ1 ∧ ϕ2

∣∣ ¬ϕ
∣∣ ©ϕ

∣∣©ϕ
∣∣©ϕ
∣∣ ϕ1 U ϕ2ϕ1 Uϕ2ϕ1 U ϕ2

state formula
ΦΦΦ

. . .. . .. . .
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Syntax of PCTL* path formulas pmc-27

state formulas:

ΦΦΦ ::=::=::= true
∣∣ a

∣∣ Φ1 ∧ Φ2

∣∣ ¬Φ
∣∣ PI(ϕ)true

∣∣ a
∣∣ Φ1 ∧ Φ2

∣∣ ¬Φ
∣∣ PI(ϕ)true

∣∣ a
∣∣ Φ1 ∧ Φ2

∣∣ ¬Φ
∣∣ PI(ϕ)

path formulas:

ϕϕϕ ::=::=::= Φ
∣∣ ϕ1 ∧ ϕ2

∣∣ ¬ϕ
∣∣Φ

∣∣ ϕ1 ∧ ϕ2

∣∣ ¬ϕ
∣∣Φ

∣∣ ϕ1 ∧ ϕ2

∣∣ ¬ϕ
∣∣ ©ϕ

∣∣©ϕ
∣∣©ϕ
∣∣ ϕ1 U ϕ2ϕ1 Uϕ2ϕ1 U ϕ2

state formula
ΦΦΦ

. . .. . .. . .

next operator
©a©a©a

aaa
. . .. . .. . .
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Syntax of PCTL* path formulas pmc-27

state formulas:

ΦΦΦ ::=::=::= true
∣∣ a

∣∣ Φ1 ∧ Φ2

∣∣ ¬Φ
∣∣ PI(ϕ)true

∣∣ a
∣∣ Φ1 ∧ Φ2

∣∣ ¬Φ
∣∣ PI(ϕ)true

∣∣ a
∣∣ Φ1 ∧ Φ2

∣∣ ¬Φ
∣∣ PI(ϕ)

path formulas:

ϕϕϕ ::=::=::= Φ
∣∣ ϕ1 ∧ ϕ2

∣∣ ¬ϕ
∣∣Φ

∣∣ ϕ1 ∧ ϕ2

∣∣ ¬ϕ
∣∣Φ

∣∣ ϕ1 ∧ ϕ2

∣∣ ¬ϕ
∣∣ ©ϕ

∣∣©ϕ
∣∣©ϕ
∣∣ ϕ1 U ϕ2ϕ1 Uϕ2ϕ1 U ϕ2

state formula
ΦΦΦ

. . .. . .. . .

next operator
©a©a©a

aaa
. . .. . .. . .

until operator
a U ba U ba U b

aaa aaa aaa bbb
. . .. . .. . .
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Derived path operators: eventually, always pmc-28
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Derived path operators: eventually, always pmc-28

state formulas:

ΦΦΦ ::=::=::= true
∣∣ a

∣∣ Φ1 ∧ Φ2

∣∣ ¬Φ
∣∣ PI(ϕ)true

∣∣ a
∣∣ Φ1 ∧ Φ2

∣∣ ¬Φ
∣∣ PI(ϕ)true

∣∣ a
∣∣ Φ1 ∧ Φ2

∣∣ ¬Φ
∣∣ PI(ϕ)

path formulas:

ϕϕϕ ::=::=::= Φ
∣∣ ϕ1 ∧ ϕ2

∣∣ ¬ϕ
∣∣ ©ϕ

∣∣ ϕ1 U ϕ2Φ
∣∣ ϕ1 ∧ ϕ2

∣∣ ¬ϕ
∣∣ ©ϕ

∣∣ ϕ1 Uϕ2Φ
∣∣ ϕ1 ∧ ϕ2

∣∣ ¬ϕ
∣∣ ©ϕ

∣∣ ϕ1 U ϕ2

until operator
a U ba U ba U b

aaa aaa aaa bbb
. . .. . .. . .

eventually

♦b
def
= true U b♦b
def
= true U b♦b
def
= true U b

bbb
. . .. . .. . .
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Derived path operators: eventually, always pmc-28

state formulas:

ΦΦΦ ::=::=::= true
∣∣ a

∣∣ Φ1 ∧ Φ2

∣∣ ¬Φ
∣∣ PI(ϕ)true

∣∣ a
∣∣ Φ1 ∧ Φ2

∣∣ ¬Φ
∣∣ PI(ϕ)true

∣∣ a
∣∣ Φ1 ∧ Φ2

∣∣ ¬Φ
∣∣ PI(ϕ)

path formulas:

ϕϕϕ ::=::=::= Φ
∣∣ ϕ1 ∧ ϕ2

∣∣ ¬ϕ
∣∣ ©ϕ

∣∣ ϕ1 U ϕ2Φ
∣∣ ϕ1 ∧ ϕ2

∣∣ ¬ϕ
∣∣ ©ϕ

∣∣ ϕ1 Uϕ2Φ
∣∣ ϕ1 ∧ ϕ2

∣∣ ¬ϕ
∣∣ ©ϕ

∣∣ ϕ1 U ϕ2

until operator
a U ba U ba U b

aaa aaa aaa bbb
. . .. . .. . .

eventually

♦b
def
= true U b♦b
def
= true U b♦b
def
= true U b

bbb
. . .. . .. . .

always

�a
def
= ¬♦¬a�a
def
= ¬♦¬a�a
def
= ¬♦¬a

aaa aaa aaa aaa aaa aaa
. . .. . .. . .
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Semantics of PCTL* pmc-29
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Semantics of PCTL* pmc-29

LetM = (S , P, AP, L)M = (S , P, AP, L)M = (S , P, AP , L) be a Markov chain.

define by structural induction:

• a satisfaction relation |=|=|= for
states s ∈ Ss ∈ Ss ∈ S and PCTL* state formulas

• a satisfaction relation |=|=|= for infinite
paths πππ inMMM and PCTL* path formulas
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Semantics of PCTL* pmc-30

s |= trues |= trues |= true

s |= as |= as |= a iff a ∈ L(s)a ∈ L(s)a ∈ L(s)

s |= ¬Φs |= ¬Φs |= ¬Φ iff s �|= Φs �|= Φs �|= Φ

s |= Φ1 ∧ Φ2s |= Φ1 ∧ Φ2s |= Φ1 ∧ Φ2 iff s |= Φ1s |= Φ1s |= Φ1 and s |= Φ2s |= Φ2s |= Φ2

s |= PI(ϕ)s |= PI(ϕ)s |= PI(ϕ) iff PrM(s, ϕ)PrM(s, ϕ)PrM(s, ϕ)∈ I∈ I∈ I

56 / 376



Semantics of PCTL* pmc-30

s |= trues |= trues |= true

s |= as |= as |= a iff a ∈ L(s)a ∈ L(s)a ∈ L(s)

s |= ¬Φs |= ¬Φs |= ¬Φ iff s �|= Φs �|= Φs �|= Φ

s |= Φ1 ∧ Φ2s |= Φ1 ∧ Φ2s |= Φ1 ∧ Φ2 iff s |= Φ1s |= Φ1s |= Φ1 and s |= Φ2s |= Φ2s |= Φ2

s |= PI(ϕ)s |= PI(ϕ)s |= PI(ϕ) iff PrM(s, ϕ)PrM(s, ϕ)PrM(s, ϕ) ∈ I∈ I∈ I���
probability measure of the set of paths πππ

with π |= ϕπ |= ϕπ |= ϕ
when sss is viewed as the unique starting state
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Semantics of PCTL* path formulas pmc-31

let π = s0 s1 s2 s3 . . .π = s0 s1 s2 s3 . . .π = s0 s1 s2 s3 . . . be an infinite path inMMM
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Semantics of PCTL* path formulas pmc-31

let π = s0 s1 s2 s3 . . .π = s0 s1 s2 s3 . . .π = s0 s1 s2 s3 . . . be an infinite path inMMM

π |= Φπ |= Φπ |= Φ iff s0 |= Φs0 |= Φs0 |= Φ

π |= ¬ϕπ |= ¬ϕπ |= ¬ϕ iff π �|= ϕπ �|= ϕπ �|= ϕ

π |= ϕ1 ∧ ϕ2π |= ϕ1 ∧ ϕ2π |= ϕ1 ∧ ϕ2 iff π |= ϕ1π |= ϕ1π |= ϕ1 and π |= ϕ2π |= ϕ2π |= ϕ2

π |=©ϕπ |=©ϕπ |=©ϕ iff s1 s2 s3 . . . |= ϕs1 s2 s3 . . . |= ϕs1 s2 s3 . . . |= ϕ

π |= ϕ1 U ϕ2π |= ϕ1 Uϕ2π |= ϕ1 U ϕ2 iff there exists � ≥ 0� ≥ 0� ≥ 0 such that

s� s�+1 s�+2 . . .s� s�+1 s�+2 . . .s� s�+1 s�+2 . . . |=|=|= ϕ2ϕ2ϕ2

si si+1 si+2 . . .si si+1 si+2 . . .si si+1 si+2 . . . |=|=|= ϕ1ϕ1ϕ1 for 0 ≤ i < �0 ≤ i < �0 ≤ i < �
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Examples for PCTL*-specifications pmc-35
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Examples for PCTL*-specifications pmc-35

communication protocol:

P�0.001( ♦error )P�0.001( ♦error )P�0.001( ♦error )
P=1( �( try to send −→P=1( �( try to send −→P=1( �( try to send −→ P�0.9(©delivered) ) )P�0.9(©delivered) ) )P�0.9(©delivered) ) )
P=1( �( try to send −→P=1( �( try to send −→P=1( �( try to send −→ ¬start U delivered )¬start U delivered )¬start U delivered )
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Examples for PCTL*-specifications pmc-35

communication protocol:

P�0.001( ♦error )P�0.001( ♦error )P�0.001( ♦error )
P=1( �( try to send −→P=1( �( try to send −→P=1( �( try to send −→ P�0.9(©delivered) ) )P�0.9(©delivered) ) )P�0.9(©delivered) ) )
P=1( �( try to send −→P=1( �( try to send −→P=1( �( try to send −→ ¬start U delivered )¬start U delivered )¬start U delivered )

leader election protocol for nnn processes in a ring

• each process chooses a random number in
{1, ..., k}{1, ..., k}{1, ..., k} as id

• all ids are synchronously passed around the ring
• if there is a unique id then elect the process

with the max. unique id, otherwise repeat

P=1( ♦leader elected ), P�0.9(
∨
i�n

©i leader elected )P=1( ♦leader elected ), P�0.9(
∨
i�n

©i leader elected )P=1( ♦leader elected ), P�0.9(
∨
i�n

©i leader elected )
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PCTL* model checking pmc-40
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PCTL* model checking pmc-40

PCTL* state
formula ΦΦΦ

Markov chainMMM
with initial state s0s0s0

model checking

check wether s0 |= Φs0 |= Φs0 |= Φ

no yes
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PCTL* model checking pmc-40

PCTL* state
formula ΦΦΦ

Markov chainMMM
with initial state s0s0s0

model checking

check wether s0 |= Φs0 |= Φs0 |= Φ

no yes

idea: recursively compute Sat(Ψ) = {s : s |= Ψ}Sat(Ψ) = {s : s |= Ψ}Sat(Ψ) = {s : s |= Ψ}
for all sub-state formulas ΨΨΨ of ΦΦΦ and
check whether s0 ∈ Sat(Φ)s0 ∈ Sat(Φ)s0 ∈ Sat(Φ)
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Recursive computation of the satisfaction sets pmc-41
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Recursive computation of the satisfaction sets pmc-41

Sat(true)Sat(true)Sat(true) === SSS state space ofMMM
Sat(a)Sat(a)Sat(a) ===

{
s ∈ S : a ∈ L(s)

}{
s ∈ S : a ∈ L(s)

}{
s ∈ S : a ∈ L(s)

}
Sat(Φ1∧Φ2)Sat(Φ1∧Φ2)Sat(Φ1∧Φ2) === Sat(Φ1) ∩ Sat(Φ2)Sat(Φ1) ∩ Sat(Φ2)Sat(Φ1) ∩ Sat(Φ2)

Sat(¬Φ)Sat(¬Φ)Sat(¬Φ) === S \ Sat(Φ)S \ Sat(Φ)S \ Sat(Φ)

67 / 376



Recursive computation of the satisfaction sets pmc-41

Sat(true)Sat(true)Sat(true) === SSS state space ofMMM
Sat(a)Sat(a)Sat(a) ===

{
s ∈ S : a ∈ L(s)

}{
s ∈ S : a ∈ L(s)

}{
s ∈ S : a ∈ L(s)

}
Sat(Φ1∧Φ2)Sat(Φ1∧Φ2)Sat(Φ1∧Φ2) === Sat(Φ1) ∩ Sat(Φ2)Sat(Φ1) ∩ Sat(Φ2)Sat(Φ1) ∩ Sat(Φ2)

Sat(¬Φ)Sat(¬Φ)Sat(¬Φ) === S \ Sat(Φ)S \ Sat(Φ)S \ Sat(Φ)

Sat(PI(ϕ))Sat(PI(ϕ))Sat(PI(ϕ)) ===
{
s ∈ S : PrM(s, ϕ) ∈ I

}{
s ∈ S : PrM(s, ϕ) ∈ I

}{
s ∈ S : PrM(s, ϕ) ∈ I

}
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Recursive computation of the satisfaction sets pmc-41

Sat(true)Sat(true)Sat(true) === SSS state space ofMMM
Sat(a)Sat(a)Sat(a) ===

{
s ∈ S : a ∈ L(s)

}{
s ∈ S : a ∈ L(s)

}{
s ∈ S : a ∈ L(s)

}
Sat(Φ1∧Φ2)Sat(Φ1∧Φ2)Sat(Φ1∧Φ2) === Sat(Φ1) ∩ Sat(Φ2)Sat(Φ1) ∩ Sat(Φ2)Sat(Φ1) ∩ Sat(Φ2)

Sat(¬Φ)Sat(¬Φ)Sat(¬Φ) === S \ Sat(Φ)S \ Sat(Φ)S \ Sat(Φ)

Sat(PI(ϕ))Sat(PI(ϕ))Sat(PI(ϕ)) ===
{
s ∈ S : PrM(s, ϕ) ∈ I

}{
s ∈ S : PrM(s, ϕ) ∈ I

}{
s ∈ S : PrM(s, ϕ) ∈ I

}
���

special case: ϕ = ♦Φϕ = ♦Φϕ = ♦Φ
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Recursive computation of the satisfaction sets pmc-41

Sat(true)Sat(true)Sat(true) === SSS state space ofMMM
Sat(a)Sat(a)Sat(a) ===

{
s ∈ S : a ∈ L(s)

}{
s ∈ S : a ∈ L(s)

}{
s ∈ S : a ∈ L(s)

}
Sat(Φ1∧Φ2)Sat(Φ1∧Φ2)Sat(Φ1∧Φ2) === Sat(Φ1) ∩ Sat(Φ2)Sat(Φ1) ∩ Sat(Φ2)Sat(Φ1) ∩ Sat(Φ2)

Sat(¬Φ)Sat(¬Φ)Sat(¬Φ) === S \ Sat(Φ)S \ Sat(Φ)S \ Sat(Φ)

Sat(PI(ϕ))Sat(PI(ϕ))Sat(PI(ϕ)) ===
{
s ∈ S : PrM(s, ϕ) ∈ I

}{
s ∈ S : PrM(s, ϕ) ∈ I

}{
s ∈ S : PrM(s, ϕ) ∈ I

}
���

special case: ϕ = ♦Φϕ = ♦Φϕ = ♦Φ

1. compute recursively Sat(Φ)Sat(Φ)Sat(Φ)

2. compute xs = PrM(s,♦Φ)xs = PrM(s,♦Φ)xs = PrM(s,♦Φ) by solving a
linear equation system

70 / 376



Simulating a dice by a coin [Knuth] pmc-43
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Simulating a dice by a coin [Knuth] pmc-43
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••• • •
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probability for the outcome sixsixsix

PrM(♦ six ) =PrM(♦ six ) =PrM(♦ six ) = ?
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Simulating a dice by a coin [Knuth] pmc-43

outcome sixsixsix unreachable
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Simulating a dice by a coin [Knuth] pmc-43

outcome sixsixsix unreachable,
i.e., xs = 0xs = 0xs = 0
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Simulating a dice by a coin [Knuth] pmc-43

outcome sixsixsix unreachable,
i.e., xs = 0xs = 0xs = 0

• • •
••• • •
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• •• •• •
xsix = 1xsix = 1xsix = 1
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Simulating a dice by a coin [Knuth] pmc-43

outcome sixsixsix unreachable,
i.e., xs = 0xs = 0xs = 0
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• •• •• •
xsix = 1xsix = 1xsix = 1

x1 =x1 =x1 = ?

x2 =x2 =x2 = ?

x3 =x3 =x3 = ?
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Simulating a dice by a coin [Knuth] pmc-43

outcome sixsixsix unreachable,
i.e., xs = 0xs = 0xs = 0
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xsix = 1xsix = 1xsix = 1

x1 =x1 =x1 = 1
2
x2

1
2x2
1
2
x2

x2 =x2 =x2 = ?

x3 =x3 =x3 = ?
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Simulating a dice by a coin [Knuth] pmc-43

outcome sixsixsix unreachable,
i.e., xs = 0xs = 0xs = 0
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xsix = 1xsix = 1xsix = 1

x1 =x1 =x1 = 1
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x2 =x2 =x2 = 1
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x3 =x3 =x3 = ?
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Simulating a dice by a coin [Knuth] pmc-43

outcome sixsixsix unreachable,
i.e., xs = 0xs = 0xs = 0
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Simulating a dice by a coin [Knuth] pmc-43
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
1 −1

2 0
0 1 −1

2

0 −1
2 1


 ·


x1

x2

x3


 =


0
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
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Simulating a dice by a coin [Knuth] pmc-43
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
1 −1

2 0
0 1 −1

2

0 −1
2 1


 ·


x1

x2

x3


 =


0

0
1
2





1 −1

2 0
0 1 −1
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2 1


 ·


x1
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 =
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0
1
2





1 −1

2 0
0 1 −1

2

0 −1
2 1


 ·


x1

x2

x3


 =


0

0
1
2


PrM(♦ six )PrM(♦ six )PrM(♦ six )

= x1 = 1
6

= x1 = 1
6= x1 = 1
6

xsix = 1xsix = 1xsix = 1

x1 =x1 =x1 = 1
2
x2

1
2x2
1
2
x2 = 1

6
= 1

6= 1
6

x2 =x2 =x2 = 1
2
x3

1
2x3
1
2
x3 = 1

3
= 1

3= 1
3

x3 =x3 =x3 = 1
2x2 + 1

2
1
2x2 + 1

2
1
2x2 + 1

2 = 2
3

= 2
3= 2
3
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Computing reachability probabilities pmc-44
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Computing reachability probabilities pmc-44

given: Markov chainM = (S , P, . . .)M = (S , P, . . .)M = (S , P, . . .),
set of goal states T ⊆ ST ⊆ ST ⊆ S

task: compute xs = PrM(s,♦T )xs = PrM(s,♦T )xs = PrM(s,♦T ) for all states s ∈ Ss ∈ Ss ∈ S
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Computing reachability probabilities pmc-44

given: Markov chainM = (S , P, . . .)M = (S , P, . . .)M = (S , P, . . .),
set of goal states T ⊆ ST ⊆ ST ⊆ S

task: compute xs = PrM(s,♦T )xs = PrM(s,♦T )xs = PrM(s,♦T ) for all states s ∈ Ss ∈ Ss ∈ S

1. compute S0S0S0 and S1S1S1

S0S0S0 ===
{
s ∈ S : xs = 0

}{
s ∈ S : xs = 0

}{
s ∈ S : xs = 0

}
S1S1S1 ===

{
s ∈ S : xs = 1

}{
s ∈ S : xs = 1

}{
s ∈ S : xs = 1

}
2. compute xsxsxs for s ∈s ∈s ∈ S? = S \ (S0 ∪ S1)S? = S \ (S0 ∪ S1)S? = S \ (S0 ∪ S1)
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Computing reachability probabilities pmc-44

given: Markov chainM = (S , P, . . .)M = (S , P, . . .)M = (S , P, . . .),
set of goal states T ⊆ ST ⊆ ST ⊆ S

task: compute xs = PrM(s,♦T )xs = PrM(s,♦T )xs = PrM(s,♦T ) for all states s ∈ Ss ∈ Ss ∈ S

1. compute S0S0S0 and S1S1S1

S0S0S0 ===
{
s ∈ S : xs = 0

}{
s ∈ S : xs = 0

}{
s ∈ S : xs = 0

}
S1S1S1 ===

{
s ∈ S : xs = 1

}{
s ∈ S : xs = 1

}{
s ∈ S : xs = 1

}
2. compute xsxsxs for s ∈s ∈s ∈ S? = S \ (S0 ∪ S1)S? = S \ (S0 ∪ S1)S? = S \ (S0 ∪ S1)

TTT
state space SSS
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Computing reachability probabilities pmc-44

given: Markov chainM = (S , P, . . .)M = (S , P, . . .)M = (S , P, . . .),
set of goal states T ⊆ ST ⊆ ST ⊆ S

task: compute xs = PrM(s,♦T )xs = PrM(s,♦T )xs = PrM(s,♦T ) for all states s ∈ Ss ∈ Ss ∈ S

1. compute S0S0S0 and S1S1S1

S0S0S0 ===
{
s ∈ S : xs = 0

}{
s ∈ S : xs = 0

}{
s ∈ S : xs = 0

}
S1S1S1 ===

{
s ∈ S : xs = 1

}{
s ∈ S : xs = 1

}{
s ∈ S : xs = 1

}
2. compute xsxsxs for s ∈s ∈s ∈ S? = S \ (S0 ∪ S1)S? = S \ (S0 ∪ S1)S? = S \ (S0 ∪ S1)

TTT
state space SSS

xs = 0xs = 0xs = 0
xs = 1xs = 1xs = 1

S?S?S?

86 / 376



Computing reachability probabilities pmc-44

given: Markov chainM = (S , P, . . .)M = (S , P, . . .)M = (S , P, . . .),
set of goal states T ⊆ ST ⊆ ST ⊆ S

task: compute xs = PrM(s,♦T )xs = PrM(s,♦T )xs = PrM(s,♦T ) for all states s ∈ Ss ∈ Ss ∈ S

1. compute S0S0S0 and S1S1S1

S0S0S0 ===
{
s ∈ S : xs = 0

}{
s ∈ S : xs = 0

}{
s ∈ S : xs = 0

}
S1S1S1 ===

{
s ∈ S : xs = 1

}{
s ∈ S : xs = 1

}{
s ∈ S : xs = 1

}
2. compute xsxsxs for s ∈s ∈s ∈ S? =

{
s : 0 < xs < 1

}
S? =

{
s : 0 < xs < 1

}
S? =

{
s : 0 < xs < 1

}
TTT

state space SSS

xs = 0xs = 0xs = 0
xs = 1xs = 1xs = 1

S?S?S?
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Computing reachability probabilities pmc-44

given: Markov chainM = (S , P, . . .)M = (S , P, . . .)M = (S , P, . . .),
set of goal states T ⊆ ST ⊆ ST ⊆ S

task: compute xs = PrM(s,♦T )xs = PrM(s,♦T )xs = PrM(s,♦T ) for all states s ∈ Ss ∈ Ss ∈ S

1. compute S0S0S0 and S1S1S1

S0S0S0 ===
{
s ∈ S : xs = 0

}{
s ∈ S : xs = 0

}{
s ∈ S : xs = 0

}
===

{
s : s �|= ∃♦T

}{
s : s �|= ∃♦T

}{
s : s �|= ∃♦T

}
S1S1S1 ===

{
s ∈ S : xs = 1

}{
s ∈ S : xs = 1

}{
s ∈ S : xs = 1

}
2. compute xsxsxs for s ∈s ∈s ∈ S? =

{
s : 0 < xs < 1

}
S? =

{
s : 0 < xs < 1

}
S? =

{
s : 0 < xs < 1

}
TTT

state space SSS

xs = 0xs = 0xs = 0
xs = 1xs = 1xs = 1

S?S?S?
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Computing reachability probabilities pmc-44

given: Markov chainM = (S , P, . . .)M = (S , P, . . .)M = (S , P, . . .),
set of goal states T ⊆ ST ⊆ ST ⊆ S

task: compute xs = PrM(s,♦T )xs = PrM(s,♦T )xs = PrM(s,♦T ) for all states s ∈ Ss ∈ Ss ∈ S

1. compute S0S0S0 and S1S1S1

S0S0S0 ===
{
s ∈ S : xs = 0

}{
s ∈ S : xs = 0

}{
s ∈ S : xs = 0

}
===

{
s : s �|= ∃♦T

}{
s : s �|= ∃♦T

}{
s : s �|= ∃♦T

}
S1S1S1 ===

{
s ∈ S : xs = 1

}{
s ∈ S : xs = 1

}{
s ∈ S : xs = 1

}
===

{
s : s �|= ∃(¬T ) US0

}{
s : s �|= ∃(¬T ) US0

}{
s : s �|= ∃(¬T ) US0

}
2. compute xsxsxs for s ∈s ∈s ∈ S? =

{
s : 0 < xs < 1

}
S? =

{
s : 0 < xs < 1

}
S? =

{
s : 0 < xs < 1

}
TTT

state space SSS

xs = 0xs = 0xs = 0
xs = 1xs = 1xs = 1

S?S?S?
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Computing reachability probabilities pmc-44

given: Markov chainM = (S , P, . . .)M = (S , P, . . .)M = (S , P, . . .),
set of goal states T ⊆ ST ⊆ ST ⊆ S

task: compute xs = PrM(s,♦T )xs = PrM(s,♦T )xs = PrM(s,♦T ) for all states s ∈ Ss ∈ Ss ∈ S

1. compute S0S0S0 and S1S1S1 ←−←−←− graph algorithms

S0S0S0 ===
{
s ∈ S : xs = 0

}{
s ∈ S : xs = 0

}{
s ∈ S : xs = 0

}
===

{
s : s �|= ∃♦T

}{
s : s �|= ∃♦T

}{
s : s �|= ∃♦T

}
S1S1S1 ===

{
s ∈ S : xs = 1

}{
s ∈ S : xs = 1

}{
s ∈ S : xs = 1

}
===

{
s : s �|= ∃(¬T ) US0

}{
s : s �|= ∃(¬T ) US0

}{
s : s �|= ∃(¬T ) US0

}
2. compute xsxsxs for s ∈s ∈s ∈ S? =

{
s : 0 < xs < 1

}
S? =

{
s : 0 < xs < 1

}
S? =

{
s : 0 < xs < 1

}
TTT

state space SSS

xs = 0xs = 0xs = 0
xs = 1xs = 1xs = 1

S?S?S?
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Computing reachability probabilities pmc-44a

given: Markov chainM = (S , P, . . .)M = (S , P, . . .)M = (S , P, . . .),
set of goal states T ⊆ ST ⊆ ST ⊆ S

task: compute xs = PrM(s,♦T )xs = PrM(s,♦T )xs = PrM(s,♦T ) for all states s ∈ Ss ∈ Ss ∈ S

1. compute S0S0S0 and S1S1S1 ←−←−←− graph algorithms

S0S0S0 ===
{
s ∈ S : xs = 0

}{
s ∈ S : xs = 0

}{
s ∈ S : xs = 0

}
===

{
s : s �|= ∃♦T

}{
s : s �|= ∃♦T

}{
s : s �|= ∃♦T

}
S1S1S1 ===

{
s ∈ S : xs = 1

}{
s ∈ S : xs = 1

}{
s ∈ S : xs = 1

}
===

{
s : s �|= ∃(¬T ) US0

}{
s : s �|= ∃(¬T ) US0

}{
s : s �|= ∃(¬T ) US0

}
2. compute xsxsxs for s ∈s ∈s ∈ S? =

{
s : 0 < xs < 1

}
S? =

{
s : 0 < xs < 1

}
S? =

{
s : 0 < xs < 1

}���
by solving a linear equation system
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Recursive computation of the satisfaction sets pmc-51b

Sat(true)Sat(true)Sat(true) === SSS state space ofMMM
Sat(a)Sat(a)Sat(a) ===

{
s ∈ S : a ∈ L(s)

}{
s ∈ S : a ∈ L(s)

}{
s ∈ S : a ∈ L(s)

}
Sat(Φ1∧Φ2)Sat(Φ1∧Φ2)Sat(Φ1∧Φ2) === Sat(Φ1) ∩ Sat(Φ2)Sat(Φ1) ∩ Sat(Φ2)Sat(Φ1) ∩ Sat(Φ2)

Sat(¬Φ)Sat(¬Φ)Sat(¬Φ) === S \ Sat(Φ)S \ Sat(Φ)S \ Sat(Φ)

Sat(PI(ϕ))Sat(PI(ϕ))Sat(PI(ϕ)) ===
{
s ∈ S : PrM(s, ϕ) ∈ I

}{
s ∈ S : PrM(s, ϕ) ∈ I

}{
s ∈ S : PrM(s, ϕ) ∈ I

}
���

special case: ϕ = ♦Φϕ = ♦Φϕ = ♦Φ reachability
√√√
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Recursive computation of the satisfaction sets pmc-51b

Sat(true)Sat(true)Sat(true) === SSS state space ofMMM
Sat(a)Sat(a)Sat(a) ===

{
s ∈ S : a ∈ L(s)

}{
s ∈ S : a ∈ L(s)

}{
s ∈ S : a ∈ L(s)

}
Sat(Φ1∧Φ2)Sat(Φ1∧Φ2)Sat(Φ1∧Φ2) === Sat(Φ1) ∩ Sat(Φ2)Sat(Φ1) ∩ Sat(Φ2)Sat(Φ1) ∩ Sat(Φ2)

Sat(¬Φ)Sat(¬Φ)Sat(¬Φ) === S \ Sat(Φ)S \ Sat(Φ)S \ Sat(Φ)

Sat(PI(ϕ))Sat(PI(ϕ))Sat(PI(ϕ)) ===
{
s ∈ S : PrM(s, ϕ) ∈ I

}{
s ∈ S : PrM(s, ϕ) ∈ I

}{
s ∈ S : PrM(s, ϕ) ∈ I

}
���

special case: ϕ = ♦Φϕ = ♦Φϕ = ♦Φ reachability
√√√

general case: reduction to reachability
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Recursive computation of the satisfaction sets pmc-51b

Sat(true)Sat(true)Sat(true) === SSS state space ofMMM
Sat(a)Sat(a)Sat(a) ===

{
s ∈ S : a ∈ L(s)

}{
s ∈ S : a ∈ L(s)

}{
s ∈ S : a ∈ L(s)

}
Sat(Φ1∧Φ2)Sat(Φ1∧Φ2)Sat(Φ1∧Φ2) === Sat(Φ1) ∩ Sat(Φ2)Sat(Φ1) ∩ Sat(Φ2)Sat(Φ1) ∩ Sat(Φ2)

Sat(¬Φ)Sat(¬Φ)Sat(¬Φ) === S \ Sat(Φ)S \ Sat(Φ)S \ Sat(Φ)

Sat(PI(ϕ))Sat(PI(ϕ))Sat(PI(ϕ)) ===
{
s ∈ S : PrM(s, ϕ) ∈ I

}{
s ∈ S : PrM(s, ϕ) ∈ I

}{
s ∈ S : PrM(s, ϕ) ∈ I

}
���

special case: ϕ = ♦Φϕ = ♦Φϕ = ♦Φ reachability
√√√

general case: reduction to reachability

1. path formula ϕϕϕ��� LTL formula ϕ′ϕ′ϕ′

2. automata-based approach to treat ϕ′ϕ′ϕ′
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Recursive computation of the satisfaction sets pmc-51b

Sat(true)Sat(true)Sat(true) === SSS state space ofMMM
Sat(a)Sat(a)Sat(a) ===

{
s ∈ S : a ∈ L(s)

}{
s ∈ S : a ∈ L(s)

}{
s ∈ S : a ∈ L(s)

}
Sat(Φ1∧Φ2)Sat(Φ1∧Φ2)Sat(Φ1∧Φ2) === Sat(Φ1) ∩ Sat(Φ2)Sat(Φ1) ∩ Sat(Φ2)Sat(Φ1) ∩ Sat(Φ2)

Sat(¬Φ)Sat(¬Φ)Sat(¬Φ) === S \ Sat(Φ)S \ Sat(Φ)S \ Sat(Φ)

Sat(PI(ϕ))Sat(PI(ϕ))Sat(PI(ϕ)) ===
{
s ∈ S : PrM(s, ϕ) ∈ I

}{
s ∈ S : PrM(s, ϕ) ∈ I

}{
s ∈ S : PrM(s, ϕ) ∈ I

}

PCTL* path formula ϕϕϕ��� LTL formula ϕ′ϕ′ϕ′

by replacing each maximal state-subformula of ϕϕϕ
with a fresh atomic proposition
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Recursive computation of the satisfaction sets pmc-51b

Sat(true)Sat(true)Sat(true) === SSS state space ofMMM
Sat(a)Sat(a)Sat(a) ===

{
s ∈ S : a ∈ L(s)

}{
s ∈ S : a ∈ L(s)

}{
s ∈ S : a ∈ L(s)

}
Sat(Φ1∧Φ2)Sat(Φ1∧Φ2)Sat(Φ1∧Φ2) === Sat(Φ1) ∩ Sat(Φ2)Sat(Φ1) ∩ Sat(Φ2)Sat(Φ1) ∩ Sat(Φ2)

Sat(¬Φ)Sat(¬Φ)Sat(¬Φ) === S \ Sat(Φ)S \ Sat(Φ)S \ Sat(Φ)

Sat(PI(ϕ))Sat(PI(ϕ))Sat(PI(ϕ)) ===
{
s ∈ S : PrM(s, ϕ) ∈ I

}{
s ∈ S : PrM(s, ϕ) ∈ I

}{
s ∈ S : PrM(s, ϕ) ∈ I

}

PCTL* path formula ϕϕϕ��� LTL formula ϕ′ϕ′ϕ′

♦
(
a U♦

(
a U♦

(
a U P≥0.7(�♦b)P≥0.7(�♦b)P≥0.7(�♦b) ∧ �∧ �∧ � P<0.3(©�c)P<0.3(©�c)P<0.3(©�c)

)))
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Recursive computation of the satisfaction sets pmc-51b

Sat(true)Sat(true)Sat(true) === SSS state space ofMMM
Sat(a)Sat(a)Sat(a) ===

{
s ∈ S : a ∈ L(s)

}{
s ∈ S : a ∈ L(s)

}{
s ∈ S : a ∈ L(s)

}
Sat(Φ1∧Φ2)Sat(Φ1∧Φ2)Sat(Φ1∧Φ2) === Sat(Φ1) ∩ Sat(Φ2)Sat(Φ1) ∩ Sat(Φ2)Sat(Φ1) ∩ Sat(Φ2)

Sat(¬Φ)Sat(¬Φ)Sat(¬Φ) === S \ Sat(Φ)S \ Sat(Φ)S \ Sat(Φ)

Sat(PI(ϕ))Sat(PI(ϕ))Sat(PI(ϕ)) ===
{
s ∈ S : PrM(s, ϕ) ∈ I

}{
s ∈ S : PrM(s, ϕ) ∈ I

}{
s ∈ S : PrM(s, ϕ) ∈ I

}

PCTL* path formula ϕϕϕ��� LTL formula ϕ′ϕ′ϕ′

♦
(
a U♦

(
a U♦

(
a U P≥0.7(�♦b)P≥0.7(�♦b)P≥0.7(�♦b) ∧ �∧ �∧ � P<0.3(©�c)P<0.3(©�c)P<0.3(©�c)

)))
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Recursive computation of the satisfaction sets pmc-51b

Sat(true)Sat(true)Sat(true) === SSS state space ofMMM
Sat(a)Sat(a)Sat(a) ===

{
s ∈ S : a ∈ L(s)

}{
s ∈ S : a ∈ L(s)

}{
s ∈ S : a ∈ L(s)

}
Sat(Φ1∧Φ2)Sat(Φ1∧Φ2)Sat(Φ1∧Φ2) === Sat(Φ1) ∩ Sat(Φ2)Sat(Φ1) ∩ Sat(Φ2)Sat(Φ1) ∩ Sat(Φ2)

Sat(¬Φ)Sat(¬Φ)Sat(¬Φ) === S \ Sat(Φ)S \ Sat(Φ)S \ Sat(Φ)

Sat(PI(ϕ))Sat(PI(ϕ))Sat(PI(ϕ)) ===
{
s ∈ S : PrM(s, ϕ) ∈ I

}{
s ∈ S : PrM(s, ϕ) ∈ I

}{
s ∈ S : PrM(s, ϕ) ∈ I

}

PCTL* path formula ϕϕϕ��� LTL formula ϕ′ϕ′ϕ′

♦
(
a U♦

(
a U♦

(
a U P≥0.7(�♦b)P≥0.7(�♦b)P≥0.7(�♦b) ∧ �∧ �∧ � P<0.3(©�c)P<0.3(©�c)P<0.3(©�c)

)))
������

♦
(
a U d ∧ �e

)
♦

(
a U d ∧ �e

)
♦

(
a U d ∧ �e

)
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PCTL* model checking pmc-52

PCTL* formula PI(ϕ)PI(ϕ)PI(ϕ)

Markov
chainMMM

probabilistic model checker

probability that ϕϕϕ holds forMMM
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PCTL* model checking pmc-52

PCTL* formula PI(ϕ)PI(ϕ)PI(ϕ)

LTL formula ϕ′ϕ′ϕ′

Markov
chainMMM

probabilistic model checker

probability that ϕϕϕ holds forMMM
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PCTL* model checking pmc-52

PCTL* formula PI(ϕ)PI(ϕ)PI(ϕ)

LTL formula ϕ′ϕ′ϕ′

ωωω-automaton AAA for ϕ′ϕ′ϕ′

Markov
chainMMM

probabilistic model checker

probability that ϕϕϕ holds forMMM
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PCTL* model checking pmc-52

PCTL* formula PI(ϕ)PI(ϕ)PI(ϕ)

LTL formula ϕ′ϕ′ϕ′

deterministic
ωωω-automaton AAA for ϕ′ϕ′ϕ′

Markov
chainMMM

probabilistic model checker

probability that ϕϕϕ holds forMMM
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PCTL* model checking pmc-52

PCTL* formula PI(ϕ)PI(ϕ)PI(ϕ)

LTL formula ϕ′ϕ′ϕ′

deterministic Rabin
automaton AAA for ϕ′ϕ′ϕ′

Markov
chainMMM

probabilistic model checker

probability that ϕϕϕ holds forMMM
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Deterministic Rabin automata (DRA) pmc-54
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Deterministic Rabin automata (DRA) pmc-54

A DRA is a tuple A = (Q, Σ, δ, q0, Acc)A = (Q, Σ, δ, q0, Acc)A = (Q, Σ, δ, q0, Acc) where

• QQQ finite state space
• q0 ∈ Qq0 ∈ Qq0 ∈ Q initial state
• ΣΣΣ alphabet
• δ : Q × Σ −→ Qδ : Q × Σ −→ Qδ : Q × Σ −→ Q deterministic transition function
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Deterministic Rabin automata (DRA) pmc-54

A DRA is a tuple A = (Q, Σ, δ, q0, Acc)A = (Q, Σ, δ, q0, Acc)A = (Q, Σ, δ, q0, Acc) where

• QQQ finite state space
• q0 ∈ Qq0 ∈ Qq0 ∈ Q initial state
• ΣΣΣ alphabet
• δ : Q × Σ −→ Qδ : Q × Σ −→ Qδ : Q × Σ −→ Q deterministic transition function
• acceptance condition AccAccAcc is a set of pairs (L, U)(L, U)(L, U)

with L, U ⊆ QL, U ⊆ QL, U ⊆ Q
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Deterministic Rabin automata (DRA) pmc-54

A DRA is a tuple A = (Q, Σ, δ, q0, Acc)A = (Q, Σ, δ, q0, Acc)A = (Q, Σ, δ, q0, Acc) where

• QQQ finite state space
• q0 ∈ Qq0 ∈ Qq0 ∈ Q initial state
• ΣΣΣ alphabet
• δ : Q × Σ −→ Qδ : Q × Σ −→ Qδ : Q × Σ −→ Q deterministic transition function
• acceptance condition AccAccAcc is a set of pairs (L, U)(L, U)(L, U)

with L, U ⊆ QL, U ⊆ QL, U ⊆ Q, say Acc = {(L1, U1), ..., (Lk, Uk)}Acc = {(L1, U1), ..., (Lk, Uk)}Acc = {(L1, U1), ..., (Lk, Uk)}
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Deterministic Rabin automata (DRA) pmc-54

A DRA is a tuple A = (Q, Σ, δ, q0, Acc)A = (Q, Σ, δ, q0, Acc)A = (Q, Σ, δ, q0, Acc) where

• QQQ finite state space
• q0 ∈ Qq0 ∈ Qq0 ∈ Q initial state
• ΣΣΣ alphabet
• δ : Q × Σ −→ Qδ : Q × Σ −→ Qδ : Q × Σ −→ Q deterministic transition function
• acceptance condition AccAccAcc is a set of pairs (L, U)(L, U)(L, U)

with L, U ⊆ QL, U ⊆ QL, U ⊆ Q, say Acc = {(L1, U1), ..., (Lk, Uk)}Acc = {(L1, U1), ..., (Lk, Uk)}Acc = {(L1, U1), ..., (Lk, Uk)}���
semantics of the acceptance condition:∨

1≤i≤k

(
♦�¬Li ∧ �♦Ui)

∨
1≤i≤k

(
♦�¬Li ∧ �♦Ui)

∨
1≤i≤k

(
♦�¬Li ∧ �♦Ui)
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Accepted language of a DRA pmc-54a

A DRA is a tuple A = (Q, Σ, δ, q0, Acc)A = (Q, Σ, δ, q0, Acc)A = (Q, Σ, δ, q0, Acc) where

• QQQ finite state space, q0q0q0 initial state, ΣΣΣ alphabet
• δ : Q × Σ −→ Qδ : Q × Σ −→ Qδ : Q × Σ −→ Q transition function
• Acc = {(L1, U1), . . . , (Lk , Uk)}Acc = {(L1, U1), . . . , (Lk , Uk)}Acc = {(L1, U1), . . . , (Lk , Uk)} with Li , Ui ⊆ QLi , Ui ⊆ QLi , Ui ⊆ Q

accepted language:

Lω(A) =
{
σ ∈ ΣωLω(A) =

{
σ ∈ ΣωLω(A) =

{
σ ∈ Σω: the run for σσσ in AAA fulfills AccAccAcc

}}}

109 / 376



Accepted language of a DRA pmc-54a

A DRA is a tuple A = (Q, Σ, δ, q0, Acc)A = (Q, Σ, δ, q0, Acc)A = (Q, Σ, δ, q0, Acc) where

• QQQ finite state space, q0q0q0 initial state, ΣΣΣ alphabet
• δ : Q × Σ −→ Qδ : Q × Σ −→ Qδ : Q × Σ −→ Q transition function
• Acc = {(L1, U1), . . . , (Lk , Uk)}Acc = {(L1, U1), . . . , (Lk , Uk)}Acc = {(L1, U1), . . . , (Lk , Uk)} with Li , Ui ⊆ QLi , Ui ⊆ QLi , Ui ⊆ Q

accepted language:

Lω(A) =
{
σ ∈ ΣωLω(A) =

{
σ ∈ ΣωLω(A) =

{
σ ∈ Σω: the run for σσσ in AAA fulfills AccAccAcc

}}}���
if ρ = q0 q1 q2 . . .ρ = q0 q1 q2 . . .ρ = q0 q1 q2 . . . is the run for σ = A0 A1 A2 . . .σ = A0 A1 A2 . . .σ = A0 A1 A2 . . . then

∃i ∈ {1, . . . , k}. inf(ρ) ∩ Li = ∅ ∧ inf(ρ) ∩ Ui �= ∅∃i ∈ {1, . . . , k}. inf(ρ) ∩ Li = ∅ ∧ inf(ρ) ∩ Ui �= ∅∃i ∈ {1, . . . , k}. inf(ρ) ∩ Li = ∅ ∧ inf(ρ) ∩ Ui �= ∅

where inf(ρ) =
{
q ∈ Q :

∞
∃ � ∈ N. q = q�

}
inf(ρ) =

{
q ∈ Q :

∞
∃ � ∈ N. q = q�

}
inf(ρ) =

{
q ∈ Q :

∞
∃ � ∈ N. q = q�

}
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Example: DRA pmc-54b

q0q0q0

BBB

q1q1q1

AAA

AAA

BBB

Acc = {({q0}, {q1})}Acc = {({q0}, {q1})}Acc = {({q0}, {q1})}
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Example: DRA pmc-54b

q0q0q0

BBB

q1q1q1

AAA

AAA

BBB

Acc = {({q0}, {q1})}Acc = {({q0}, {q1})}Acc = {({q0}, {q1})}
=̂ ♦�¬q0 ∧ �♦q1=̂ ♦�¬q0 ∧ �♦q1=̂ ♦�¬q0 ∧ �♦q1
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Example: DRA pmc-54b

q0q0q0

BBB

q1q1q1

AAA

AAA

BBB

Acc = {({q0}, {q1})}Acc = {({q0}, {q1})}Acc = {({q0}, {q1})}
=̂ ♦�¬q0 ∧ �♦q1=̂ ♦�¬q0 ∧ �♦q1=̂ ♦�¬q0 ∧ �♦q1

accepted language: (A + B)∗Aω(A + B)∗Aω(A + B)∗Aω
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Example: DRA pmc-54b

q0q0q0

BBB

q1q1q1

AAA

AAA

BBB

Acc = {({q0}, {q1})}Acc = {({q0}, {q1})}Acc = {({q0}, {q1})}
=̂ ♦�¬q0 ∧ �♦q1=̂ ♦�¬q0 ∧ �♦q1=̂ ♦�¬q0 ∧ �♦q1

accepted language: (A + B)∗Aω(A + B)∗Aω(A + B)∗Aω

q0q0q0

BBB

q1q1q1

AAA

AAA

BBB

Acc = {(∅, {q1})}Acc = {(∅, {q1})}Acc = {(∅, {q1})}
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Example: DRA pmc-54b

q0q0q0

BBB

q1q1q1

AAA

AAA

BBB

Acc = {({q0}, {q1})}Acc = {({q0}, {q1})}Acc = {({q0}, {q1})}
=̂ ♦�¬q0 ∧ �♦q1=̂ ♦�¬q0 ∧ �♦q1=̂ ♦�¬q0 ∧ �♦q1

accepted language: (A + B)∗Aω(A + B)∗Aω(A + B)∗Aω

q0q0q0

BBB

q1q1q1

AAA

AAA

BBB

Acc = {(∅, {q1})}Acc = {(∅, {q1})}Acc = {(∅, {q1})}
=̂ �♦q1=̂ �♦q1=̂ �♦q1
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Example: DRA pmc-54b

q0q0q0

BBB

q1q1q1

AAA

AAA

BBB

Acc = {({q0}, {q1})}Acc = {({q0}, {q1})}Acc = {({q0}, {q1})}
=̂ ♦�¬q0 ∧ �♦q1=̂ ♦�¬q0 ∧ �♦q1=̂ ♦�¬q0 ∧ �♦q1

accepted language: (A + B)∗Aω(A + B)∗Aω(A + B)∗Aω

q0q0q0

BBB

q1q1q1

AAA

AAA

BBB

Acc = {(∅, {q1})}Acc = {(∅, {q1})}Acc = {(∅, {q1})}
=̂ �♦q1=̂ �♦q1=̂ �♦q1

accepted language: (B∗A)ω(B∗A)ω(B∗A)ω
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Fundamental result: LTL-2-DRA pmc-55
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Fundamental result: LTL-2-DRA pmc-55

For each LTL formula ϕϕϕ over APAPAP there exists a
DRA AAA with the alphabet Σ = 2APΣ = 2APΣ = 2AP s.t.

Lω(A) =
{
σ ∈ Σω : σ |= ϕ

}
Lω(A) =

{
σ ∈ Σω : σ |= ϕ

}
Lω(A) =

{
σ ∈ Σω : σ |= ϕ

}
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Fundamental result: LTL-2-DRA pmc-55

For each LTL formula ϕϕϕ over APAPAP there exists a
DRA AAA with the alphabet Σ = 2APΣ = 2APΣ = 2AP s.t.

Lω(A) =
{
σ ∈ Σω : σ |= ϕ

}
Lω(A) =

{
σ ∈ Σω : σ |= ϕ

}
Lω(A) =

{
σ ∈ Σω : σ |= ϕ

}
and |A| = O

(
2exp(|ϕ|)

)
|A| = O

(
2exp(|ϕ|)

)
|A| = O

(
2exp(|ϕ|)

)
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Fundamental result: LTL-2-DRA pmc-55

For each LTL formula ϕϕϕ over APAPAP there exists a
DRA AAA with the alphabet Σ = 2APΣ = 2APΣ = 2AP s.t.

Lω(A) =
{
σ ∈ Σω : σ |= ϕ

}
Lω(A) =

{
σ ∈ Σω : σ |= ϕ

}
Lω(A) =

{
σ ∈ Σω : σ |= ϕ

}
and |A| = O

(
2exp(|ϕ|)

)
|A| = O

(
2exp(|ϕ|)

)
|A| = O

(
2exp(|ϕ|)

)

Example: AP = {a, b}AP = {a, b}AP = {a, b}

q0q0q0

¬a ∨ b¬a ∨ b¬a ∨ b

q1q1q1

a ∧ ¬ba ∧ ¬ba ∧ ¬b

a ∧ ¬ba ∧ ¬ba ∧ ¬b

¬a ∨ b¬a ∨ b¬a ∨ b

acceptance condition:
♦�¬q0 ∧ �♦q1♦�¬q0 ∧ �♦q1♦�¬q0 ∧ �♦q1
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Fundamental result: LTL-2-DRA pmc-55

For each LTL formula ϕϕϕ over APAPAP there exists a
DRA AAA with the alphabet Σ = 2APΣ = 2APΣ = 2AP s.t.

Lω(A) =
{
σ ∈ Σω : σ |= ϕ

}
Lω(A) =

{
σ ∈ Σω : σ |= ϕ

}
Lω(A) =

{
σ ∈ Σω : σ |= ϕ

}
and |A| = O

(
2exp(|ϕ|)

)
|A| = O

(
2exp(|ϕ|)

)
|A| = O

(
2exp(|ϕ|)

)

Example: AP = {a, b}AP = {a, b}AP = {a, b}��� Σ =
{
∅, {a}, {b}, {a, b}

}
Σ =

{
∅, {a}, {b}, {a, b}

}
Σ =

{
∅, {a}, {b}, {a, b}

}

q0q0q0

¬a ∨ b¬a ∨ b¬a ∨ b

q1q1q1

a ∧ ¬ba ∧ ¬ba ∧ ¬b

a ∧ ¬ba ∧ ¬ba ∧ ¬b

¬a ∨ b¬a ∨ b¬a ∨ b

acceptance condition:
♦�¬q0 ∧ �♦q1♦�¬q0 ∧ �♦q1♦�¬q0 ∧ �♦q1
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Fundamental result: LTL-2-DRA pmc-55

For each LTL formula ϕϕϕ over APAPAP there exists a
DRA AAA with the alphabet Σ = 2APΣ = 2APΣ = 2AP s.t.

Lω(A) =
{
σ ∈ Σω : σ |= ϕ

}
Lω(A) =

{
σ ∈ Σω : σ |= ϕ

}
Lω(A) =

{
σ ∈ Σω : σ |= ϕ

}
and |A| = O

(
2exp(|ϕ|)

)
|A| = O

(
2exp(|ϕ|)

)
|A| = O

(
2exp(|ϕ|)

)

Example: AP = {a, b}AP = {a, b}AP = {a, b}��� Σ =
{
∅, {a}, {b}, {a, b}

}
Σ =

{
∅, {a}, {b}, {a, b}

}
Σ =

{
∅, {a}, {b}, {a, b}

}

q0q0q0

¬a ∨ b¬a ∨ b¬a ∨ b

q1q1q1

a ∧ ¬ba ∧ ¬ba ∧ ¬b

a ∧ ¬ba ∧ ¬ba ∧ ¬b

¬a ∨ b¬a ∨ b¬a ∨ b

acceptance condition:
♦�¬q0 ∧ �♦q1♦�¬q0 ∧ �♦q1♦�¬q0 ∧ �♦q1

LTL formula ♦�(a ∧ ¬b)♦�(a ∧ ¬b)♦�(a ∧ ¬b)
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Fundamental result: LTL-2-DRA pmc-55

For each LTL formula ϕϕϕ over APAPAP there exists a
DRA AAA with the alphabet Σ = 2APΣ = 2APΣ = 2AP s.t.

Lω(A) =
{
σ ∈ Σω : σ |= ϕ

}
Lω(A) =

{
σ ∈ Σω : σ |= ϕ

}
Lω(A) =

{
σ ∈ Σω : σ |= ϕ

}
and |A| = O

(
2exp(|ϕ|)

)
|A| = O

(
2exp(|ϕ|)

)
|A| = O

(
2exp(|ϕ|)

)

Example: AP = {a, b}AP = {a, b}AP = {a, b}��� Σ =
{
∅, {a}, {b}, {a, b}

}
Σ =

{
∅, {a}, {b}, {a, b}

}
Σ =

{
∅, {a}, {b}, {a, b}

}

q0q0q0

¬a¬a¬a

q1q1q1

¬b ∨ a¬b ∨ a¬b ∨ a

aaa

b ∧ ¬ab ∧ ¬ab ∧ ¬a

acceptance condition:
♦�¬q1 ∧ �♦q0♦�¬q1 ∧ �♦q0♦�¬q1 ∧ �♦q0
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Fundamental result: LTL-2-DRA pmc-55

For each LTL formula ϕϕϕ over APAPAP there exists a
DRA AAA with the alphabet Σ = 2APΣ = 2APΣ = 2AP s.t.

Lω(A) =
{
σ ∈ Σω : σ |= ϕ

}
Lω(A) =

{
σ ∈ Σω : σ |= ϕ

}
Lω(A) =

{
σ ∈ Σω : σ |= ϕ

}
and |A| = O

(
2exp(|ϕ|)

)
|A| = O

(
2exp(|ϕ|)

)
|A| = O

(
2exp(|ϕ|)

)

Example: AP = {a, b}AP = {a, b}AP = {a, b}��� Σ =
{
∅, {a}, {b}, {a, b}

}
Σ =

{
∅, {a}, {b}, {a, b}

}
Σ =

{
∅, {a}, {b}, {a, b}

}

q0q0q0

¬a¬a¬a

q1q1q1

¬b ∨ a¬b ∨ a¬b ∨ a

aaa

b ∧ ¬ab ∧ ¬ab ∧ ¬a

acceptance condition:
♦�¬q1 ∧ �♦q0♦�¬q1 ∧ �♦q0♦�¬q1 ∧ �♦q0

LTL formula
�(a→ ♦(b ∧ ¬a)) ∧ ♦�¬a�(a→ ♦(b ∧ ¬a)) ∧ ♦�¬a�(a→ ♦(b ∧ ¬a)) ∧ ♦�¬a
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PCTL* model checking pmc-55a

PCTL* formula PI(ϕ)PI(ϕ)PI(ϕ)

Markov
chainMMM

probabilistic model checker

probability that ϕϕϕ holds forMMM
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PCTL* model checking pmc-55a

PCTL* formula PI(ϕ)PI(ϕ)PI(ϕ)

LTL formula ϕ′ϕ′ϕ′

deterministic Rabin
automaton AAA for ϕ′ϕ′ϕ′

Markov
chainMMM

probabilistic model checker

probability that ϕϕϕ holds forMMM
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PCTL* model checking pmc-55a

PCTL* formula PI(ϕ)PI(ϕ)PI(ϕ)

LTL formula ϕ′ϕ′ϕ′

deterministic Rabin
automaton AAA for ϕ′ϕ′ϕ′

Markov
chainMMM

probabilistic model checker

quantitative analysis inM×AM×AM×A

probability that ϕϕϕ holds forMMM
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Product of a Markov chain and a DRA pmc-56
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Product of a Markov chain and a DRA pmc-56

given: Markov chainM = (S , P, AP, L)M = (S , P, AP, L)M = (S , P, AP, L)
DRA A = (Q, 2AP , δ, q0, Acc)A = (Q, 2AP , δ, q0, Acc)A = (Q, 2AP , δ, q0, Acc)

goal: define a Markov chainM×AM×AM×A
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Product of a Markov chain and a DRA pmc-56

given: Markov chainM = (S , P, AP, L)M = (S , P, AP, L)M = (S , P, AP, L)
DRA A = (Q, 2AP , δ, q0, Acc)A = (Q, 2AP , δ, q0, Acc)A = (Q, 2AP , δ, q0, Acc)

goal: define a Markov chainM×AM×AM×A such that

PrM(s,A) = PrM
{
π ∈ Paths(s) : trace(π) ∈ Lω(A)

}
PrM(s,A) = PrM

{
π ∈ Paths(s) : trace(π) ∈ Lω(A)

}
PrM(s,A) = PrM

{
π ∈ Paths(s) : trace(π) ∈ Lω(A)

}
can be derived by a probabilistic reachability analysis
in the product-chainM×AM×AM×A
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Product of a Markov chain and a DRA pmc-56

given: Markov chainM = (S , P, AP, L)M = (S , P, AP, L)M = (S , P, AP, L)
DRA A = (Q, 2AP , δ, q0, Acc)A = (Q, 2AP , δ, q0, Acc)A = (Q, 2AP , δ, q0, Acc)

goal: define a Markov chainM×AM×AM×A

path πππ
inMMM

s0s0s0

s1s1s1

s2s2s2

. . .. . .. . .
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Product of a Markov chain and a DRA pmc-56

given: Markov chainM = (S , P, AP, L)M = (S , P, AP, L)M = (S , P, AP, L)
DRA A = (Q, 2AP , δ, q0, Acc)A = (Q, 2AP , δ, q0, Acc)A = (Q, 2AP , δ, q0, Acc)

goal: define a Markov chainM×AM×AM×A

path πππ
inMMM

s0s0s0

s1s1s1

s2s2s2

. . .. . .. . .

run for trace(π)trace(π)trace(π)
in AAA

q0q0q0

q1q1q1

q2q2q2

. . .. . .. . .

L(s0)L(s0)L(s0)

L(s1)L(s1)L(s1)

L(s2)L(s2)L(s2)
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Product of a Markov chain and a DRA pmc-56

given: Markov chainM = (S , P, AP, L)M = (S , P, AP, L)M = (S , P, AP, L)
DRA A = (Q, 2AP , δ, q0, Acc)A = (Q, 2AP , δ, q0, Acc)A = (Q, 2AP , δ, q0, Acc)

goal: define a Markov chainM×AM×AM×A

path πππ
inMMM

s0s0s0

s1s1s1

s2s2s2

. . .. . .. . .

run for trace(π)trace(π)trace(π)
in AAA

q0q0q0

q1q1q1

q2q2q2

. . .. . .. . .

L(s0)L(s0)L(s0)

L(s1)L(s1)L(s1)

L(s2)L(s2)L(s2)

path in
M×AM×AM×A

〈s0, q1〉〈s0, q1〉〈s0, q1〉

〈s1, q2〉〈s1, q2〉〈s1, q2〉

〈s2, q3〉〈s2, q3〉〈s2, q3〉
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Product of a Markov chain and a DRA pmc-56a

given: Markov chainM = (S , P, AP, L)M = (S , P, AP, L)M = (S , P, AP, L)

DRA A = (Q, 2AP , δ, q0, Acc)A = (Q, 2AP , δ, q0, Acc)A = (Q, 2AP , δ, q0, Acc)

Markov chainM×A = (S × Q, P ′, . . .)M×A = (S × Q, P ′, . . .)M×A = (S × Q, P ′, . . .) where
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Product of a Markov chain and a DRA pmc-56a

given: Markov chainM = (S , P, AP, L)M = (S , P, AP, L)M = (S , P, AP, L)

DRA A = (Q, 2AP , δ, q0, Acc)A = (Q, 2AP , δ, q0, Acc)A = (Q, 2AP , δ, q0, Acc)

Markov chainM×A = (S × Q, P ′, . . .)M×A = (S × Q, P ′, . . .)M×A = (S × Q, P ′, . . .) where

P ′(〈s, q〉, 〈s ′, q′〉) =P ′(〈s, q〉, 〈s ′, q′〉) =P ′(〈s, q〉, 〈s ′, q′〉) =
{ P(s, s ′)P(s, s ′)P(s , s ′) ::: if q′ = δ(q, L(s ′))q′ = δ(q, L(s ′))q′ = δ(q, L(s ′))

000 ::: otherwise
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Product of a Markov chain and a DRA pmc-56a

given: Markov chainM = (S , P, AP, L, s0)M = (S , P, AP, L, s0)M = (S , P, AP, L, s0)

DRA A = (Q, 2AP , δ, q0, Acc)A = (Q, 2AP , δ, q0, Acc)A = (Q, 2AP , δ, q0, Acc)

Markov chainM×A = (S × Q, P ′, . . .)M×A = (S × Q, P ′, . . .)M×A = (S × Q, P ′, . . .) where

P ′(〈s, q〉, 〈s ′, q′〉) =P ′(〈s, q〉, 〈s ′, q′〉) =P ′(〈s, q〉, 〈s ′, q′〉) =
{ P(s, s ′)P(s, s ′)P(s , s ′) ::: if q′ = δ(q, L(s ′))q′ = δ(q, L(s ′))q′ = δ(q, L(s ′))

000 ::: otherwise

initial state ofM×AM×AM×A: 〈s0, δ(q0, L(s0))〉〈s0, δ(q0, L(s0))〉〈s0, δ(q0, L(s0))〉
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Fundamental property of the product pmc-56b

given: Markov chainM = (S , P, AP, L)M = (S , P, AP, L)M = (S , P, AP, L)

DRA A = (Q, 2AP , δ, q0, Acc)A = (Q, 2AP , δ, q0, Acc)A = (Q, 2AP , δ, q0, Acc)
where Acc = {(Li , Ui) : 1 ≤ i ≤ k})Acc = {(Li , Ui) : 1 ≤ i ≤ k})Acc = {(Li , Ui) : 1 ≤ i ≤ k})
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Fundamental property of the product pmc-56b

given: Markov chainM = (S , P, AP, L)M = (S , P, AP, L)M = (S , P, AP, L)

DRA A = (Q, 2AP , δ, q0, Acc)A = (Q, 2AP , δ, q0, Acc)A = (Q, 2AP , δ, q0, Acc)
where Acc = {(Li , Ui) : 1 ≤ i ≤ k})Acc = {(Li , Ui) : 1 ≤ i ≤ k})Acc = {(Li , Ui) : 1 ≤ i ≤ k})

given state s ∈ Ss ∈ Ss ∈ S , let qs = δ(q0, L(s))qs = δ(q0, L(s))qs = δ(q0, L(s))
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Fundamental property of the product pmc-56b

given: Markov chainM = (S , P, AP, L)M = (S , P, AP, L)M = (S , P, AP, L)

DRA A = (Q, 2AP , δ, q0, Acc)A = (Q, 2AP , δ, q0, Acc)A = (Q, 2AP , δ, q0, Acc)
where Acc = {(Li , Ui) : 1 ≤ i ≤ k})Acc = {(Li , Ui) : 1 ≤ i ≤ k})Acc = {(Li , Ui) : 1 ≤ i ≤ k})

given state s ∈ Ss ∈ Ss ∈ S , let qs = δ(q0, L(s))qs = δ(q0, L(s))qs = δ(q0, L(s))

PrM(s,A)PrM(s,A)PrM(s,A) = PrM×A
(
〈s , qs〉,

∨
1≤i≤k

(♦�¬Li ∧�♦Ui)
)

= PrM×A
(
〈s , qs〉,

∨
1≤i≤k

(♦�¬Li ∧�♦Ui)
)

= PrM×A
(
〈s, qs〉,

∨
1≤i≤k

(♦�¬Li ∧�♦Ui)
)

139 / 376



Fundamental property of the product pmc-56b

given: Markov chainM = (S , P, AP, L)M = (S , P, AP, L)M = (S , P, AP, L)

DRA A = (Q, 2AP , δ, q0, Acc)A = (Q, 2AP , δ, q0, Acc)A = (Q, 2AP , δ, q0, Acc)
where Acc = {(Li , Ui) : 1 ≤ i ≤ k})Acc = {(Li , Ui) : 1 ≤ i ≤ k})Acc = {(Li , Ui) : 1 ≤ i ≤ k})

given state s ∈ Ss ∈ Ss ∈ S , let qs = δ(q0, L(s))qs = δ(q0, L(s))qs = δ(q0, L(s))

PrM(s,A)PrM(s,A)PrM(s,A) = PrM×A
(
〈s , qs〉,

∨
1≤i≤k

(♦�¬Li ∧�♦Ui)
)

= PrM×A
(
〈s , qs〉,

∨
1≤i≤k

(♦�¬Li ∧�♦Ui)
)

= PrM×A
(
〈s, qs〉,

∨
1≤i≤k

(♦�¬Li ∧�♦Ui)
)

= PrM×A
(
〈s , qs〉,♦accBSCC

)
= PrM×A

(
〈s , qs〉,♦accBSCC

)
= PrM×A

(
〈s, qs〉,♦accBSCC

)
���

union of accepting bottom strongly connected component,
i.e., BSCCs CCC inM×AM×AM×A s.t.
∃i ∈ {1, . . . , k}.∃i ∈ {1, . . . , k}.∃i ∈ {1, . . . , k}. C ∩ Li = ∅C ∩ Li = ∅C ∩ Li = ∅ ∧∧∧ C ∩ Ui �= ∅C ∩ Ui �= ∅C ∩ Ui �= ∅
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Summary: PCTL* model checking pmc-57

given: Markov chainM = (S , P, AP , L, s0)M = (S , P, AP, L, s0)M = (S , P, AP, L, s0)
PCTL*-state formula ΦΦΦ

task: check whetherM |= ΦM |= ΦM |= Φ

model checking relies on recursive computation of

Sat(Ψ) = {s ∈ S : s |= Ψ}Sat(Ψ) = {s ∈ S : s |= Ψ}Sat(Ψ) = {s ∈ S : s |= Ψ} for all sub-state formulas ΨΨΨ

• propositional logic fragment: obvious

• probability operator PI(ϕ)PI(ϕ)PI(ϕ)

via DRA for ϕϕϕ and reduction to a
probabilistic reachability analysis in the product
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Markov chain
M = (S , P, AP, L)M = (S , P, AP, L)M = (S , P, AP , L)

PCTL* formula PI(ϕ)PI(ϕ)PI(ϕ)

LTL formula ϕ′ϕ′ϕ′

DRA AAA

probabilistic model checker

analysis of the product

return Sat(PI(ϕ)) =
{
s ∈ S : xs ∈ ISat(PI(ϕ)) =

{
s ∈ S : xs ∈ ISat(PI(ϕ)) =

{
s ∈ S : xs ∈ I where

s = 〈s , δ(q0, L(s))〉
}

s = 〈s, δ(q0, L(s))〉
}

s = 〈s , δ(q0, L(s))〉
}
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Markov chain
M = (S , P, AP, L)M = (S , P, AP, L)M = (S , P, AP , L)

PCTL* formula PI(ϕ)PI(ϕ)PI(ϕ)

LTL formula ϕ′ϕ′ϕ′

DRA AAA

product-Markov chainM′ =M×AM′ =M×AM′ =M×A
compute the accepting BSCCs ofM′M′M′

compute xs = PrM
′
(s,♦accBSCC)xs = PrM
′
(s,♦accBSCC)xs = PrM
′
(s,♦accBSCC)

return Sat(PI(ϕ)) =
{
s ∈ S : xs ∈ ISat(PI(ϕ)) =

{
s ∈ S : xs ∈ ISat(PI(ϕ)) =

{
s ∈ S : xs ∈ I where

s = 〈s , δ(q0, L(s))〉
}

s = 〈s, δ(q0, L(s))〉
}

s = 〈s , δ(q0, L(s))〉
}
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Markov chain
M = (S , P, AP, L)M = (S , P, AP, L)M = (S , P, AP , L)

PCTL* formula PI(ϕ)PI(ϕ)PI(ϕ)

LTL formula ϕ′ϕ′ϕ′

DRA AAA

probabilistic reachability analysis
in the product-Markov chainM×AM×AM×A

complexity: O
(
poly(|M|, |A|)

)
O

(
poly(|M|, |A|)

)
O

(
poly(|M|, |A|)

)

return Sat(PI(ϕ)) =
{
s ∈ S : xs ∈ ISat(PI(ϕ)) =

{
s ∈ S : xs ∈ ISat(PI(ϕ)) =

{
s ∈ S : xs ∈ I where

s = 〈s , δ(q0, L(s))〉
}

s = 〈s, δ(q0, L(s))〉
}

s = 〈s , δ(q0, L(s))〉
}
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2 exp2 exp2 exp in |ϕ||ϕ||ϕ|

Markov chain
M = (S , P, AP, L)M = (S , P, AP, L)M = (S , P, AP , L)

PCTL* formula PI(ϕ)PI(ϕ)PI(ϕ)

LTL formula ϕ′ϕ′ϕ′

DRA AAA

probabilistic reachability analysis
in the product-Markov chainM×AM×AM×A

complexity: O
(
poly(|M|, |A|)

)
O

(
poly(|M|, |A|)

)
O

(
poly(|M|, |A|)

)

return Sat(PI(ϕ)) =
{
s ∈ S : xs ∈ ISat(PI(ϕ)) =

{
s ∈ S : xs ∈ ISat(PI(ϕ)) =

{
s ∈ S : xs ∈ I where

s = 〈s , δ(q0, L(s))〉
}

s = 〈s, δ(q0, L(s))〉
}

s = 〈s , δ(q0, L(s))〉
}
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Tutorial: probabilistic model checking overview-mdp

part 1: Markov chains
probabilistic computation tree logic
(PCTL/PCTL*)

part 2: Markov decision processes (MDP)
PCTL/PCTL* over MDP
fairness
partial order reduction
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Tutorial: probabilistic model checking overview-mdp1

part 1: Markov chains
probabilistic computation tree logic
(PCTL/PCTL*)

part 2: Markov decision processes (MDP) ←−←−←−
PCTL/PCTL* over MDP
fairness
partial order reduction
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Markov decision processes (MDP) pmc-68
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Markov decision processes (MDP) pmc-68

extend Markov chains by nondeterminism
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Markov decision processes (MDP) pmc-68

extend Markov chains by nondeterminism

• modelling asynchronous distributed systems
by interleaving
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Markov decision processes (MDP) pmc-68

extend Markov chains by nondeterminism

• modelling asynchronous distributed systems
by interleaving

sss
1
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1
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1
2

1
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1
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1
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1
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1
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1
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1
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1
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1
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process 111
tosses a coin

process 222
tosses a coin

1
2
1
2
1
2

1
2
1
2
1
2

1
2
1
2
1
2

1
2
1
2
1
2
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Markov decision processes (MDP) pmc-68

extend Markov chains by nondeterminism

• modelling asynchronous distributed systems
by interleaving

• useful for abstraction purposes

• representation of the interface with an unpredictable
environment (e.g., human user)
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1
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1
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process 111
tosses a coin

process 222
tosses a coin
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1
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1
2

1
2
1
2
1
2

1
2
1
2
1
2

1
2
1
2
1
2
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Markov decision process (MDP) pmc-69

M = (S , Act, P, AP , L)M = (S , Act, P, AP, L)M = (S , Act, P, AP, L) +++ initial state/distribution
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Markov decision process (MDP) pmc-69

M = (S , Act, P, AP , L)M = (S , Act, P, AP, L)M = (S , Act, P, AP, L) +++ initial state/distribution

• finite state space SSS
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Markov decision process (MDP) pmc-69

M = (S , Act, P, AP , L)M = (S , Act, P, AP, L)M = (S , Act, P, AP, L) +++ initial state/distribution

• finite state space SSS

• ActActAct finite set of actions
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Markov decision process (MDP) pmc-69

M = (S , Act, P, AP , L)M = (S , Act, P, AP, L)M = (S , Act, P, AP, L) +++ initial state/distribution

• finite state space SSS

• ActActAct finite set of actions

• P : S × Act × S → [0, 1]P : S × Act × S → [0, 1]P : S × Act × S → [0, 1] s.t.

∀s ∈ S∀s ∈ S∀s ∈ S ∀α ∈ Act...∀α ∈ Act...∀α ∈ Act...
∑
s ′∈S

P(s, α, s ′) ∈ {0, 1}
∑
s ′∈S

P(s, α, s ′) ∈ {0, 1}
∑
s ′∈S

P(s, α, s ′) ∈ {0, 1}

sss
ααα βββ

1
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1
4

3
4
3
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3
4
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Markov decision process (MDP) pmc-69

M = (S , Act, P, AP , L)M = (S , Act, P, AP, L)M = (S , Act, P, AP, L) +++ initial state/distribution

• finite state space SSS

• ActActAct finite set of actions

• P : S × Act × S → [0, 1]P : S × Act × S → [0, 1]P : S × Act × S → [0, 1] s.t.

∀s ∈ S∀s ∈ S∀s ∈ S ∀α ∈ Act...∀α ∈ Act...∀α ∈ Act...
∑
s ′∈S

P(s, α, s ′) ∈ {0, 1}
∑
s ′∈S

P(s, α, s ′) ∈ {0, 1}
∑
s ′∈S

P(s, α, s ′) ∈ {0, 1}

sss
ααα βββ

1
4
1
4
1
4

3
4
3
4
3
4

1
2
1
2
1
2

1
6
1
6
1
6

1
3
1
3
1
3

nondeterministic choice

probabilistic choice
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Markov decision process (MDP) pmc-69

M = (S , Act, P, AP , L)M = (S , Act, P, AP, L)M = (S , Act, P, AP, L) +++ initial state/distribution

• finite state space SSS

• ActActAct finite set of actions

• P : S × Act × S → [0, 1]P : S × Act × S → [0, 1]P : S × Act × S → [0, 1] s.t.

∀s ∈ S∀s ∈ S∀s ∈ S ∀α ∈ Act...∀α ∈ Act...∀α ∈ Act...
∑
s ′∈S

P(s, α, s ′) ∈ {0, 1}
∑
s ′∈S

P(s, α, s ′) ∈ {0, 1}
∑
s ′∈S

P(s, α, s ′) ∈ {0, 1}

sss
ααα βββ

1
4
1
4
1
4

3
4
3
4
3
4

1
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2
1
2

1
6
1
6
1
6

1
3
1
3
1
3

nondeterministic choice

probabilistic choice

↗↗↗
α /∈ Act(s)α /∈ Act(s)α /∈ Act(s)

↖↖↖
α ∈ Act(s)α ∈ Act(s)α ∈ Act(s)

158 / 376



Markov decision process (MDP) pmc-69

M = (S , Act, P, AP , L)M = (S , Act, P, AP, L)M = (S , Act, P, AP, L) +++ initial state/distribution

• finite state space SSS

• ActActAct finite set of actions

• P : S × Act × S → [0, 1]P : S × Act × S → [0, 1]P : S × Act × S → [0, 1] s.t.

∀s ∈ S∀s ∈ S∀s ∈ S ∀α ∈ Act...∀α ∈ Act...∀α ∈ Act...
∑
s ′∈S

P(s, α, s ′) ∈ {0, 1}
∑
s ′∈S

P(s, α, s ′) ∈ {0, 1}
∑
s ′∈S

P(s, α, s ′) ∈ {0, 1}

and Act(s) �= ∅Act(s) �= ∅Act(s) �= ∅

sss
ααα βββ
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4
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1
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1
3
1
3
1
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nondeterministic choice

probabilistic choice

↗↗↗
α /∈ Act(s)α /∈ Act(s)α /∈ Act(s)

↖↖↖
α ∈ Act(s)α ∈ Act(s)α ∈ Act(s)
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Markov decision process (MDP) pmc-69

M = (S , Act, P, AP , L)M = (S , Act, P, AP, L)M = (S , Act, P, AP, L) +++ initial state/distribution

• finite state space SSS

• ActActAct finite set of actions

• P : S × Act × S → [0, 1]P : S × Act × S → [0, 1]P : S × Act × S → [0, 1] s.t.

∀s ∈ S∀s ∈ S∀s ∈ S ∀α ∈ Act...∀α ∈ Act...∀α ∈ Act...
∑
s ′∈S

P(s, α, s ′) ∈ {0, 1}
∑
s ′∈S

P(s, α, s ′) ∈ {0, 1}
∑
s ′∈S

P(s, α, s ′) ∈ {0, 1}

and Act(s) �= ∅Act(s) �= ∅Act(s) �= ∅

• APAPAP set of atomic propositions

• labeling L : S → 2APL : S → 2APL : S → 2AP

↗↗↗
α /∈ Act(s)α /∈ Act(s)α /∈ Act(s)

↖↖↖
α ∈ Act(s)α ∈ Act(s)α ∈ Act(s)
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Randomized mutual exclusion protocol pmc-72
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Randomized mutual exclusion protocol pmc-72

• 222 concurrent processes P1P1P1, P2P2P2 with 333 phases:

ninini noncritical actions of process PiPiPi

wiwiwi waiting phase of process PiPiPi

cicici critical section of process PiPiPi
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Randomized mutual exclusion protocol pmc-72

• 222 concurrent processes P1P1P1, P2P2P2 with 333 phases:

ninini noncritical actions of process PiPiPi

wiwiwi waiting phase of process PiPiPi

cicici critical section of process PiPiPi

• competition of both processes are waiting
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Randomized mutual exclusion protocol pmc-72

• 222 concurrent processes P1P1P1, P2P2P2 with 333 phases:

ninini noncritical actions of process PiPiPi

wiwiwi waiting phase of process PiPiPi

cicici critical section of process PiPiPi

• competition of both processes are waiting

• resolved by a randomized arbiter who tosses a coin
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Randomized mutual exclusion protocol pmc-72

• interleaving of the request operations

• competition if both processes are waiting

• randomized arbiter tosses a coin if both are waiting

n1n2n1n2n1n2

w1n2w1n2w1n2 n1w2n1w2n1w2

w1w2w1w2w1w2c1n2c1n2c1n2 n1c2n1c2n1c2

c1w2c1w2c1w2 w1c2w1c2w1c2
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Randomized mutual exclusion protocol pmc-72

• interleaving of the request operations

• competition if both processes are waiting

• randomized arbiter tosses a coin if both are waiting

n1n2n1n2n1n2n1n2n1n2n1n2

w1n2w1n2w1n2 n1w2n1w2n1w2

w1w2w1w2w1w2c1n2c1n2c1n2 n1c2n1c2n1c2

c1w2c1w2c1w2 w1c2w1c2w1c2

n1n2n1n2n1n2

w1n2w1n2w1n2 n1w2n1w2n1w2

w1w2w1w2w1w2
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Randomized mutual exclusion protocol pmc-72

• interleaving of the request operations

• competition if both processes are waiting

• randomized arbiter tosses a coin if both are waiting

w1w2w1w2w1w2
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w1n2w1n2w1n2 n1w2n1w2n1w2

w1w2w1w2w1w2c1n2c1n2c1n2 n1c2n1c2n1c2

c1w2c1w2c1w2 w1c2w1c2w1c2
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Randomized mutual exclusion protocol pmc-72

• interleaving of the request operations

• competition if both processes are waiting

• randomized arbiter tosses a coin if both are waiting

w1w2w1w2w1w2
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c1w2c1w2c1w2 w1c2w1c2w1c2
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Properties of the randomized MUTEX pmc-73
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Properties of the randomized MUTEX pmc-73

n1n2n1n2n1n2

w1n2w1n2w1n2 n1w2n1w2n1w2

w1w2w1w2w1w2c1n2c1n2c1n2 n1c2n1c2n1c2

c1w2c1w2c1w2 w1c2w1c2w1c2
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1
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1
2

safety: the processes are never simultaneously
in their critical section
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Properties of the randomized MUTEX pmc-73

n1n2n1n2n1n2

w1n2w1n2w1n2 n1w2n1w2n1w2

w1w2w1w2w1w2c1n2c1n2c1n2 n1c2n1c2n1c2

c1w2c1w2c1w2 w1c2w1c2w1c2

1
2
1
2
1
2

1
2
1
2
1
2

safety: the processes are never simultaneously
in their critical section

holds on all paths as state 〈c1, c2〉〈c1, c2〉〈c1, c2〉 is unreachable

171 / 376



Properties of the randomized MUTEX pmc-73

n1n2n1n2n1n2

w1n2w1n2w1n2 n1w2n1w2n1w2

w1w2w1w2w1w2c1n2c1n2c1n2 n1c2n1c2n1c2

c1w2c1w2c1w2 w1c2w1c2w1c2
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liveness: each waiting process will eventually
enter its critical section
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Properties of the randomized MUTEX pmc-73

n1n2n1n2n1n2

w1n2w1n2w1n2 n1w2n1w2n1w2

w1w2w1w2w1w2c1n2c1n2c1n2 n1c2n1c2n1c2

c1w2c1w2c1w2 w1c2w1c2w1c2

n1w2n1w2n1w2

w1w2w1w2w1w2

c1w2c1w2c1w2
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liveness: each waiting process will eventually
enter its critical section

does not hold on all paths, but almost surely
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Properties of the randomized MUTEX pmc-73

n1n2n1n2n1n2

w1n2w1n2w1n2 n1w2n1w2n1w2

w1w2w1w2w1w2c1n2c1n2c1n2 n1c2n1c2n1c2

c1w2c1w2c1w2 w1c2w1c2w1c2
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Suppose process 222 is waiting.

what is the probability that process 222 enters
its critical section within the next 333 steps ?
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Properties of the randomized MUTEX pmc-73

n1n2n1n2n1n2

w1n2w1n2w1n2 n1w2n1w2n1w2

w1w2w1w2w1w2c1n2c1n2c1n2 n1c2n1c2n1c2

c1w2c1w2c1w2 w1c2w1c2w1c2

n1w2n1w2n1w2

w1w2w1w2w1w2

c1w2c1w2c1w2
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2

Suppose process 222 is waiting.

what is the probability that process 222 enters
its critical section within the next 333 steps ?

... depends ...
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Randomized mutual exclusion protocol pmc-74

n1n2n1n2n1n2

w1n2w1n2w1n2 n1w2n1w2n1w2

w1w2w1w2w1w2c1n2c1n2c1n2 n1c2n1c2n1c2

c1w2c1w2c1w2 w1c2w1c2w1c2

current state
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2
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2
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2
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2
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1
2

what is the probability that process 222 enters
its critical section within the next 333 steps ?
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Randomized mutual exclusion protocol pmc-74

n1n2n1n2n1n2

w1n2w1n2w1n2 n1w2n1w2n1w2

w1w2w1w2w1w2c1n2c1n2c1n2 n1c2n1c2n1c2

c1w2c1w2c1w2 w1c2w1c2w1c2

request1request1request1
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what is the probability that process 222 enters
its critical section within the next 333 steps ?

probability 1
2
1
2
1
2 for the schedulers that choose

process 111 in state 〈n1, w2〉〈n1, w2〉〈n1, w2〉
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Randomized mutual exclusion protocol pmc-74

n1n2n1n2n1n2

w1n2w1n2w1n2 n1w2n1w2n1w2

w1w2w1w2w1w2c1n2c1n2c1n2 n1c2n1c2n1c2

c1w2c1w2c1w2 w1c2w1c2w1c2

enter2enter2enter2

1
2
1
2
1
2

1
2
1
2
1
2

what is the probability that process 222 enters
its critical section within the next 333 steps ?

probability 1
2
1
2
1
2 for the schedulers that choose

process 111 in state 〈n1, w2〉〈n1, w2〉〈n1, w2〉
probability 111 for the schedulers that choose

process 222 in 〈n1, w2〉〈n1, w2〉〈n1, w2〉 178 / 376



Reasoning about probabilities in MDP pmc-77

• requires resolving the nondeterminism by schedulers
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Reasoning about probabilities in MDP pmc-77

• requires resolving the nondeterminism by schedulers

• a scheduler is a function D : S∗ −→ ActD : S∗ −→ ActD : S∗ −→ Act s.t.
action D (s0 . . . sn)D (s0 . . . sn)D (s0 . . . sn) is enabled in state snsnsn

• each scheduler induces an infinite Markov chain

MDP

βββ

γγγααα
1
3
1
3
1
3

2
3
2
3
2
3

ααα

δδδ
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Reasoning about probabilities in MDP pmc-77

• requires resolving the nondeterminism by schedulers

• a scheduler is a function D : S∗ −→ ActD : S∗ −→ ActD : S∗ −→ Act s.t.
action D (s0 . . . sn)D (s0 . . . sn)D (s0 . . . sn) is enabled in state snsnsn

• each scheduler induces an infinite Markov chain

MDP

βββ

γγγααα
1
3
1
3
1
3

2
3
2
3
2
3

ααα

δδδ

. . .. . .. . . . . .. . .. . . . . .. . .. . .

2
3
2
3
2
3

1
3 α1
3 α1
3 α

δδδ βββ

γγγ ααα

α 2
3

α 2
3α 2
3

1
3
1
3
1
3 ααα
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Reasoning about probabilities in MDP pmc-77

• requires resolving the nondeterminism by schedulers

• a scheduler is a function D : S∗ −→ ActD : S∗ −→ ActD : S∗ −→ Act s.t.
action D (s0 . . . sn)D (s0 . . . sn)D (s0 . . . sn) is enabled in state snsnsn

• each scheduler induces an infinite Markov chain���
yields a notion of probability measure PrDPrDPrD

on measurable sets of infinite paths
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Tutorial: probabilistic model checking overview-mdp2

part 1: Markov chains
probabilistic computation tree logic
(PCTL/PCTL*)

part 2: Markov decision processes (MDP)
PCTL/PCTL* over MDP ←−←−←−
fairness
partial order reduction
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PCTL* over MDPs [Bianco/de Alfaro’95] pmc-83

• syntax of state and path formulas as for PCTL*
over Markov chains

• probability operator PI(. . .)PI(. . .)PI(. . .) ranges over all schedulers
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PCTL* over MDPs [Bianco/de Alfaro’95] pmc-83

state formulas:

ΦΦΦ ::=::=::= true
∣∣ a

∣∣ Φ1 ∧ Φ2

∣∣ ¬Φ
∣∣ PI(ϕ)true

∣∣ a
∣∣ Φ1 ∧ Φ2

∣∣ ¬Φ
∣∣ PI(ϕ)true

∣∣ a
∣∣ Φ1 ∧ Φ2

∣∣ ¬Φ
∣∣ PI(ϕ)

path formulas:

ϕϕϕ ::=::=::= Φ
∣∣ ϕ1 ∧ ϕ2

∣∣ ¬ϕ
∣∣Φ

∣∣ ϕ1 ∧ ϕ2

∣∣ ¬ϕ
∣∣Φ

∣∣ ϕ1 ∧ ϕ2

∣∣ ¬ϕ
∣∣ ©ϕ©ϕ©ϕ

∣∣ ϕ1 U ϕ2

∣∣ ϕ1 Uϕ2

∣∣ ϕ1 U ϕ2
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PCTL* over MDPs [Bianco/de Alfaro’95] pmc-83

state formulas:

ΦΦΦ ::=::=::= true
∣∣ a

∣∣ Φ1 ∧ Φ2

∣∣ ¬Φ
∣∣ PI(ϕ)true

∣∣ a
∣∣ Φ1 ∧ Φ2

∣∣ ¬Φ
∣∣ PI(ϕ)true

∣∣ a
∣∣ Φ1 ∧ Φ2

∣∣ ¬Φ
∣∣ PI(ϕ)

path formulas:

ϕϕϕ ::=::=::= Φ
∣∣ ϕ1 ∧ ϕ2

∣∣ ¬ϕ
∣∣Φ

∣∣ ϕ1 ∧ ϕ2

∣∣ ¬ϕ
∣∣Φ

∣∣ ϕ1 ∧ ϕ2

∣∣ ¬ϕ
∣∣ ©ϕ©ϕ©ϕ

∣∣ ϕ1 U ϕ2

∣∣ ϕ1 Uϕ2

∣∣ ϕ1 U ϕ2

given an MDPMMM, define by structural induction:

• a satisfaction relation |=|=|= for
states sss inMMM and PCTL* state formulas

• a satisfaction relation |=|=|= for infinite
paths πππ inMMM and PCTL* path formulas
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Satisfaction relation for PCTL* state formulas pmc-83a

s |= trues |= trues |= true

s |= as |= as |= a iff a ∈ L(s)a ∈ L(s)a ∈ L(s)

s |= Φ1 ∧ Φ2s |= Φ1 ∧ Φ2s |= Φ1 ∧ Φ2 iff s |= Φ1s |= Φ1s |= Φ1 and s |= Φ2s |= Φ2s |= Φ2

s |= ¬Φs |= ¬Φs |= ¬Φ iff s �|= Φs �|= Φs �|= Φ

s |= PI(ϕ)s |= PI(ϕ)s |= PI(ϕ) iff for all schedulers DDD:

PrD
{
π ∈ Paths(s) : π |= ϕ

}
∈ IPrD

{
π ∈ Paths(s) : π |= ϕ

}
∈ IPrD

{
π ∈ Paths(s) : π |= ϕ

}
∈ I
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Satisfaction relation for PCTL* state formulas pmc-83a

s |= trues |= trues |= true

s |= as |= as |= a iff a ∈ L(s)a ∈ L(s)a ∈ L(s)

s |= Φ1 ∧ Φ2s |= Φ1 ∧ Φ2s |= Φ1 ∧ Φ2 iff s |= Φ1s |= Φ1s |= Φ1 and s |= Φ2s |= Φ2s |= Φ2

s |= ¬Φs |= ¬Φs |= ¬Φ iff s �|= Φs �|= Φs �|= Φ

s |= PI(ϕ)s |= PI(ϕ)s |= PI(ϕ) iff for all schedulers DDD:

PrD
{
π ∈ Paths(s) : π |= ϕ

}
∈ IPrD

{
π ∈ Paths(s) : π |= ϕ

}
∈ IPrD

{
π ∈ Paths(s) : π |= ϕ

}
∈ I���

prob. measure in the Markov chain induced by DDD
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Satisfaction relation for PCTL* state formulas pmc-83a

s |= trues |= trues |= true

s |= as |= as |= a iff a ∈ L(s)a ∈ L(s)a ∈ L(s)

s |= Φ1 ∧ Φ2s |= Φ1 ∧ Φ2s |= Φ1 ∧ Φ2 iff s |= Φ1s |= Φ1s |= Φ1 and s |= Φ2s |= Φ2s |= Φ2

s |= ¬Φs |= ¬Φs |= ¬Φ iff s �|= Φs �|= Φs �|= Φ

s |= PI(ϕ)s |= PI(ϕ)s |= PI(ϕ) iff for all schedulers DDD:

PrD
{
π ∈ Paths(s) : π |= ϕ

}
∈ IPrD

{
π ∈ Paths(s) : π |= ϕ

}
∈ IPrD

{
π ∈ Paths(s) : π |= ϕ

}
∈ I���

prob. measure in the Markov chain induced by DDD

semantics of path formulas as for Markov chains
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PCTL* model checking for MDP pmc-84
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PCTL* model checking for MDP pmc-84

given: MDPM = (S , Act, P, AP , L, s0)M = (S , Act, P, AP, L, s0)M = (S , Act, P, AP, L, s0)

PCTL* state formula ΦΦΦ

task: check whetherM |= ΦM |= ΦM |= Φ
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PCTL* model checking for MDP pmc-84

given: MDPM = (S , Act, P, AP , L, s0)M = (S , Act, P, AP, L, s0)M = (S , Act, P, AP, L, s0)

PCTL* state formula ΦΦΦ

task: check whetherM |= ΦM |= ΦM |= Φ

main procedure as for PCTL* over Markov chains:

recursively compute the satisfaction sets

Sat(Ψ) =
{
s ∈ S : s |= Ψ

}
Sat(Ψ) =

{
s ∈ S : s |= Ψ

}
Sat(Ψ) =

{
s ∈ S : s |= Ψ

}
for all sub-state formulas ΨΨΨ of ΦΦΦ
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PCTL* model checking for MDP pmc-84

given: MDPM = (S , Act, P, AP , L, s0)M = (S , Act, P, AP, L, s0)M = (S , Act, P, AP, L, s0)

PCTL* state formula ΦΦΦ

task: check whetherM |= ΦM |= ΦM |= Φ

main procedure as for PCTL* over Markov chains:

recursively compute the satisfaction sets

Sat(Ψ) =
{
s ∈ S : s |= Ψ

}
Sat(Ψ) =

{
s ∈ S : s |= Ψ

}
Sat(Ψ) =

{
s ∈ S : s |= Ψ

}
for all sub-state formulas ΨΨΨ of ΦΦΦ

treatment of the propositional logic fragment:
√√√
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Treatment of probability operator pmc-84a
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Treatment of probability operator pmc-84a

upper probability bounds P�p

(
ϕ
)

P�p

(
ϕ
)

P�p

(
ϕ
)

or P<p

(
ϕ
)

P<p

(
ϕ
)

P<p

(
ϕ
)
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Treatment of probability operator pmc-84a

upper probability bounds P�p

(
ϕ
)

P�p

(
ϕ
)

P�p

(
ϕ
)

or P<p

(
ϕ
)

P<p

(
ϕ
)

P<p

(
ϕ
)

• compute the maximal probabilities for ϕϕϕ

PrMmax(s, ϕ) = sup
D

PrD
{
π ∈ Paths(s) : π |= ϕ

}
PrMmax(s, ϕ) = sup

D
PrD

{
π ∈ Paths(s) : π |= ϕ

}
PrMmax(s, ϕ) = sup

D
PrD

{
π ∈ Paths(s) : π |= ϕ

}
for all states sss
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Treatment of probability operator pmc-84a

upper probability bounds P�p

(
ϕ
)

P�p

(
ϕ
)

P�p

(
ϕ
)

or P<p

(
ϕ
)

P<p

(
ϕ
)

P<p

(
ϕ
)

• compute the maximal probabilities for ϕϕϕ

PrMmax(s, ϕ) = max
D

PrD
{
π ∈ Paths(s) : π |= ϕ

}
PrMmax(s, ϕ) = max

D
PrD

{
π ∈ Paths(s) : π |= ϕ

}
PrMmax(s, ϕ) = max

D
PrD

{
π ∈ Paths(s) : π |= ϕ

}
for all states sss
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Treatment of probability operator pmc-84a

upper probability bounds P�p

(
ϕ
)

P�p

(
ϕ
)

P�p

(
ϕ
)

• compute the maximal probabilities for ϕϕϕ

PrMmax(s, ϕ) = max
D

PrD
{
π ∈ Paths(s) : π |= ϕ

}
PrMmax(s, ϕ) = max

D
PrD

{
π ∈ Paths(s) : π |= ϕ

}
PrMmax(s, ϕ) = max

D
PrD

{
π ∈ Paths(s) : π |= ϕ

}
for all states sss

• return
{
s ∈ S : PrMmax (s, ϕ) � p

}{
s ∈ S : PrMmax (s, ϕ) � p

}{
s ∈ S : PrMmax (s, ϕ) � p

}
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Treatment of probability operator pmc-84a

upper probability bounds P�p

(
ϕ
)

P�p

(
ϕ
)

P�p

(
ϕ
)

• compute the maximal probabilities for ϕϕϕ

PrMmax(s, ϕ) = max
D

PrD
{
π ∈ Paths(s) : π |= ϕ

}
PrMmax(s, ϕ) = max

D
PrD

{
π ∈ Paths(s) : π |= ϕ

}
PrMmax(s, ϕ) = max

D
PrD

{
π ∈ Paths(s) : π |= ϕ

}
for all states sss

• return
{
s ∈ S : PrMmax (s, ϕ) � p

}{
s ∈ S : PrMmax (s, ϕ) � p

}{
s ∈ S : PrMmax (s, ϕ) � p

}

lower probability bounds P�p

(
ϕ
)

P�p

(
ϕ
)

P�p

(
ϕ
)

or P>p

(
ϕ
)

P>p

(
ϕ
)

P>p

(
ϕ
)

analogous, but minimal probabilities for ϕϕϕ
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Treatment of probability operator pmc-84a

upper probability bounds P�p

(
ϕ
)

P�p

(
ϕ
)

P�p

(
ϕ
)

or P<p

(
ϕ
)

P<p

(
ϕ
)

P<p

(
ϕ
)

compute the maximal probabilities for ϕϕϕ

PrMmax(s, ϕ) = max
D

PrD
{
π ∈ Paths(s) : π |= ϕ

}
PrMmax(s, ϕ) = max

D
PrD

{
π ∈ Paths(s) : π |= ϕ

}
PrMmax(s, ϕ) = max

D
PrD

{
π ∈ Paths(s) : π |= ϕ

}
for all states sss

special case ϕ = ♦Ψϕ = ♦Ψϕ = ♦Ψ
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Treatment of probability operator pmc-84a

upper probability bounds P�p

(
ϕ
)

P�p

(
ϕ
)

P�p

(
ϕ
)

or P<p

(
ϕ
)

P<p

(
ϕ
)

P<p

(
ϕ
)

compute the maximal probabilities for ϕϕϕ

PrMmax(s, ϕ) = max
D

PrD
{
π ∈ Paths(s) : π |= ϕ

}
PrMmax(s, ϕ) = max

D
PrD

{
π ∈ Paths(s) : π |= ϕ

}
PrMmax(s, ϕ) = max

D
PrD

{
π ∈ Paths(s) : π |= ϕ

}
for all states sss

special case ϕ = ♦Ψϕ = ♦Ψϕ = ♦Ψ

compute PrMmax (s,♦Ψ)PrMmax (s,♦Ψ)PrMmax (s,♦Ψ) by solving a linear program���
maximal reachability probabilities
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Treatment of probability operator pmc-84a

upper probability bounds P�p

(
ϕ
)

P�p

(
ϕ
)

P�p

(
ϕ
)

or P<p

(
ϕ
)

P<p

(
ϕ
)

P<p

(
ϕ
)

compute the maximal probabilities for ϕϕϕ

PrMmax(s, ϕ) = max
D

PrD
{
π ∈ Paths(s) : π |= ϕ

}
PrMmax(s, ϕ) = max

D
PrD

{
π ∈ Paths(s) : π |= ϕ

}
PrMmax(s, ϕ) = max

D
PrD

{
π ∈ Paths(s) : π |= ϕ

}
for all states sss

special case ϕ = ♦Ψϕ = ♦Ψϕ = ♦Ψ

compute PrMmax (s,♦Ψ)PrMmax (s,♦Ψ)PrMmax (s,♦Ψ) by solving a linear program

general case:

via DRA for ϕϕϕ and maximal reachability
probabilities in the product
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Maximal reachability probabilities pmc-86
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Maximal reachability probabilities pmc-86

given: MDPMMM with state space SSS
set T ⊆ ST ⊆ ST ⊆ S of goal states

task: compute xs = PrMmax(s,♦T ) = max
D

PrD(s,♦T )xs = PrMmax(s,♦T ) = max
D

PrD(s,♦T )xs = PrMmax(s,♦T ) = max
D

PrD(s,♦T )
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Maximal reachability probabilities pmc-86

given: MDPMMM with state space SSS
set T ⊆ ST ⊆ ST ⊆ S of goal states

task: compute xs = PrMmax(s,♦T ) = max
D

PrD(s,♦T )xs = PrMmax(s,♦T ) = max
D

PrD(s,♦T )xs = PrMmax(s,♦T ) = max
D

PrD(s,♦T )

The vector (xs)s∈S(xs)s∈S(xs)s∈S is the least solution in [0, 1][0, 1][0, 1]
of the equation system

xs = 1xs = 1xs = 1 if s ∈ Ts ∈ Ts ∈ T

xs = max
{ ∑

s ′∈S
P(s, α, s ′) · xs ′ : α ∈ Act(s)

}
xs = max

{ ∑
s ′∈S

P(s, α, s ′) · xs ′ : α ∈ Act(s)
}

xs = max
{ ∑

s ′∈S
P(s , α, s ′) · xs ′ : α ∈ Act(s)

}
if s �∈ Ts �∈ Ts �∈ T
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Maximal reachability probabilities pmc-86

given: MDPMMM with state space SSS
set T ⊆ ST ⊆ ST ⊆ S of goal states

task: compute xs = PrMmax(s,♦T ) = max
D

PrD(s,♦T )xs = PrMmax(s,♦T ) = max
D

PrD(s,♦T )xs = PrMmax(s,♦T ) = max
D

PrD(s,♦T )

The vector (xs)s∈S(xs)s∈S(xs)s∈S is the least solution in [0, 1][0, 1][0, 1]
of the equation system

xs = 1xs = 1xs = 1 if s ∈ Ts ∈ Ts ∈ T

xs = max
{ ∑

s ′∈S
P(s, α, s ′) · xs ′ : α ∈ Act(s)

}
xs = max

{ ∑
s ′∈S

P(s, α, s ′) · xs ′ : α ∈ Act(s)
}

xs = max
{ ∑

s ′∈S
P(s , α, s ′) · xs ′ : α ∈ Act(s)

}
if s �∈ Ts �∈ Ts �∈ T
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Example: maximal reachability probabilities pmc-86a

The vector (xs)s∈S(xs)s∈S(xs)s∈S where xs = PrMmax(s,♦T )xs = PrMmax(s,♦T )xs = PrMmax(s,♦T ) is

the least solution in [0, 1][0, 1][0, 1] of

xs = 1xs = 1xs = 1 if s ∈ Ts ∈ Ts ∈ T

xs = max
{ ∑

s ′∈S
P(s, α, s ′) · xs ′ : α ∈ Act(s)

}
xs = max

{ ∑
s ′∈S

P(s, α, s ′) · xs ′ : α ∈ Act(s)
}

xs = max
{ ∑

s ′∈S
P(s, α, s ′) · xs ′ : α ∈ Act(s)

}
if s �∈ Ts �∈ Ts �∈ T

sssααα βββ

u1u1u1 u2u2u2 u3u3u3 u4u4u4

t1t1t1 t2t2t2

111 111
111

1
2
1
2
1
2

1
2
1
2
1
2

2
3
2
3
2
3

1
3
1
3
1
3 1

4
1
4
1
4

3
4
3
4
3
4

T = {t1, t2}T = {t1, t2}T = {t1, t2}
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Example: maximal reachability probabilities pmc-86a

The vector (xs)s∈S(xs)s∈S(xs)s∈S where xs = PrMmax(s,♦T )xs = PrMmax(s,♦T )xs = PrMmax(s,♦T ) is

the least solution in [0, 1][0, 1][0, 1] of

xs = 1xs = 1xs = 1 if s ∈ Ts ∈ Ts ∈ T

xs = max
{ ∑

s ′∈S
P(s, α, s ′) · xs ′ : α ∈ Act(s)

}
xs = max

{ ∑
s ′∈S

P(s, α, s ′) · xs ′ : α ∈ Act(s)
}

xs = max
{ ∑

s ′∈S
P(s, α, s ′) · xs ′ : α ∈ Act(s)

}
if s �∈ Ts �∈ Ts �∈ T

sssααα βββ

u1u1u1 u2u2u2 u3u3u3 u4u4u4

t1t1t1 t2t2t2

111 111
111

1
2
1
2
1
2

1
2
1
2
1
2

2
3
2
3
2
3

1
3
1
3
1
3 1

4
1
4
1
4

3
4
3
4
3
4

xs = max
{

1
3
xu1

+2
3
xu2

, 1
4
xu3

+3
4
xu4

}
xs = max

{
1
3xu1

+2
3xu2

, 1
4xu3

+3
4xu4

}
xs = max

{
1
3
xu1

+2
3
xu2

, 1
4
xu3

+3
4
xu4

}

T = {t1, t2}T = {t1, t2}T = {t1, t2}
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Example: maximal reachability probabilities pmc-86a

The vector (xs)s∈S(xs)s∈S(xs)s∈S where xs = PrMmax(s,♦T )xs = PrMmax(s,♦T )xs = PrMmax(s,♦T ) is

the least solution in [0, 1][0, 1][0, 1] of

xs = 1xs = 1xs = 1 if s ∈ Ts ∈ Ts ∈ T

xs = max
{ ∑

s ′∈S
P(s, α, s ′) · xs ′ : α ∈ Act(s)

}
xs = max

{ ∑
s ′∈S

P(s, α, s ′) · xs ′ : α ∈ Act(s)
}

xs = max
{ ∑

s ′∈S
P(s, α, s ′) · xs ′ : α ∈ Act(s)

}
if s �∈ Ts �∈ Ts �∈ T

sssααα βββ

u1u1u1 u2u2u2 u3u3u3 u4u4u4

t1t1t1 t2t2t2

111 111
111

1
2
1
2
1
2

1
2
1
2
1
2

2
3
2
3
2
3

1
3
1
3
1
3 1

4
1
4
1
4

3
4
3
4
3
4

xs = max
{

1
3
xu1

+2
3
xu2

, 1
4
xu3

+3
4
xu4

}
xs = max

{
1
3xu1

+2
3xu2

, 1
4xu3

+3
4xu4

}
xs = max

{
1
3
xu1

+2
3
xu2

, 1
4
xu3

+3
4
xu4

}
xu1

= xt1xu1 = xt1xu1
= xt1

T = {t1, t2}T = {t1, t2}T = {t1, t2}
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Example: maximal reachability probabilities pmc-86a

The vector (xs)s∈S(xs)s∈S(xs)s∈S where xs = PrMmax(s,♦T )xs = PrMmax(s,♦T )xs = PrMmax(s,♦T ) is

the least solution in [0, 1][0, 1][0, 1] of

xs = 1xs = 1xs = 1 if s ∈ Ts ∈ Ts ∈ T

xs = max
{ ∑

s ′∈S
P(s, α, s ′) · xs ′ : α ∈ Act(s)

}
xs = max

{ ∑
s ′∈S

P(s, α, s ′) · xs ′ : α ∈ Act(s)
}

xs = max
{ ∑

s ′∈S
P(s, α, s ′) · xs ′ : α ∈ Act(s)

}
if s �∈ Ts �∈ Ts �∈ T

sssααα βββ

u1u1u1 u2u2u2 u3u3u3 u4u4u4

t1t1t1 t2t2t2

111 111
111

1
2
1
2
1
2

1
2
1
2
1
2

2
3
2
3
2
3

1
3
1
3
1
3 1

4
1
4
1
4

3
4
3
4
3
4

xs = max
{

1
3
xu1

+2
3
xu2

, 1
4
xu3

+3
4
xu4

}
xs = max

{
1
3xu1

+2
3xu2

, 1
4xu3

+3
4xu4

}
xs = max

{
1
3
xu1

+2
3
xu2

, 1
4
xu3

+3
4
xu4

}
xu1

= xt1xu1 = xt1xu1
= xt1 = 1= 1= 1

T = {t1, t2}T = {t1, t2}T = {t1, t2}
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Example: maximal reachability probabilities pmc-86a

The vector (xs)s∈S(xs)s∈S(xs)s∈S where xs = PrMmax(s,♦T )xs = PrMmax(s,♦T )xs = PrMmax(s,♦T ) is

the least solution in [0, 1][0, 1][0, 1] of

xs = 1xs = 1xs = 1 if s ∈ Ts ∈ Ts ∈ T

xs = max
{ ∑

s ′∈S
P(s, α, s ′) · xs ′ : α ∈ Act(s)

}
xs = max

{ ∑
s ′∈S

P(s, α, s ′) · xs ′ : α ∈ Act(s)
}

xs = max
{ ∑

s ′∈S
P(s, α, s ′) · xs ′ : α ∈ Act(s)

}
if s �∈ Ts �∈ Ts �∈ T

sssααα βββ

u1u1u1 u2u2u2 u3u3u3 u4u4u4

t1t1t1 t2t2t2

111 111
111

1
2
1
2
1
2

1
2
1
2
1
2

2
3
2
3
2
3

1
3
1
3
1
3 1

4
1
4
1
4

3
4
3
4
3
4

xs = max
{

1
3
xu1

+2
3
xu2

, 1
4
xu3

+3
4
xu4

}
xs = max

{
1
3xu1

+2
3xu2

, 1
4xu3

+3
4xu4

}
xs = max

{
1
3
xu1

+2
3
xu2

, 1
4
xu3

+3
4
xu4

}
xu1

= xt1xu1 = xt1xu1
= xt1 = 1= 1= 1

xu2
= xu3

xu2
= xu3xu2
= xu3

T = {t1, t2}T = {t1, t2}T = {t1, t2}
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Example: maximal reachability probabilities pmc-86a

The vector (xs)s∈S(xs)s∈S(xs)s∈S where xs = PrMmax(s,♦T )xs = PrMmax(s,♦T )xs = PrMmax(s,♦T ) is

the least solution in [0, 1][0, 1][0, 1] of

xs = 1xs = 1xs = 1 if s ∈ Ts ∈ Ts ∈ T

xs = max
{ ∑

s ′∈S
P(s, α, s ′) · xs ′ : α ∈ Act(s)

}
xs = max

{ ∑
s ′∈S

P(s, α, s ′) · xs ′ : α ∈ Act(s)
}

xs = max
{ ∑

s ′∈S
P(s, α, s ′) · xs ′ : α ∈ Act(s)

}
if s �∈ Ts �∈ Ts �∈ T

sssααα βββ

u1u1u1 u2u2u2 u3u3u3 u4u4u4

t1t1t1 t2t2t2

111 111
111

1
2
1
2
1
2

1
2
1
2
1
2

2
3
2
3
2
3

1
3
1
3
1
3 1

4
1
4
1
4

3
4
3
4
3
4

xs = max
{

1
3
xu1

+2
3
xu2

, 1
4
xu3

+3
4
xu4

}
xs = max

{
1
3xu1

+2
3xu2

, 1
4xu3

+3
4xu4

}
xs = max

{
1
3
xu1

+2
3
xu2

, 1
4
xu3

+3
4
xu4

}
xu1

= xt1xu1 = xt1xu1
= xt1 = 1= 1= 1

xu2
= xu3

xu2
= xu3xu2
= xu3

= 0= 0= 0

T = {t1, t2}T = {t1, t2}T = {t1, t2}
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Example: maximal reachability probabilities pmc-86a

The vector (xs)s∈S(xs)s∈S(xs)s∈S where xs = PrMmax(s,♦T )xs = PrMmax(s,♦T )xs = PrMmax(s,♦T ) is

the least solution in [0, 1][0, 1][0, 1] of

xs = 1xs = 1xs = 1 if s ∈ Ts ∈ Ts ∈ T

xs = max
{ ∑

s ′∈S
P(s, α, s ′) · xs ′ : α ∈ Act(s)

}
xs = max

{ ∑
s ′∈S

P(s, α, s ′) · xs ′ : α ∈ Act(s)
}

xs = max
{ ∑

s ′∈S
P(s, α, s ′) · xs ′ : α ∈ Act(s)

}
if s �∈ Ts �∈ Ts �∈ T

sssααα βββ

u1u1u1 u2u2u2 u3u3u3 u4u4u4

t1t1t1 t2t2t2

111 111
111

1
2
1
2
1
2

1
2
1
2
1
2

2
3
2
3
2
3

1
3
1
3
1
3 1

4
1
4
1
4

3
4
3
4
3
4

xs = max
{

1
3
xu1

+2
3
xu2

, 1
4
xu3

+3
4
xu4

}
xs = max

{
1
3xu1

+2
3xu2

, 1
4xu3

+3
4xu4

}
xs = max

{
1
3
xu1

+2
3
xu2

, 1
4
xu3

+3
4
xu4

}
xu1

= xt1xu1 = xt1xu1
= xt1 = 1= 1= 1

xu2
= xu3

xu2
= xu3xu2
= xu3

= 0= 0= 0

xt2 = 1xt2 = 1xt2 = 1

T = {t1, t2}T = {t1, t2}T = {t1, t2}
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Example: maximal reachability probabilities pmc-86a

The vector (xs)s∈S(xs)s∈S(xs)s∈S where xs = PrMmax(s,♦T )xs = PrMmax(s,♦T )xs = PrMmax(s,♦T ) is

the least solution in [0, 1][0, 1][0, 1] of

xs = 1xs = 1xs = 1 if s ∈ Ts ∈ Ts ∈ T

xs = max
{ ∑

s ′∈S
P(s, α, s ′) · xs ′ : α ∈ Act(s)

}
xs = max

{ ∑
s ′∈S

P(s, α, s ′) · xs ′ : α ∈ Act(s)
}

xs = max
{ ∑

s ′∈S
P(s, α, s ′) · xs ′ : α ∈ Act(s)

}
if s �∈ Ts �∈ Ts �∈ T

sssααα βββ

u1u1u1 u2u2u2 u3u3u3 u4u4u4

t1t1t1 t2t2t2

111 111
111

1
2
1
2
1
2

1
2
1
2
1
2

2
3
2
3
2
3

1
3
1
3
1
3 1

4
1
4
1
4

3
4
3
4
3
4

xs = max
{

1
3
xu1

+2
3
xu2

, 1
4
xu3

+3
4
xu4

}
xs = max

{
1
3xu1

+2
3xu2

, 1
4xu3

+3
4xu4

}
xs = max

{
1
3
xu1

+2
3
xu2

, 1
4
xu3

+3
4
xu4

}
xu1

= xt1xu1 = xt1xu1
= xt1 = 1= 1= 1

xu2
= xu3

xu2
= xu3xu2
= xu3

= 0= 0= 0

xt2 = 1xt2 = 1xt2 = 1

xu4
= 1

2xu4
+ 1

2xt2xu4
= 1

2xu4
+ 1

2xt2xu4
= 1

2xu4
+ 1

2xt2

= 1
2xu4 + 1

2
= 1

2xu4 + 1
2= 1

2xu4 + 1
2 = 1= 1= 1

216 / 376



Example: maximal reachability probabilities pmc-86a

The vector (xs)s∈S(xs)s∈S(xs)s∈S where xs = PrMmax(s,♦T )xs = PrMmax(s,♦T )xs = PrMmax(s,♦T ) is

the least solution in [0, 1][0, 1][0, 1] of

xs = 1xs = 1xs = 1 if s ∈ Ts ∈ Ts ∈ T

xs = max
{ ∑

s ′∈S
P(s, α, s ′) · xs ′ : α ∈ Act(s)

}
xs = max

{ ∑
s ′∈S

P(s, α, s ′) · xs ′ : α ∈ Act(s)
}

xs = max
{ ∑

s ′∈S
P(s, α, s ′) · xs ′ : α ∈ Act(s)

}
if s �∈ Ts �∈ Ts �∈ T

sssααα βββ

u1u1u1 u2u2u2 u3u3u3 u4u4u4

t1t1t1 t2t2t2

111 111
111

1
2
1
2
1
2

1
2
1
2
1
2

2
3
2
3
2
3

1
3
1
3
1
3 1

4
1
4
1
4

3
4
3
4
3
4

xs = max
{

1
3
xu1

+2
3
xu2

, 1
4
xu3

+3
4
xu4

}
xs = max

{
1
3xu1

+2
3xu2

, 1
4xu3

+3
4xu4

}
xs = max

{
1
3
xu1

+2
3
xu2

, 1
4
xu3

+3
4
xu4

}
= 3

4
= 3

4= 3
4

xu1
= xt1xu1 = xt1xu1
= xt1 = 1= 1= 1

xu2
= xu3

xu2
= xu3xu2
= xu3

= 0= 0= 0

xt2 = 1xt2 = 1xt2 = 1

xu4
= 1

2xu4
+ 1

2xt2xu4
= 1

2xu4
+ 1

2xt2xu4
= 1

2xu4
+ 1

2xt2

= 1
2xu4 + 1

2
= 1

2xu4 + 1
2= 1

2xu4 + 1
2 = 1= 1= 1
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Maximal reachability probabilities pmc-87

The vector (xs)s∈S(xs)s∈S(xs)s∈S where xs = PrMmax(s,♦T )xs = PrMmax(s,♦T )xs = PrMmax(s,♦T ) is

the least solution in [0, 1][0, 1][0, 1] of

xs = 1xs = 1xs = 1 if s ∈ Ts ∈ Ts ∈ T

xs = max
{ ∑

s ′∈S
P(s, α, s ′) · xs ′ : α ∈ Act(s)

}
xs = max

{ ∑
s ′∈S

P(s, α, s ′) · xs ′ : α ∈ Act(s)
}

xs = max
{ ∑

s ′∈S
P(s, α, s ′) · xs ′ : α ∈ Act(s)

}
if s �∈ Ts �∈ Ts �∈ T

and the unique solution in [0, 1][0, 1][0, 1] of

xs = 1xs = 1xs = 1 if s ∈ Ts ∈ Ts ∈ T

xs = 0xs = 0xs = 0 if TTT is not reachable from sss

xs = max
{ ∑

s ′∈S
P(s, α, s ′) · xs ′ : α ∈ Act(s)

}
xs = max

{ ∑
s ′∈S

P(s, α, s ′) · xs ′ : α ∈ Act(s)
}

xs = max
{ ∑

s ′∈S
P(s, α, s ′) · xs ′ : α ∈ Act(s)

}
else
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Maximal reachability probabilities pmc-87

The vector (xs)s∈S(xs)s∈S(xs)s∈S where xs = PrMmax(s,♦T )xs = PrMmax(s,♦T )xs = PrMmax(s,♦T ) is

the least solution in [0, 1][0, 1][0, 1] of

xs = 1xs = 1xs = 1 if s ∈ Ts ∈ Ts ∈ T

xs = max
{ ∑

s ′∈S
P(s, α, s ′) · xs ′ : α ∈ Act(s)

}
xs = max

{ ∑
s ′∈S

P(s, α, s ′) · xs ′ : α ∈ Act(s)
}

xs = max
{ ∑

s ′∈S
P(s, α, s ′) · xs ′ : α ∈ Act(s)

}
if s �∈ Ts �∈ Ts �∈ T

and the unique solution in [0, 1][0, 1][0, 1] of

xs = 1xs = 1xs = 1 iff s ∈ S1s ∈ S1s ∈ S1 graph algorithms

xs = 0xs = 0xs = 0 iff s ∈ S0 = {s : s �|= ∃♦T}s ∈ S0 = {s : s �|= ∃♦T}s ∈ S0 = {s : s �|= ∃♦T}

xs = max
{ ∑

s ′∈S
P(s, α, s ′) · xs ′ : α ∈ Act(s)

}
xs = max

{ ∑
s ′∈S

P(s, α, s ′) · xs ′ : α ∈ Act(s)
}

xs = max
{ ∑

s ′∈S
P(s, α, s ′) · xs ′ : α ∈ Act(s)

}
else
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Maximal reachability probabilities pmc-87

The vector (xs)s∈S(xs)s∈S(xs)s∈S where xs = PrMmax(s,♦T )xs = PrMmax(s,♦T )xs = PrMmax(s,♦T ) is

the least solution in [0, 1][0, 1][0, 1] of

xs = 1xs = 1xs = 1 if s ∈ Ts ∈ Ts ∈ T

xs = max
{ ∑

s ′∈S
P(s, α, s ′) · xs ′ : α ∈ Act(s)

}
xs = max

{ ∑
s ′∈S

P(s, α, s ′) · xs ′ : α ∈ Act(s)
}

xs = max
{ ∑

s ′∈S
P(s, α, s ′) · xs ′ : α ∈ Act(s)

}
if s �∈ Ts �∈ Ts �∈ T

and the unique solution in [0, 1][0, 1][0, 1] of

xs = 1xs = 1xs = 1 iff s ∈ S1s ∈ S1s ∈ S1

if s ∈ S?s ∈ S?s ∈ S?

α ∈ Act(s)α ∈ Act(s)α ∈ Act(s)

xs = 0xs = 0xs = 0 iff s ∈ S0 = {s : s �|= ∃♦T}s ∈ S0 = {s : s �|= ∃♦T}s ∈ S0 = {s : s �|= ∃♦T}
xs ≥

∑
s ′∈S

P(s, α, s ′) · xs ′xs ≥
∑

s ′∈S
P(s , α, s ′) · xs ′xs ≥

∑
s ′∈S

P(s, α, s ′) · xs ′
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Maximal reachability probabilities pmc-87

The vector (xs)s∈S(xs)s∈S(xs)s∈S where xs = PrMmax(s,♦T )xs = PrMmax(s,♦T )xs = PrMmax(s,♦T ) is

the least solution in [0, 1][0, 1][0, 1] of

xs = 1xs = 1xs = 1 if s ∈ Ts ∈ Ts ∈ T

xs = max
{ ∑

s ′∈S
P(s, α, s ′) · xs ′ : α ∈ Act(s)

}
xs = max

{ ∑
s ′∈S

P(s, α, s ′) · xs ′ : α ∈ Act(s)
}

xs = max
{ ∑

s ′∈S
P(s, α, s ′) · xs ′ : α ∈ Act(s)

}
if s �∈ Ts �∈ Ts �∈ T

and the unique solution in [0, 1][0, 1][0, 1] of

xs = 1xs = 1xs = 1 iff s ∈ S1s ∈ S1s ∈ S1

if s ∈ S?s ∈ S?s ∈ S?

α ∈ Act(s)α ∈ Act(s)α ∈ Act(s)

xs = 0xs = 0xs = 0 iff s ∈ S0 = {s : s �|= ∃♦T}s ∈ S0 = {s : s �|= ∃♦T}s ∈ S0 = {s : s �|= ∃♦T}
xs ≥

∑
s ′∈S?

P(s, α, s ′) · xs ′xs ≥
∑

s ′∈S?

P(s , α, s ′) · xs ′xs ≥
∑

s ′∈S?

P(s, α, s ′) · xs ′ + P(s , α, S1)+ P(s, α, S1)+ P(s, α, S1)

where
∑

s∈S?

xs

∑
s∈S?

xs
∑
s∈S?

xs is minimal
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Maximal reachability probabilities pmc-87

The vector (xs)s∈S(xs)s∈S(xs)s∈S where xs = PrMmax(s,♦T )xs = PrMmax(s,♦T )xs = PrMmax(s,♦T ) is

the least solution in [0, 1][0, 1][0, 1] of

xs = 1xs = 1xs = 1 if s ∈ Ts ∈ Ts ∈ T

xs = max
{ ∑

s ′∈S
P(s, α, s ′) · xs ′ : α ∈ Act(s)

}
xs = max

{ ∑
s ′∈S

P(s, α, s ′) · xs ′ : α ∈ Act(s)
}

xs = max
{ ∑

s ′∈S
P(s, α, s ′) · xs ′ : α ∈ Act(s)

}
if s �∈ Ts �∈ Ts �∈ T

and the unique solution in [0, 1][0, 1][0, 1] of

xs = 1xs = 1xs = 1 iff s ∈ S1s ∈ S1s ∈ S1

if s ∈ S?s ∈ S?s ∈ S?

α ∈ Act(s)α ∈ Act(s)α ∈ Act(s)

linear program

xs = 0xs = 0xs = 0 iff s ∈ S0 = {s : s �|= ∃♦T}s ∈ S0 = {s : s �|= ∃♦T}s ∈ S0 = {s : s �|= ∃♦T}
xs ≥

∑
s ′∈S?

P(s, α, s ′) · xs ′xs ≥
∑

s ′∈S?

P(s , α, s ′) · xs ′xs ≥
∑

s ′∈S?

P(s, α, s ′) · xs ′ + P(s , α, S1)+ P(s, α, S1)+ P(s, α, S1)

where
∑

s∈S?

xs

∑
s∈S?

xs
∑
s∈S?

xs is minimal
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Maximal probabilities for limit properties pmc-89
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Maximal probabilities for limit properties pmc-89

given: MDPM = (S , P, . . .)M = (S , P, . . .)M = (S , P, . . .)
prefix-independent limit property EEE for paths

task: compute PrMmax(s, E )PrMmax(s, E)PrMmax(s, E)
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Maximal probabilities for limit properties pmc-89

given: MDPM = (S , P, . . .)M = (S , P, . . .)M = (S , P, . . .)
prefix-independent limit property EEE for paths

task: compute PrMmax(s, E )PrMmax(s, E)PrMmax(s, E)���
max

D
PrD

{
π ∈ Paths(s) : π ∈ E

}
max

D
PrD

{
π ∈ Paths(s) : π ∈ E

}
max

D
PrD

{
π ∈ Paths(s) : π ∈ E

}
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Maximal probabilities for limit properties pmc-89

given: MDPM = (S , P, . . .)M = (S , P, . . .)M = (S , P, . . .)
prefix-independent limit property EEE for paths

task: compute PrMmax(s, E )PrMmax(s, E)PrMmax(s, E)

�
i.e., there exists subsets T1, . . . , TkT1, . . . , TkT1, . . . , Tk of SSS s.t.
for all paths πππ inMMM:

π |= Eπ |= Eπ |= E iff ∃i ∈ {1, . . . , k}.∃i ∈ {1, . . . , k}.∃i ∈ {1, . . . , k}. inf(π) = Tiinf(π) = Tiinf(π) = Ti

where inf(s0 s1 s2 . . .) =
{
t ∈ S :

∞
∃ i ≥ 0. si = t

}
inf(s0 s1 s2 . . .) =

{
t ∈ S :

∞
∃ i ≥ 0. si = t

}
inf(s0 s1 s2 . . .) =

{
t ∈ S :

∞
∃ i ≥ 0. si = t

}
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End component [de Alfaro’96] pmc-79
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End component [de Alfaro’96] pmc-79

LetM = (S , Act, P, AP, L)M = (S , Act, P, AP, L)M = (S , Act, P, AP, L) be an MDP.

An end component ofMMM is a strongly connected
sub-MDP
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End component [de Alfaro’96] pmc-79

LetM = (S , Act, P, AP, L)M = (S , Act, P, AP, L)M = (S , Act, P, AP, L) be an MDP.

An end component ofMMM is a strongly connected
sub-MDP, i.e., a pair (T , A)(T , A)(T , A) where ∅ �= T ⊆ S∅ �= T ⊆ S∅ �= T ⊆ S
and A : T → 2ActA : T → 2ActA : T → 2Act s.t.

(1) . . .. . .. . .

(2) . . .. . .. . .

(3) . . .. . .. . .

229 / 376



End component [de Alfaro’96] pmc-79

LetM = (S , Act, P, AP, L)M = (S , Act, P, AP, L)M = (S , Act, P, AP, L) be an MDP.

An end component ofMMM is a strongly connected
sub-MDP, i.e., a pair (T , A)(T , A)(T , A) where ∅ �= T ⊆ S∅ �= T ⊆ S∅ �= T ⊆ S
and A : T → 2ActA : T → 2ActA : T → 2Act s.t.

(1) enabledness of selected actions

∅ �= A(t) ⊆ Act(t)∅ �= A(t) ⊆ Act(t)∅ �= A(t) ⊆ Act(t) for all t ∈ Tt ∈ Tt ∈ T

(2) . . .. . .. . .

(3) . . .. . .. . .

230 / 376



End component [de Alfaro’96] pmc-79

LetM = (S , Act, P, AP, L)M = (S , Act, P, AP, L)M = (S , Act, P, AP, L) be an MDP.

An end component ofMMM is a strongly connected
sub-MDP, i.e., a pair (T , A)(T , A)(T , A) where ∅ �= T ⊆ S∅ �= T ⊆ S∅ �= T ⊆ S
and A : T → 2ActA : T → 2ActA : T → 2Act s.t.

(1) enabledness of selected actions

∅ �= A(t) ⊆ Act(t)∅ �= A(t) ⊆ Act(t)∅ �= A(t) ⊆ Act(t) for all t ∈ Tt ∈ Tt ∈ T

(2) closed under probabilistic branching

∀t ∈ T ∀α ∈ A(t). (P(t, α, u) > 0 −→ u ∈ T )∀t ∈ T ∀α ∈ A(t). (P(t, α, u) > 0 −→ u ∈ T )∀t ∈ T ∀α ∈ A(t). (P(t, α, u) > 0 −→ u ∈ T )

(3) . . .. . .. . .
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End component [de Alfaro’96] pmc-79

LetM = (S , Act, P, AP, L)M = (S , Act, P, AP, L)M = (S , Act, P, AP, L) be an MDP.

An end component ofMMM is a strongly connected
sub-MDP, i.e., a pair (T , A)(T , A)(T , A) where ∅ �= T ⊆ S∅ �= T ⊆ S∅ �= T ⊆ S
and A : T → 2ActA : T → 2ActA : T → 2Act s.t.

(1) enabledness of selected actions

∅ �= A(t) ⊆ Act(t)∅ �= A(t) ⊆ Act(t)∅ �= A(t) ⊆ Act(t) for all t ∈ Tt ∈ Tt ∈ T

(2) closed under probabilistic branching

∀t ∈ T ∀α ∈ A(t). (P(t, α, u) > 0 −→ u ∈ T )∀t ∈ T ∀α ∈ A(t). (P(t, α, u) > 0 −→ u ∈ T )∀t ∈ T ∀α ∈ A(t). (P(t, α, u) > 0 −→ u ∈ T )

(3) the underlying graph is strongly connected
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Example: end components pmc-80
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Example: end components pmc-80
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(closed under prob. branching)
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Example: end components pmc-80
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Limiting behavior of MDPs pmc-80

For all schedulers DDD, almost surely an end component
will be reached and all its states visited infinitely often
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end component:
strongly connected sub-MDP
(closed under prob. branching)
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Limiting behavior of MDPs pmc-80a

For all schedulers DDD, almost surely an end component
will be reached and all its states visited infinitely often���

i.e., for all schedulers DDD and states sss:

PrD
{

PrD
{

PrD
{

π ∈ Paths(s) :π ∈ Paths(s) :π ∈ Paths(s) :
inf(π)inf(π)inf(π) constitutes an

end component

}
= 1

}
= 1

}
= 1
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Limiting behavior of MDPs pmc-80a

For all schedulers DDD, almost surely an end component
will be reached and all its states visited infinitely often���

i.e., for all schedulers DDD and states sss:

PrD
{

PrD
{

PrD
{

π ∈ Paths(s) :π ∈ Paths(s) :π ∈ Paths(s) :
inf(π)inf(π)inf(π) constitutes an

end component

}
= 1

}
= 1

}
= 1

Let EEE be a limit property and T1, . . . , Tk ⊆ ST1, . . . , Tk ⊆ ST1, . . . , Tk ⊆ S s.t.

π |= Eπ |= Eπ |= E iff ∃i ≥ 0.∃i ≥ 0.∃i ≥ 0. inf(π) = Tiinf(π) = Tiinf(π) = Ti

238 / 376



Limiting behavior of MDPs pmc-80a

For all schedulers DDD, almost surely an end component
will be reached and all its states visited infinitely often���

i.e., for all schedulers DDD and states sss:

PrD
{

PrD
{

PrD
{

π ∈ Paths(s) :π ∈ Paths(s) :π ∈ Paths(s) :
inf(π)inf(π)inf(π) constitutes an

end component

}
= 1

}
= 1

}
= 1

Let EEE be a limit property and T1, . . . , Tk ⊆ ST1, . . . , Tk ⊆ ST1, . . . , Tk ⊆ S s.t.

π |= Eπ |= Eπ |= E iff ∃i ≥ 0.∃i ≥ 0.∃i ≥ 0. inf(π) = Tiinf(π) = Tiinf(π) = Ti

Then: Prmax(s, E ) = Prmax(s,♦T )Prmax(s, E) = Prmax(s,♦T )Prmax(s, E ) = Prmax(s,♦T ) where

T =
⋃{

Ti :T =
⋃ {

Ti :T =
⋃ {

Ti : TiTiTi constitutes an end component
}}}
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Quantitative analysis of Rabin conditions pmc-80b

Let EEE be a Rabin condition
∨

1≤i≤k

♦�¬Li ∧�♦Ui

∨
1≤i≤k

♦�¬Li ∧�♦Ui

∨
1≤i≤k

♦�¬Li ∧�♦Ui .
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Quantitative analysis of Rabin conditions pmc-80b

Let EEE be a Rabin condition
∨

1≤i≤k

♦�¬Li ∧�♦Ui

∨
1≤i≤k

♦�¬Li ∧�♦Ui

∨
1≤i≤k

♦�¬Li ∧�♦Ui . Then:

Prmax(s, E ) = Prmax(s,♦ accEC)Prmax(s, E ) = Prmax(s,♦ accEC )Prmax(s, E) = Prmax(s,♦ accEC)
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Quantitative analysis of Rabin conditions pmc-80b

Let EEE be a Rabin condition
∨

1≤i≤k

♦�¬Li ∧�♦Ui

∨
1≤i≤k

♦�¬Li ∧�♦Ui

∨
1≤i≤k

♦�¬Li ∧�♦Ui . Then:

Prmax(s, E ) = Prmax(s,♦ accEC)Prmax(s, E ) = Prmax(s,♦ accEC )Prmax(s, E) = Prmax(s,♦ accEC)���
union of all end components TTT that “meet EEE”, i.e.,
∃i ∈ {1, . . . , k}.∃i ∈ {1, . . . , k}.∃i ∈ {1, . . . , k}. T ∩ Li = ∅T ∩ Li = ∅T ∩ Li = ∅ and T ∩ Ui �= ∅T ∩ Ui �= ∅T ∩ Ui �= ∅
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Quantitative analysis of Rabin conditions pmc-80b

Let EEE be a Rabin condition
∨

1≤i≤k

♦�¬Li ∧�♦Ui

∨
1≤i≤k

♦�¬Li ∧�♦Ui

∨
1≤i≤k

♦�¬Li ∧�♦Ui . Then:

Prmax(s, E ) = Prmax(s,♦ accMEC)Prmax(s, E ) = Prmax(s,♦ accMEC)Prmax(s, E) = Prmax(s,♦ accMEC)���
⋃

1≤i≤k

⋃
1≤i≤k

⋃
1≤i≤k

maximal end components TTT inM\ LiM\ LiM\ Li

s.t. T ∩ Ui �= ∅T ∩ Ui �= ∅T ∩ Ui �= ∅
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Quantitative analysis of Rabin conditions pmc-80b

Let EEE be a Rabin condition
∨

1≤i≤k

♦�¬Li ∧�♦Ui

∨
1≤i≤k

♦�¬Li ∧�♦Ui

∨
1≤i≤k

♦�¬Li ∧�♦Ui . Then:

Prmax(s, E ) = Prmax(s,♦ accMEC)Prmax(s, E ) = Prmax(s,♦ accMEC)Prmax(s, E) = Prmax(s,♦ accMEC)���
⋃

1≤i≤k

⋃
1≤i≤k

⋃
1≤i≤k

maximal end components TTT inM\ LiM\ LiM\ Li

s.t. T ∩ Ui �= ∅T ∩ Ui �= ∅T ∩ Ui �= ∅

model checking algorithm for Rabin condition EEE :

1. compute the maximal end components
2. check which of them fulfills EEE
3. compute maximal reachability probabilities

(linear program)
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Computation of maximal end components pmc-81
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Computation of maximal end components pmc-81

REPEAT

compute the SCCs ofMMM
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Computation of maximal end components pmc-81

REPEAT

compute the SCCs ofMMM
IF there exist states s, ts , ts, t and an action ααα s.t.

• P(s, α, t) > 0P(s, α, t) > 0P(s , α, t) > 0
• sss , ttt belong to different SCCs
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Computation of maximal end components pmc-81

REPEAT

compute the SCCs ofMMM
IF there exist states s, ts , ts, t and an action ααα s.t.

• P(s, α, t) > 0P(s, α, t) > 0P(s , α, t) > 0
• sss , ttt belong to different SCCs

THEN choose such a pair (s, α)(s, α)(s, α)
remove ααα from Act(s)Act(s)Act(s)
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Computation of maximal end components pmc-81

REPEAT

compute the SCCs ofMMM
IF there exist states s, ts , ts, t and an action ααα s.t.

• P(s, α, t) > 0P(s, α, t) > 0P(s , α, t) > 0
• sss , ttt belong to different SCCs

THEN choose such a pair (s, α)(s, α)(s, α)
remove ααα from Act(s)Act(s)Act(s)
IF sss is terminal THEN remove sss FI
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Computation of maximal end components pmc-81

REPEAT

compute the SCCs ofMMM
IF there exist states s, ts , ts, t and an action ααα s.t.

• P(s, α, t) > 0P(s, α, t) > 0P(s , α, t) > 0
• sss , ttt belong to different SCCs

THEN choose such a pair (s, α)(s, α)(s, α)
remove ααα from Act(s)Act(s)Act(s)
IF sss is terminal THEN remove sss FI

FI

UNTIL no further changes
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Computation of maximal end components pmc-81

REPEAT

compute the SCCs ofMMM
IF there exist states s, ts , ts, t and an action ααα s.t.

• P(s, α, t) > 0P(s, α, t) > 0P(s , α, t) > 0
• sss , ttt belong to different SCCs

THEN choose such a pair (s, α)(s, α)(s, α)
remove ααα from Act(s)Act(s)Act(s)
IF sss is terminal THEN remove sss FI

FI

UNTIL no further changes

return the non-trivial SCCs as maximal end components
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Computation of maximal end components pmc-81

REPEAT

compute the SCCs ofMMM
IF there exist states s, ts , ts, t and an action ααα s.t.

• P(s, α, t) > 0P(s, α, t) > 0P(s , α, t) > 0
• sss , ttt belong to different SCCs

THEN choose such a pair (s, α)(s, α)(s, α)
remove ααα from Act(s)Act(s)Act(s)
IF sss is terminal THEN remove sss FI

FI

UNTIL no further changes

return the non-trivial SCCs as maximal end components

time complexity:
O( size(M)2 )O( size(M)2 )O( size(M)2 )
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Summary: PCTL* model checking for MDP pmc-88

given: MDPM = (S , Act, P, . . .)M = (S , Act, P, . . .)M = (S , Act, P, . . .)
PCTL* state formula P�p(ϕ)P�p(ϕ)P�p(ϕ)

task: compute Sat(P�p(ϕ))Sat(P�p(ϕ))Sat(P�p(ϕ))
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Summary: PCTL* model checking for MDP pmc-88

given: MDPM = (S , Act, P, . . .)M = (S , Act, P, . . .)M = (S , Act, P, . . .)
PCTL* state formula P�p(ϕ)P�p(ϕ)P�p(ϕ)

task: compute Sat(P�p(ϕ))Sat(P�p(ϕ))Sat(P�p(ϕ))

method: compute xs = PrMmax(s, ϕ)xs = PrMmax(s, ϕ)xs = PrMmax(s, ϕ) via reduction
to the probabilistic reachability problem
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Summary: PCTL* model checking for MDP pmc-88

given: MDPM = (S , Act, P, . . .)M = (S , Act, P, . . .)M = (S , Act, P, . . .)
PCTL* state formula P�p(ϕ)P�p(ϕ)P�p(ϕ)

task: compute Sat(P�p(ϕ))Sat(P�p(ϕ))Sat(P�p(ϕ))

method: compute xs = PrMmax(s, ϕ)xs = PrMmax(s, ϕ)xs = PrMmax(s, ϕ) via reduction
to the probabilistic reachability problem���
using DRA AAA for ϕϕϕ and
linear program forM×AM×AM×A
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MDPMMM PCTL* path formula ϕϕϕ
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MDPMMM PCTL* path formula ϕϕϕ

LTL formula ϕ′ϕ′ϕ′
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MDPMMM PCTL* path formula ϕϕϕ

LTL formula ϕ′ϕ′ϕ′

DRA AAA
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MDPMMM PCTL* path formula ϕϕϕ

LTL formula ϕ′ϕ′ϕ′

DRA AAA

product-MDPM×AM×AM×A
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MDPMMM PCTL* path formula ϕϕϕ

LTL formula ϕ′ϕ′ϕ′

DRA AAA

product-MDPM×AM×AM×A

PrMmax(s, ϕ)PrMmax(s, ϕ)PrMmax(s, ϕ) = PrM×Amax

(
〈s , inits〉,

∨
i

(♦�¬Li ∧�♦Ui)
)

= PrM×Amax

(
〈s , inits〉,

∨
i

(♦�¬Li ∧�♦Ui)
)

= PrM×Amax

(
〈s, inits〉,

∨
i

(♦�¬Li ∧�♦Ui)
)
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MDPMMM PCTL* path formula ϕϕϕ

LTL formula ϕ′ϕ′ϕ′

DRA AAA

product-MDPM×AM×AM×A

PrMmax(s, ϕ)PrMmax(s, ϕ)PrMmax(s, ϕ) = PrM×Amax

(
〈s , inits〉,

∨
i

(♦�¬Li ∧�♦Ui)
)

= PrM×Amax

(
〈s , inits〉,

∨
i

(♦�¬Li ∧�♦Ui)
)

= PrM×Amax

(
〈s, inits〉,

∨
i

(♦�¬Li ∧�♦Ui)
)

initial state in the product, ifMMM starts in sss,
i.e., inits = δ(q0, L(s))inits = δ(q0, L(s))inits = δ(q0, L(s))
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MDPMMM PCTL* path formula ϕϕϕ

LTL formula ϕ′ϕ′ϕ′

DRA AAA

product-MDPM×AM×AM×A

PrMmax(s, ϕ)PrMmax(s, ϕ)PrMmax(s, ϕ) = PrM×Amax

(
〈s , inits〉,

∨
i

(♦�¬Li ∧�♦Ui)
)

= PrM×Amax

(
〈s , inits〉,

∨
i

(♦�¬Li ∧�♦Ui)
)

= PrM×Amax

(
〈s, inits〉,

∨
i

(♦�¬Li ∧�♦Ui)
)

acceptance
condition

of AAA

initial state in the product, ifMMM starts in sss,
i.e., inits = δ(q0, L(s))inits = δ(q0, L(s))inits = δ(q0, L(s))
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MDPMMM PCTL* path formula ϕϕϕ

LTL formula ϕ′ϕ′ϕ′

DRA AAA

product-MDPM×AM×AM×A

PrMmax(s, ϕ)PrMmax(s, ϕ)PrMmax(s, ϕ) = PrM×Amax

(
〈s , inits〉,

∨
i

(♦�¬Li ∧�♦Ui)
)

= PrM×Amax

(
〈s , inits〉,

∨
i

(♦�¬Li ∧�♦Ui)
)

= PrM×Amax

(
〈s, inits〉,

∨
i

(♦�¬Li ∧�♦Ui)
)

= PrM×Amax

(
〈s , inits〉,♦accEC

)
= PrM×Amax

(
〈s , inits〉,♦accEC

)
= PrM×Amax

(
〈s, inits〉,♦accEC

)

acceptance
condition

of AAA

union of all end components CCC such that
∃i .∃i .∃i . C ∩ Li = ∅C ∩ Li = ∅C ∩ Li = ∅ and C ∩ Ui �= ∅C ∩ Ui �= ∅C ∩ Ui �= ∅
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PCTL* formulas with lower probability bounds pmc-92

given: MDPM = (S , Act, P, . . .)M = (S , Act, P, . . .)M = (S , Act, P, . . .)
PCTL* star formula P�p(ϕ)P�p(ϕ)P�p(ϕ)

task: compute Sat(P�p(ϕ))Sat(P�p(ϕ))Sat(P�p(ϕ))
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PCTL* formulas with lower probability bounds pmc-92

given: MDPM = (S , Act, P, . . .)M = (S , Act, P, . . .)M = (S , Act, P, . . .)
PCTL* star formula P�p(ϕ)P�p(ϕ)P�p(ϕ)

task: compute Sat(P�p(ϕ))Sat(P�p(ϕ))Sat(P�p(ϕ))

use the duality of lower and upper probability bounds

for each scheduler DDD and state sss:

PrD(s, ϕ) = 1− PrD(s,¬ϕ)PrD(s, ϕ) = 1− PrD(s,¬ϕ)PrD(s, ϕ) = 1− PrD(s,¬ϕ)
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PCTL* formulas with lower probability bounds pmc-92

given: MDPM = (S , Act, P, . . .)M = (S , Act, P, . . .)M = (S , Act, P, . . .)
PCTL* star formula P�p(ϕ)P�p(ϕ)P�p(ϕ)

task: compute Sat(P�p(ϕ))Sat(P�p(ϕ))Sat(P�p(ϕ))

use the duality of lower and upper probability bounds

for each scheduler DDD and state sss:

PrD(s, ϕ) = 1− PrD(s,¬ϕ)PrD(s, ϕ) = 1− PrD(s,¬ϕ)PrD(s, ϕ) = 1− PrD(s,¬ϕ)

For each state sss and PCTL* path formula ϕϕϕ:

PrMmin(s, ϕ) = 1− PrMmax(s,¬ϕ)PrMmin(s, ϕ) = 1− PrMmax(s,¬ϕ)PrMmin(s, ϕ) = 1− PrMmax(s,¬ϕ)
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MDPMMM PCTL* path formula ϕϕϕ
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MDPMMM PCTL* path formula ϕϕϕ

LTL formula ϕ′ϕ′ϕ′
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MDPMMM PCTL* path formula ϕϕϕ

LTL formula ϕ′ϕ′ϕ′

DRA AAA for ¬ϕ′¬ϕ′¬ϕ′
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MDPMMM PCTL* path formula ϕϕϕ

LTL formula ϕ′ϕ′ϕ′

DRA AAA for ¬ϕ′¬ϕ′¬ϕ′

probabilistic reachability analysis in
the product-MDPM×AM×AM×A
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MDPMMM PCTL* path formula ϕϕϕ

LTL formula ϕ′ϕ′ϕ′

DRA AAA for ¬ϕ′¬ϕ′¬ϕ′

probabilistic reachability analysis in
the product-MDPM×AM×AM×A

PrMmin(s, ϕ)PrMmin(s, ϕ)PrMmin(s, ϕ) = 1− PrM×Amax

(
〈s , inits〉,

∨
i

(♦�¬Li ∧�♦Ui)
)

= 1− PrM×Amax

(
〈s, inits〉,

∨
i

(♦�¬Li ∧�♦Ui)
)

= 1− PrM×Amax

(
〈s , inits〉,

∨
i

(♦�¬Li ∧�♦Ui)
)

= 1− PrM×Amax

(
〈s , inits〉,♦accEC

)
= 1− PrM×Amax

(
〈s, inits〉,♦accEC

)
= 1− PrM×Amax

(
〈s , inits〉,♦accEC

)
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Complexity of PCTL/PCTL* model checking pmc-94
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Complexity of PCTL/PCTL* model checking pmc-94

PCTL PCTL*

Markov
chain

Markov
decision
process
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Complexity of PCTL/PCTL* model checking pmc-94

PCTL PCTL*

Markov
chain

graph algorithms +++ linear equation systems

Markov
decision
process

graph algorithms +++ linear program
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Complexity of PCTL/PCTL* model checking pmc-94

PCTL PCTL*

Markov
chain

graph algorithms +++ linear equation systems

PTIMEPTIMEPTIME PSPACEPSPACEPSPACE -complete
[Vardi/Wolper’86]

Markov
decision
process

graph algorithms +++ linear program
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Complexity of PCTL/PCTL* model checking pmc-94

PCTL PCTL*

Markov
chain

graph algorithms +++ linear equation systems

PTIMEPTIMEPTIME PSPACEPSPACEPSPACE -complete
[Vardi/Wolper’86]

Markov
decision
process

graph algorithms +++ linear program

PTIMEPTIMEPTIME 2EXP2EXP2EXP-complete
[Courcoubetis/Yannakakis’88]
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Complexity of PCTL/PCTL* model checking pmc-94

PCTL PCTL*

Markov
chain

graph algorithms +++ linear equation systems

PTIMEPTIMEPTIME PSPACEPSPACEPSPACE -complete
[Vardi/Wolper’86]

Markov
decision
process

graph algorithms +++ linear program

PTIMEPTIMEPTIME 2EXP2EXP2EXP-complete
[Courcoubetis/Yannakakis’88]

tools: e.g., PRISM (Oxford), MRMC (Aachen),
LIQUOR (Dresden), . . .. . .. . .
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Tutorial: probabilistic model checking overview-mdp3

part 1: Markov chains
probabilistic computation tree logic
(PCTL/PCTL*)

part 2: Markov decision processes (MDP)
PCTL/PCTL* over MDP
MDP with fairness ←−←−←−
partial order reduction
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Why MDP with fairness ? pmc-110
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Markov decision processes pmc-110

• extend Markov chains by nondeterminism

• modelling asynchronous distributed systems

by interleaving
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Markov decision processes pmc-110

• extend Markov chains by nondeterminism

• modelling asynchronous distributed systems

by interleaving���
verification of liveness properties
(qualitative or quantitative)
often requires fairness assumptions
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Markov decision processes pmc-110

• extend Markov chains by nondeterminism

• modelling asynchronous distributed systems

by interleaving���
verification of liveness properties
(qualitative or quantitative)
often requires fairness assumptions

e.g., strong process fairness:

�♦�♦�♦ process PPP
is enabled −→−→−→ �♦�♦�♦

actions of
process PPP
are taken
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Markov decision processes pmc-110

• extend Markov chains by nondeterminism

• modelling asynchronous distributed systems

by interleaving���
verification of liveness properties
(qualitative or quantitative)
often requires fairness assumptions

general case: fairness assumptions impose restrictions
on the resolution of nondeterminism
to rule out unrealistic behaviors

283 / 376



MDP with fairness pmc-111

given: MDPM = (S , Act, P, . . .)M = (S , Act, P, . . .)M = (S , Act, P, . . .)

A fairness assumption FFF forMMM is a conjunction of
limit properties of the form:

unconditional fairness �♦V�♦V�♦V
strong fairness �♦U → �♦V�♦U → �♦V�♦U → �♦V
weak fairness ♦�U → �♦V♦�U → �♦V♦�U → �♦V

where U , V ⊆ SU , V ⊆ SU , V ⊆ S
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MDP with fairness pmc-111

given: MDPM = (S , Act, P, . . .)M = (S , Act, P, . . .)M = (S , Act, P, . . .)

A fairness assumption FFF forMMM is a conjunction of
limit properties of the form:

unconditional fairness �♦V�♦V�♦V
strong fairness �♦U → �♦V�♦U → �♦V�♦U → �♦V
weak fairness ♦�U → �♦V♦�U → �♦V♦�U → �♦V

where U , V ⊆ SU , V ⊆ SU , V ⊆ S ���
here: just state-based fairness conditions

action-based fairness conditions can be encoded, e.g.,

�♦enabled(A)→ �♦taken(A)�♦enabled(A)→ �♦taken(A)�♦enabled(A)→ �♦taken(A) where A ⊆ ActA ⊆ ActA ⊆ Act
285 / 376



MDP with fairness pmc-111

given: MDPM = (S , Act, P, . . .)M = (S , Act, P, . . .)M = (S , Act, P, . . .)

A fairness assumption FFF forMMM is a conjunction of
limit properties of the form:

unconditional fairness �♦V�♦V�♦V
strong fairness �♦U → �♦V�♦U → �♦V�♦U → �♦V
weak fairness ♦�U → �♦V♦�U → �♦V♦�U → �♦V

where U , V ⊆ SU , V ⊆ SU , V ⊆ S

Scheduler DDD forMMM is called FFF -fair iff

PrD(s,F) = 1PrD(s,F) = 1PrD(s,F) = 1 for all (reachable) states sss
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Realizability of fairness assumptions pmc-114
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Realizability of fairness assumptions pmc-114

given: MDPM = (S , Act, P, . . .)M = (S , Act, P, . . .)M = (S , Act, P, . . .) and
a fairness assumption FFF forMMM

scheduler DDD is called FFF -fair iff PrD(s,F) = 1PrD(s,F) = 1PrD(s,F) = 1

for all states s ∈ Ss ∈ Ss ∈ S

FFF is realizable iff there exists a FFF -fair scheduler
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Realizability of fairness assumptions pmc-114

given: MDPM = (S , Act, P, . . .)M = (S , Act, P, . . .)M = (S , Act, P, . . .) and
a fairness assumption FFF forMMM

scheduler DDD is called FFF -fair iff PrD(s,F) = 1PrD(s,F) = 1PrD(s,F) = 1

for all states s ∈ Ss ∈ Ss ∈ S

FFF is realizable iff there exists a FFF -fair scheduler

iff s |= ∃♦FairMECs |= ∃♦FairMECs |= ∃♦FairMEC for all s ∈ Ss ∈ Ss ∈ S
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Realizability of fairness assumptions pmc-114

given: MDPM = (S , Act, P, . . .)M = (S , Act, P, . . .)M = (S , Act, P, . . .) and
a fairness assumption FFF forMMM

scheduler DDD is called FFF -fair iff PrD(s,F) = 1PrD(s,F) = 1PrD(s,F) = 1

for all states s ∈ Ss ∈ Ss ∈ S

FFF is realizable iff there exists a FFF -fair scheduler

iff s |= ∃♦FairMECs |= ∃♦FairMECs |= ∃♦FairMEC for all s ∈ Ss ∈ Ss ∈ S���
union of all maximal end components that contain

a sub-component TTT where FFF holds
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Realizability of fairness assumptions pmc-114

given: MDPM = (S , Act, P, . . .)M = (S , Act, P, . . .)M = (S , Act, P, . . .) and
a fairness assumption FFF forMMM
e.g., F = �♦U → �♦VF = �♦U → �♦VF = �♦U → �♦V

scheduler DDD is called FFF -fair iff PrD(s,F) = 1PrD(s,F) = 1PrD(s,F) = 1

for all states s ∈ Ss ∈ Ss ∈ S

FFF is realizable iff there exists a FFF -fair scheduler

iff s |= ∃♦FairMECs |= ∃♦FairMECs |= ∃♦FairMEC for all s ∈ Ss ∈ Ss ∈ S���
union of all maximal end components that contain

a sub-component TTT where FFF holds, i.e.,

U ∩ T = ∅U ∩ T = ∅U ∩ T = ∅ or V ∩ T �= ∅V ∩ T �= ∅V ∩ T �= ∅
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Realizability of fairness assumptions pmc-114

given: MDPM = (S , Act, P, . . .)M = (S , Act, P, . . .)M = (S , Act, P, . . .) and
a fairness assumption FFF forMMM
e.g., F = �♦U → �♦VF = �♦U → �♦VF = �♦U → �♦V

scheduler DDD is called FFF -fair iff PrD(s,F) = 1PrD(s,F) = 1PrD(s,F) = 1

for all states s ∈ Ss ∈ Ss ∈ S

FFF is realizable iff there exists a FFF -fair scheduler

iff s |= ∃♦FairMECs |= ∃♦FairMECs |= ∃♦FairMEC for all s ∈ Ss ∈ Ss ∈ S

poly-time algorithm for computing FairMECFairMECFairMEC :

. . .. . .. . . recursive computation of maximal
end components in sub-MDPs . . .. . .. . .
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PCTL* with fairness pmc-118

• syntax of state and path formulas as before
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PCTL* with fairness pmc-118

• syntax of state and path formulas as before

• semantics as for standard PCTL* over MDP, but:

s |=F PI(ϕ)s |=F PI(ϕ)s |=F PI(ϕ) iff for all FFF -fair schedulers DDD:

PrD(s, ϕ) ∈ IPrD(s, ϕ) ∈ IPrD(s, ϕ) ∈ I
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PCTL* with fairness pmc-118

• syntax of state and path formulas as before

• semantics as for standard PCTL* over MDP, but:

s |=F PI(ϕ)s |=F PI(ϕ)s |=F PI(ϕ) iff for all FFF -fair schedulers DDD:

PrD(s, ϕ) ∈ IPrD(s, ϕ) ∈ IPrD(s, ϕ) ∈ I

simple cases: e.g., if FFF is realizable then

s |=F P�p(♦b)s |=F P�p(♦b)s |=F P�p(♦b) iff s |= P�p(♦b)s |= P�p(♦b)s |= P�p(♦b)
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PCTL* with fairness pmc-118

• syntax of state and path formulas as before

• semantics as for standard PCTL* over MDP, but:

s |=F PI(ϕ)s |=F PI(ϕ)s |=F PI(ϕ) iff for all FFF -fair schedulers DDD:

PrD(s, ϕ) ∈ IPrD(s, ϕ) ∈ IPrD(s, ϕ) ∈ I

simple cases: e.g., if FFF is realizable then

s |=F P�p(♦b)s |=F P�p(♦b)s |=F P�p(♦b) iff s |= P�p(♦b)s |= P�p(♦b)s |= P�p(♦b)

but s |=F P�p(♦b)s |=F P�p(♦b)s |=F P�p(♦b) and s �|= P�p(♦b)s �|= P�p(♦b)s �|= P�p(♦b) is possible
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PCTL* with fairness pmc-118

• syntax of state and path formulas as before

• semantics as for standard PCTL* over MDP, but:

s |=F PI(ϕ)s |=F PI(ϕ)s |=F PI(ϕ) iff for all FFF -fair schedulers DDD:

PrD(s, ϕ) ∈ IPrD(s, ϕ) ∈ IPrD(s, ϕ) ∈ I

simple cases: e.g., if FFF is realizable then

s |=F P�p(♦b)s |=F P�p(♦b)s |=F P�p(♦b) iff s |= P�p(♦b)s |= P�p(♦b)s |= P�p(♦b)

but s |=F P�p(♦b)s |=F P�p(♦b)s |=F P�p(♦b) and s �|= P�p(♦b)s �|= P�p(♦b)s �|= P�p(♦b) is possible

s |=F P�p(♦b)s |=F P�p(♦b)s |=F P�p(♦b) iff
s |= P�1−p(¬b UEC Fair(¬b))s |= P�1−p(¬b UEC Fair(¬b))s |= P�1−p(¬b UEC Fair(¬b))
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PCTL* model checking for MDP with fairness pmc-120
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PCTL* model checking for MDP with fairness pmc-120

given: MDPM = (S , Act, P, AP , L, s0)M = (S , Act, P, AP, L, s0)M = (S , Act, P, AP, L, s0)
fairness assumption FFF
PCTL* state formula ΦΦΦ

task: check whetherM |=F ΦM |=F ΦM |=F Φ
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PCTL* model checking for MDP with fairness pmc-120

given: MDPM = (S , Act, P, AP , L, s0)M = (S , Act, P, AP, L, s0)M = (S , Act, P, AP, L, s0)
fairness assumption FFF
PCTL* state formula ΦΦΦ

task: check whetherM |=F ΦM |=F ΦM |=F Φ

main procedure as for standard PCTL*:

recursively compute the satisfaction sets

SatF(Ψ) =
{
s ∈ S : s |=F Ψ

}
SatF(Ψ) =

{
s ∈ S : s |=F Ψ

}
SatF(Ψ) =

{
s ∈ S : s |=F Ψ

}
for all sub-state formulas ΨΨΨ of ΦΦΦ
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PCTL* model checking for MDP with fairness pmc-120

given: MDPM = (S , Act, P, AP , L, s0)M = (S , Act, P, AP, L, s0)M = (S , Act, P, AP, L, s0)
fairness assumption FFF
PCTL* state formula ΦΦΦ

task: check whetherM |=F ΦM |=F ΦM |=F Φ

main procedure as for standard PCTL*:

recursively compute the satisfaction sets

SatF(Ψ) =
{
s ∈ S : s |=F Ψ

}
SatF(Ψ) =

{
s ∈ S : s |=F Ψ

}
SatF(Ψ) =

{
s ∈ S : s |=F Ψ

}
for all sub-state formulas ΨΨΨ of ΦΦΦ

treatment of the propositional logic fragment:
√√√
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Probabilistic operator under fairness pmc-121

given: MDPM = (S , Act, P, . . .)M = (S , Act, P, . . .)M = (S , Act, P, . . .) with
realizable fairness assumption FFF
PCTL* star formula P�p(ϕ)P�p(ϕ)P�p(ϕ)

task: compute SatF
(

P�p(ϕ)
)

SatF
(

P�p(ϕ)
)

SatF
(

P�p(ϕ)
)
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Probabilistic operator under fairness pmc-121

given: MDPM = (S , Act, P, . . .)M = (S , Act, P, . . .)M = (S , Act, P, . . .) with
realizable fairness assumption FFF
PCTL* star formula P�p(ϕ)P�p(ϕ)P�p(ϕ)

task: compute SatF
(

P�p(ϕ)
)

SatF
(

P�p(ϕ)
)

SatF
(

P�p(ϕ)
)

method: compute

xs = max
D is fair

PrD(s, ϕ)xs = max
D is fair

PrD(s, ϕ)xs = max
D is fair

PrD(s, ϕ)

via reduction to the probabilistic reachability problem���
using DRA AAA for ϕϕϕ and
linear program forM×AM×AM×A
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MDPMMM with
fairness FFF

PCTL* path formula ϕϕϕ
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MDPMMM with
fairness FFF

PCTL* path formula ϕϕϕ

LTL formula ϕ′ϕ′ϕ′
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MDPMMM with
fairness FFF

PCTL* path formula ϕϕϕ

LTL formula ϕ′ϕ′ϕ′

DRA AAA
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MDPMMM with
fairness FFF

PCTL* path formula ϕϕϕ

LTL formula ϕ′ϕ′ϕ′

DRA AAA

product-MDPM×AM×AM×A

307 / 376



MDPMMM with
fairness FFF

PCTL* path formula ϕϕϕ

LTL formula ϕ′ϕ′ϕ′

DRA AAA

product-MDPM×AM×AM×A

max
D fair

PrD(s, ϕ)max
D fair

PrD(s, ϕ)max
D fair

PrD(s, ϕ) = max
E fair

PrE
(
〈s, ...〉,

∨
i

(♦�¬Li ∧�♦Ui)
)

= max
E fair

PrE
(
〈s , ...〉,

∨
i

(♦�¬Li ∧�♦Ui)
)

= max
E fair

PrE
(
〈s , ...〉,

∨
i

(♦�¬Li ∧�♦Ui)
)

EEE ranges over all
fair schedulers
forM×AM×AM×A

DDD ranges over all
fair schedulers
forM×AM×AM×A
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MDPMMM with
fairness FFF

PCTL* path formula ϕϕϕ

LTL formula ϕ′ϕ′ϕ′

DRA AAA

product-MDPM×AM×AM×A

max
D fair

PrD(s, ϕ)max
D fair

PrD(s, ϕ)max
D fair

PrD(s, ϕ) = max
E fair

PrE
(
〈s, ...〉,

∨
i

(♦�¬Li ∧�♦Ui)
)

= max
E fair

PrE
(
〈s , ...〉,

∨
i

(♦�¬Li ∧�♦Ui)
)

= max
E fair

PrE
(
〈s , ...〉,

∨
i

(♦�¬Li ∧�♦Ui)
)

acceptance
condition

of AAA

EEE ranges over all
fair schedulers
forM×AM×AM×A

DDD ranges over all
fair schedulers
forM×AM×AM×A
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MDPMMM with
fairness FFF

PCTL* path formula ϕϕϕ

LTL formula ϕ′ϕ′ϕ′

DRA AAA

product-MDPM×AM×AM×A

max
D fair

PrD(s, ϕ)max
D fair

PrD(s, ϕ)max
D fair

PrD(s, ϕ) = max
E fair

PrE
(
〈s, ...〉,

∨
i

(♦�¬Li ∧�♦Ui)
)

= max
E fair

PrE
(
〈s , ...〉,

∨
i

(♦�¬Li ∧�♦Ui)
)

= max
E fair

PrE
(
〈s , ...〉,

∨
i

(♦�¬Li ∧�♦Ui)
)

= max
E fair

PrE
(
〈s, ...〉,♦FairAccEC

)
= max

E fair
PrE

(
〈s , ...〉,♦FairAccEC

)
= max

E fair
PrE

(
〈s , ...〉,♦FairAccEC

)

acceptance
condition

of AAA
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MDPMMM with
fairness FFF

PCTL* path formula ϕϕϕ

LTL formula ϕ′ϕ′ϕ′

DRA AAA

product-MDPM×AM×AM×A

max
D fair

PrD(s, ϕ)max
D fair

PrD(s, ϕ)max
D fair

PrD(s, ϕ) = max
E fair

PrE
(
〈s, ...〉,

∨
i

(♦�¬Li ∧�♦Ui)
)

= max
E fair

PrE
(
〈s , ...〉,

∨
i

(♦�¬Li ∧�♦Ui)
)

= max
E fair

PrE
(
〈s , ...〉,

∨
i

(♦�¬Li ∧�♦Ui)
)

= max
E fair

PrE
(
〈s, ...〉,♦FairAccEC

)
= max

E fair
PrE

(
〈s , ...〉,♦FairAccEC

)
= max

E fair
PrE

(
〈s , ...〉,♦FairAccEC

)

acceptance
condition

of AAA

union of all maximal end components that contain a fair
sub-component CCC s.t. ∃i .∃i .∃i . C ∩ Li = ∅C ∩ Li = ∅C ∩ Li = ∅ and C ∩ Ui �= ∅C ∩ Ui �= ∅C ∩ Ui �= ∅
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MDPMMM with
fairness FFF

PCTL* path formula ϕϕϕ

LTL formula ϕ′ϕ′ϕ′

DRA AAA

product-MDPM×AM×AM×A

max
D fair

PrD(s, ϕ)max
D fair

PrD(s, ϕ)max
D fair

PrD(s, ϕ) = max
E fair

PrE
(
〈s, ...〉,

∨
i

(♦�¬Li ∧�♦Ui)
)

= max
E fair

PrE
(
〈s , ...〉,

∨
i

(♦�¬Li ∧�♦Ui)
)

= max
E fair

PrE
(
〈s , ...〉,

∨
i

(♦�¬Li ∧�♦Ui)
)

= max
E fair

PrE
(
〈s, ...〉,♦FairAccEC

)
= max

E fair
PrE

(
〈s , ...〉,♦FairAccEC

)
= max

E fair
PrE

(
〈s , ...〉,♦FairAccEC

)
= PrM×Amax

(
〈s, ...〉,♦FairAccEC

)
= PrM×Amax

(
〈s , ...〉,♦FairAccEC

)
= PrM×Amax

(
〈s , ...〉,♦FairAccEC

)

acceptance
condition

of AAA
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Tutorial: probabilistic model checking overview-mdp4

part 1: Markov chains
probabilistic computation tree logic
(PCTL/PCTL*)

part 2: Markov decision processes (MDP)
PCTL/PCTL* over MDP
fairness
partial order reduction ←−←−←−
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Advanced techniques for PMC pmc-por-01

several techniques to combat the
state explosion problem
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Advanced techniques for PMC pmc-por-01

••• symbolic model checking with variants of BDDs

e.g., in PRISM [Kwiatkowska/Norman/Parker]

••• state aggregation with bisimulation

e.g., in MRMC [Katoen et al]

••• abstraction-refinement
e.g., in RAPTURE [d’Argenio/Jeannet/Jensen/Larsen]

PASS [Hermanns/Wachter/Zhang]

••• partial order reduction

e.g., in LiQuor [Baier/Ciesinski/Größer]
...
...
...

315 / 376



Advanced techniques for PMC pmc-por-01

••• symbolic model checking with variants of BDDs

e.g., in PRISM [Kwiatkowska/Norman/Parker]

••• state aggregation with bisimulation

e.g., in MRMC [Katoen et al]

••• abstraction-refinement
e.g., in RAPTURE [d’Argenio/Jeannet/Jensen/Larsen]

PASS [Hermanns/Wachter/Zhang]

••• partial order reduction

e.g., in LiQuor [Baier/Ciesinski/Größer]
...
...
...
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Partial order reduction pmc-por-02

technique for reducing the state space of concurrent
systems [Godefroid,Peled,Valmari, ca. 1990]

317 / 376



Partial order reduction pmc-por-02

technique for reducing the state space of concurrent
systems [Godefroid,Peled,Valmari, ca. 1990]

• attempts to analyze a sub-system by identifying
“redundant interleavings”

• explores representatives of paths that agree up to
the order of independent actions
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Partial order reduction pmc-por-02

technique for reducing the state space of concurrent
systems [Godefroid,Peled,Valmari, ca. 1990]

• attempts to analyze a sub-system by identifying
“redundant interleavings”

• explores representatives of paths that agree up to
the order of independent actions

e.g., x := x+yx := x+yx := x+y︸ ︷︷ ︸
action ααα

‖‖‖ z := z+3z := z+3z := z+3︸ ︷︷ ︸
action βββ

has the same effect as α; βα; βα; β or β; αβ; αβ; α
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Partial order reduction pmc-por-02

concurrent execution
of processes P1P1P1, P2P2P2

• no communication
• no competition

transition system
for P1‖P2P1‖P2P1‖P2 where

P1 = α; β; γP1 = α; β; γP1 = α; β; γ
P2 = λ; µ; νP2 = λ; µ; νP2 = λ; µ; ν

ααα λλλ

βββ λλλ ααα µµµ

γγγ λλλ βββ µµµ ααα ννν

λλλ
γγγ µµµ βββ ννν

ααα

µµµ
γγγ ννν

βββ

ννν γγγ
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Partial order reduction pmc-por-02

concurrent execution
of processes P1P1P1, P2P2P2

• no communication
• no competition

transition system
for P1‖P2P1‖P2P1‖P2 where

P1 = α; β; γP1 = α; β; γP1 = α; β; γ
P2 = λ; µ; νP2 = λ; µ; νP2 = λ; µ; ν

idea: explore just 111 path as representative for all paths

ααα

βββ

λλλ

µµµ

ννν

γγγ
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Peled’s ample-set method pmc-por-03
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Peled’s ample-set method pmc-por-03

given: transition system T = (S , Act,→, . . .)T = (S , Act,→, . . .)T = (S , Act,→, . . .)
task: generate a sub-system TrTrTr by chosing appropriate

action sets ∅ �= ample(s) ⊆ Act(s)∅ �= ample(s) ⊆ Act(s)∅ �= ample(s) ⊆ Act(s)
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Peled’s ample-set method pmc-por-03

given: transition system T = (S , Act,→, . . .)T = (S , Act,→, . . .)T = (S , Act,→, . . .)
task: generate a sub-system TrTrTr by chosing appropriate

action sets ∅ �= ample(s) ⊆ Act(s)∅ �= ample(s) ⊆ Act(s)∅ �= ample(s) ⊆ Act(s) s.t.

For each path πππ in TTT there exists a path πrπrπr in TrTrTr

s.t. π ≡st πrπ ≡st πrπ ≡st πr���
stutter-equivalence, i.e.,

their traces agree up to repetition of state-labels
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Peled’s ample-set method pmc-por-03

given: transition system T = (S , Act,→, . . .)T = (S , Act,→, . . .)T = (S , Act,→, . . .)
task: generate a sub-system TrTrTr by chosing appropriate

action sets ∅ �= ample(s) ⊆ Act(s)∅ �= ample(s) ⊆ Act(s)∅ �= ample(s) ⊆ Act(s) s.t.

For each path πππ in TTT there exists a path πrπrπr in TrTrTr

s.t. π ≡st πrπ ≡st πrπ ≡st πr���
stutter-equivalence, i.e.,

their traces agree up to repetition of state-labels

Hence: TTT and TrTrTr satisfy the same stutter-invariant
linear-time properties, e.g., LTL\©LTL\©LTL\© formulas
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Ample-set method for MDPs pmc-por-03

given: transition system T = (S , Act,→, . . .)T = (S , Act,→, . . .)T = (S , Act,→, . . .)
task: generate a sub-system TrTrTr by chosing appropriate

action sets ∅ �= ample(s) ⊆ Act(s)∅ �= ample(s) ⊆ Act(s)∅ �= ample(s) ⊆ Act(s) s.t.

For each path πππ in TTT there exists a path πrπrπr in TrTrTr

s.t. π ≡st πrπ ≡st πrπ ≡st πr

probabilistic case: generate a sub-MDPMrMrMr fromMMM s.t.

MrMrMr andMMM have the same extremal probabilities
for stutter-invariant linear-time properties

326 / 376



Ample-set method for MDPs pmc-por-03

given: transition system T = (S , Act,→, . . .)T = (S , Act,→, . . .)T = (S , Act,→, . . .)
task: generate a sub-system TrTrTr by chosing appropriate

action sets ∅ �= ample(s) ⊆ Act(s)∅ �= ample(s) ⊆ Act(s)∅ �= ample(s) ⊆ Act(s) s.t.

For each path πππ in TTT there exists a path πrπrπr in TrTrTr

s.t. π ≡st πrπ ≡st πrπ ≡st πr

probabilistic case: generate a sub-MDPMrMrMr fromMMM s.t.

For all schedulers DDD forMMM there is a scheduler DrDrDr for
MrMrMr s.t. for all measurable, stutter-invariant events EEE :

PrDM(E) = PrDr

Mr
(E )PrDM(E ) = PrDr

Mr
(E )PrDM(E ) = PrDr

Mr
(E)
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Independence of actions pmc-por-06

328 / 376



Independence of non-probabilistic actions pmc-por-06

Actions ααα and βββ are called independent in a
transition system TTT iff:

whenever s
α−→ ts
α−→ ts
α−→ t and s

β−→ us
β−→ us
β−→ u then

(1) ααα is enabled in uuu

(2) βββ is enabled in ttt

(3) if u
α−→ vu
α−→ vu
α−→ v and t

β−→ wt
β−→ wt
β−→ w then v = wv = wv = w
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Independence of non-probabilistic actions pmc-por-06

Actions ααα and βββ are called independent in a
transition system TTT iff:

whenever s
α−→ ts
α−→ ts
α−→ t and s

β−→ us
β−→ us
β−→ u then

(1) ααα is enabled in uuu

(2) βββ is enabled in ttt

(3) if u
α−→ vu
α−→ vu
α−→ v and t

β−→ wt
β−→ wt
β−→ w then v = wv = wv = w

sss

ttt uuu

vvv

ααα βββ

αααβββ
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Independence of actions in an MDP pmc-por-06

LetM = (S , Act, P, . . .)M = (S , Act, P, . . .)M = (S , Act, P, . . .) be a MDP and α, β ∈ Actα, β ∈ Actα, β ∈ Act.

ααα and βββ are independent inMMM if for each state sss
s.t. α, β ∈ Act(s)α, β ∈ Act(s)α, β ∈ Act(s):

(1) if P(s, α, t) > 0P(s, α, t) > 0P(s, α, t) > 0 then β ∈ Act(t)β ∈ Act(t)β ∈ Act(t)

(2) if P(s, β, u) > 0P(s, β, u) > 0P(s, β, u) > 0 then α ∈ Act(u)α ∈ Act(u)α ∈ Act(u)

(3) . . .. . .. . .
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Independence of actions in an MDP pmc-por-06

LetM = (S , Act, P, . . .)M = (S , Act, P, . . .)M = (S , Act, P, . . .) be a MDP and α, β ∈ Actα, β ∈ Actα, β ∈ Act.

ααα and βββ are independent inMMM if for each state sss
s.t. α, β ∈ Act(s)α, β ∈ Act(s)α, β ∈ Act(s):

(1) if P(s, α, t) > 0P(s, α, t) > 0P(s, α, t) > 0 then β ∈ Act(t)β ∈ Act(t)β ∈ Act(t)

(2) if P(s, β, u) > 0P(s, β, u) > 0P(s, β, u) > 0 then α ∈ Act(u)α ∈ Act(u)α ∈ Act(u)

(3) for all states www :

P(s, αβ, w) = P(s, βα, w)P(s , αβ, w) = P(s, βα, w)P(s, αβ, w) = P(s, βα, w)
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Independence of actions in an MDP pmc-por-06

LetM = (S , Act, P, . . .)M = (S , Act, P, . . .)M = (S , Act, P, . . .) be a MDP and α, β ∈ Actα, β ∈ Actα, β ∈ Act.

ααα and βββ are independent inMMM if for each state sss
s.t. α, β ∈ Act(s)α, β ∈ Act(s)α, β ∈ Act(s):

(1) if P(s, α, t) > 0P(s, α, t) > 0P(s, α, t) > 0 then β ∈ Act(t)β ∈ Act(t)β ∈ Act(t)

(2) if P(s, β, u) > 0P(s, β, u) > 0P(s, β, u) > 0 then α ∈ Act(u)α ∈ Act(u)α ∈ Act(u)

(3) for all states www :

P(s, αβ, w) = P(s, βα, w)P(s , αβ, w) = P(s, βα, w)P(s, αβ, w) = P(s, βα, w)

↗↗↗∑
t∈S

P(s, α, t) · P(t, β, w)
∑
t∈S

P(s , α, t) · P(t, β, w)
∑
t∈S

P(s, α, t) · P(t, β, w)
↖↖↖∑

u∈S
P(s, β, u) · P(u, α, w)

∑
u∈S

P(s, β, u) · P(u, α, w)
∑
u∈S

P(s , β, u) · P(u, α, w)
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Independence of actions in an MDP pmc-por-06

ααα and βββ are independent inMMM if for each state sss
s.t. α, β ∈ Act(s)α, β ∈ Act(s)α, β ∈ Act(s):

(1) if P(s, α, t) > 0P(s, α, t) > 0P(s, α, t) > 0 then β ∈ Act(t)β ∈ Act(t)β ∈ Act(t)

(2) if P(s, β, u) > 0P(s, β, u) > 0P(s, β, u) > 0 then α ∈ Act(u)α ∈ Act(u)α ∈ Act(u)

(3) for all states www : P(s, αβ, w) = P(s , βα, w)P(s, αβ, w) = P(s, βα, w)P(s, αβ, w) = P(s, βα, w)

sss
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1
2
1
2

1
2
1
2
1
2

1
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1
2
1
2

1
2
1
2
1
2

process 111
tosses a coin

process 222
tosses a coin

1
2
1
2
1
2

1
2
1
2
1
2

1
2
1
2
1
2

1
2
1
2
1
2
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Partial order reduction for MDPs pmc-por-07

idea: use Peled’s conditions for the ample sets
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Partial order reduction for MDPs pmc-por-07

idea: use Peled’s conditions for the ample sets

(A0) ∅ �= ample(s) ⊆ Act(s)∅ �= ample(s) ⊆ Act(s)∅ �= ample(s) ⊆ Act(s)
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Partial order reduction for MDPs pmc-por-07

idea: use Peled’s conditions for the ample sets

(A0) ∅ �= ample(s) ⊆ Act(s)∅ �= ample(s) ⊆ Act(s)∅ �= ample(s) ⊆ Act(s)

(A1) stutter condition: if ample(s) �= Act(s)ample(s) �= Act(s)ample(s) �= Act(s) then all
actions α ∈ ample(s)α ∈ ample(s)α ∈ ample(s) are stutter actions���

i.e., have no visible effect on the labels of the states
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Partial order reduction for MDPs pmc-por-07

idea: use Peled’s conditions for the ample sets

(A0) ∅ �= ample(s) ⊆ Act(s)∅ �= ample(s) ⊆ Act(s)∅ �= ample(s) ⊆ Act(s)

(A1) stutter condition: if ample(s) �= Act(s)ample(s) �= Act(s)ample(s) �= Act(s) then all
actions α ∈ ample(s)α ∈ ample(s)α ∈ ample(s) are stutter actions

(A2) dependency condition:

For each path s
α1−→ α2−→ . . .

αn−→ β−→s
α1−→ α2−→ . . .

αn−→ β−→s
α1−→ α2−→ . . .

αn−→ β−→ inMMM s.t.
βββ is dependent on some action in ample(s)ample(s)ample(s),
there exists i ∈ {1, . . . , n}i ∈ {1, . . . , n}i ∈ {1, . . . , n} with αi ∈ ample(s)αi ∈ ample(s)αi ∈ ample(s)
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Partial order reduction for MDPs pmc-por-07

idea: use Peled’s conditions for the ample sets

(A0) ∅ �= ample(s) ⊆ Act(s)∅ �= ample(s) ⊆ Act(s)∅ �= ample(s) ⊆ Act(s)

(A1) stutter condition: if ample(s) �= Act(s)ample(s) �= Act(s)ample(s) �= Act(s) then all
actions α ∈ ample(s)α ∈ ample(s)α ∈ ample(s) are stutter actions

(A2) dependency condition:

For each path s
α1−→ α2−→ . . .

αn−→ β−→s
α1−→ α2−→ . . .

αn−→ β−→s
α1−→ α2−→ . . .

αn−→ β−→ inMMM s.t.
βββ is dependent on some action in ample(s)ample(s)ample(s),
there exists i ∈ {1, . . . , n}i ∈ {1, . . . , n}i ∈ {1, . . . , n} with αi ∈ ample(s)αi ∈ ample(s)αi ∈ ample(s)

Hence: if α ∈ ample(s)α ∈ ample(s)α ∈ ample(s) and β ∈ Act(s) \ ample(s)β ∈ Act(s) \ ample(s)β ∈ Act(s) \ ample(s)
then ααα and βββ are independent
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Partial order reduction for MDPs pmc-por-07

idea: use Peled’s conditions for the ample sets

(A0) ∅ �= ample(s) ⊆ Act(s)∅ �= ample(s) ⊆ Act(s)∅ �= ample(s) ⊆ Act(s)

(A1) stutter condition: if ample(s) �= Act(s)ample(s) �= Act(s)ample(s) �= Act(s) then all
actions α ∈ ample(s)α ∈ ample(s)α ∈ ample(s) are stutter actions

(A2) dependency condition: . . .. . .. . .

(A3) cycle condition:

for each cycle s0 s1 . . . sns0 s1 . . . sns0 s1 . . . sn inMrMrMr and each action
α ∈

⋂
1≤i≤n

Act(si)α ∈
⋂

1≤i≤n

Act(si)α ∈
⋂

1≤i≤n

Act(si) we have: α ∈
⋃

1≤i≤n

ample(si)α ∈
⋃

1≤i≤n

ample(si)α ∈
⋃

1≤i≤n

ample(si)
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Partial order reduction for MDPs pmc-por-07

idea: use Peled’s conditions for the ample sets

(A0) ∅ �= ample(s) ⊆ Act(s)∅ �= ample(s) ⊆ Act(s)∅ �= ample(s) ⊆ Act(s)

(A1) stutter condition: if ample(s) �= Act(s)ample(s) �= Act(s)ample(s) �= Act(s) then all
actions α ∈ ample(s)α ∈ ample(s)α ∈ ample(s) are stutter actions

(A2) dependency condition: . . .. . .. . .

(A3) cycle condition:

for each cycle s0 s1 . . . sns0 s1 . . . sns0 s1 . . . sn inMrMrMr and each action
α ∈

⋂
1≤i≤n

Act(si)α ∈
⋂

1≤i≤n

Act(si)α ∈
⋂

1≤i≤n

Act(si) we have: α ∈
⋃

1≤i≤n

ample(si)α ∈
⋃

1≤i≤n

ample(si)α ∈
⋃

1≤i≤n

ample(si)

By (A0)-(A3): for all paths πππ inMMM there is a
path πrπrπr inMrMrMr with π ≡st πrπ ≡st πrπ ≡st πr
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Partial order reduction for MDPs pmc-por-07

idea: use Peled’s conditions for the ample sets

(A0) ∅ �= ample(s) ⊆ Act(s)∅ �= ample(s) ⊆ Act(s)∅ �= ample(s) ⊆ Act(s)

(A1) stutter condition: if ample(s) �= Act(s)ample(s) �= Act(s)ample(s) �= Act(s) then all
actions α ∈ ample(s)α ∈ ample(s)α ∈ ample(s) are stutter actions

(A2) dependency condition: . . .. . .. . .

(A3) end component condition:

for each end component TTT inMrMrMr and each action
α ∈

⋂
t∈T

Act(t)α ∈
⋂

t∈T
Act(t)α ∈

⋂
t∈T

Act(t) we have: α ∈
⋃

t∈T
ample(t)α ∈

⋃
t∈T

ample(t)α ∈
⋃

t∈T
ample(t)

By (A0)-(A3): for almost all paths πππ inMMM there is a
path πrπrπr inMrMrMr with π ≡st πrπ ≡st πrπ ≡st πr
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Partial order reduction for MDPs pmc-por-08

Peled’s conditions (A0)-(A3) are not sufficient
to preserve maximal reachability probabilities
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Partial order reduction for MDPs pmc-por-08

sss
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1
2

ααα
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Partial order reduction for MDPs pmc-por-08

sss

1
2
1
2
1
2

ααα

1
2
1
2
1
2

βββ γγγ

βββ γγγ
γγγβββ

ααα

1
2
1
2
1
2

1
2
1
2
1
2

1
2
1
2
1
2 1

2
1
2
1
2

ααα

• ααα independent from βββ and γγγ
• ααα, βββ and γγγ are stutter actions
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Partial order reduction for MDPs pmc-por-08

sss

1
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ααα
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βββ γγγ
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sss

βββ γγγ

ααα

1
2
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1
2

1
2
1
2
1
2

1
2
1
2
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2 1

2
1
2
1
2

ααα

original MDPMMM reduced MDPMrMrMr
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Partial order reduction for MDPs pmc-por-08

sss

1
2
1
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1
2

ααα
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βββ γγγ

βββ γγγ
γγγβββ

ααα
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1
2

1
2
1
2
1
2 1

2
1
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ααα

δδδ δδδ

τττ

τττ τττ

sss

βββ γγγ

ααα

1
2
1
2
1
2

1
2
1
2
1
2

1
2
1
2
1
2 1

2
1
2
1
2

ααα

δδδ δδδτττ τττ

τττ

original MDPMMM reduced MDPMrMrMr
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Partial order reduction for MDPs pmc-por-08

sss

1
2
1
2
1
2

ααα

1
2
1
2
1
2

βββ γγγ

βββ γγγ
γγγβββ

ααα

1
2
1
2
1
2

1
2
1
2
1
2

1
2
1
2
1
2 1

2
1
2
1
2

ααα

δδδ δδδ

τττ

τττ τττ

sss

βββ γγγ

ααα

1
2
1
2
1
2

1
2
1
2
1
2

1
2
1
2
1
2 1

2
1
2
1
2

ααα

δδδ δδδτττ τττ

τττ

original MDPMMM reduced MDPMrMrMr

PrMmax(s,♦green) = 1PrMmax(s,♦green) = 1PrMmax(s,♦green) = 1
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Partial order reduction for MDPs pmc-por-08

sss
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βββ γγγ
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sss

βββ γγγ

ααα

1
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1
2
1
2
1
2

1
2
1
2
1
2 1

2
1
2
1
2

ααα

δδδ δδδτττ τττ

τττ

original MDPMMM reduced MDPMrMrMr

PrMmax(s,♦green) = 1PrMmax(s,♦green) = 1PrMmax(s,♦green) = 1 < 1
2 = PrMr

max(s,♦green)< 1
2 = PrMr

max(s,♦green)< 1
2 = PrMr

max(s,♦green)
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Partial order reduction for MDPs pmc-por-09

extend Peled’s conditions for the ample-sets

(A0) ∅ �= ample(s) ⊆ Act(s)∅ �= ample(s) ⊆ Act(s)∅ �= ample(s) ⊆ Act(s)
(A1) stutter condition
(A2) dependency condition
(A3) cycle or end component condition

by the following branching condition
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Partial order reduction for MDPs pmc-por-09

extend Peled’s conditions for the ample-sets

(A0) ∅ �= ample(s) ⊆ Act(s)∅ �= ample(s) ⊆ Act(s)∅ �= ample(s) ⊆ Act(s)
(A1) stutter condition
(A2) dependency condition
(A3) cycle or end component condition

by the following branching condition

(A4) if there is a path s
α1−→ α2−→ . . .

αn−→ β−→s
α1−→ α2−→ . . .

αn−→ β−→s
α1−→ α2−→ . . .

αn−→ β−→ inMMM s.t.

• α1, . . . , αn, β /∈ ample(s)α1, . . . , αn, β /∈ ample(s)α1, . . . , αn, β /∈ ample(s) and
• βββ is probabilistic

then |ample(s)| = 1|ample(s)| = 1|ample(s)| = 1
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Partial order reduction for MDPs pmc-por-09

extend Peled’s conditions for the ample-sets

(A0) ∅ �= ample(s) ⊆ Act(s)∅ �= ample(s) ⊆ Act(s)∅ �= ample(s) ⊆ Act(s)
(A1) stutter condition
(A2) dependency condition
(A3) cycle or end component condition

by the following branching condition

(A4) |ample(s)| = 1|ample(s)| = 1|ample(s)| = 1 or ample(s) = Act(s)ample(s) = Act(s)ample(s) = Act(s)
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Partial order reduction for MDPs pmc-por-09

extend Peled’s conditions for the ample-sets

(A0) ∅ �= ample(s) ⊆ Act(s)∅ �= ample(s) ⊆ Act(s)∅ �= ample(s) ⊆ Act(s)
(A1) stutter condition
(A2) dependency condition
(A3) cycle or end component condition

by the following branching condition

(A4) |ample(s)| = 1|ample(s)| = 1|ample(s)| = 1 or ample(s) = Act(s)ample(s) = Act(s)ample(s) = Act(s)

If (A0)-(A4) hold thenMMM andMrMrMr have the same
extremal probabilities for all LTL\©LTL\©LTL\© formulas.
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Partial order reduction for MDPs pmc-por-18

extend Peled’s conditions for the ample-sets

(A0) ∅ �= ample(s) ⊆ Act(s)∅ �= ample(s) ⊆ Act(s)∅ �= ample(s) ⊆ Act(s)
(A1) stutter condition
(A2) dependency condition
(A3) cycle or end component condition

by the following branching condition

(A4) |ample(s)| = 1|ample(s)| = 1|ample(s)| = 1 or ample(s) = Act(s)ample(s) = Act(s)ample(s) = Act(s)

If (A0)-(A4) hold thenMMM andMrMrMr satisfy the
same CTL\©CTL\©CTL\© formulas [Gerth et al, 1995]
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Partial order reduction for MDPs pmc-por-18

extend Peled’s conditions for the ample-sets

(A0) ∅ �= ample(s) ⊆ Act(s)∅ �= ample(s) ⊆ Act(s)∅ �= ample(s) ⊆ Act(s)
(A1) stutter condition
(A2) dependency condition
(A3) cycle or end component condition

by the following branching condition

(A4) |ample(s)| = 1|ample(s)| = 1|ample(s)| = 1 or ample(s) = Act(s)ample(s) = Act(s)ample(s) = Act(s)

If (A0)-(A4) hold thenMMM andMrMrMr satisfy the

same PCTL\©PCTL\©PCTL\© formulas ?
355/376



Partial order reduction for MDPs pmc-por-18

extend Peled’s conditions for the ample-sets

(A0) ∅ �= ample(s) ⊆ Act(s)∅ �= ample(s) ⊆ Act(s)∅ �= ample(s) ⊆ Act(s)
(A1) stutter condition
(A2) dependency condition
(A3) cycle or end component condition

by the following branching condition

(A4) |ample(s)| = 1|ample(s)| = 1|ample(s)| = 1 or ample(s) = Act(s)ample(s) = Act(s)ample(s) = Act(s)

If (A0)-(A4) hold thenMMM andMrMrMr satisfy the

same PCTL\©PCTL\©PCTL\© formulas ? no
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(A0)-(A4) not sufficient for PCTL pmc-por-19
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(A0)-(A4) not sufficient for PCTL pmc-por-19

MMM 1
2
1
2
1
2

βββ 1
2
1
2
1
2

ααα

ααα ααα
βββ

1
2
1
2
1
2

1
2
1
2
1
2

βββ

1
2
1
2
1
2

1
2
1
2
1
2

MrMrMr 1
2
1
2
1
2

βββ 1
2
1
2
1
2

ααα ααα
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(A0)-(A4) not sufficient for PCTL pmc-por-19

MMM 1
2
1
2
1
2

βββ 1
2
1
2
1
2

ααα

ααα ααα
βββ

1
2
1
2
1
2

1
2
1
2
1
2

βββ

1
2
1
2
1
2

1
2
1
2
1
2

MrMrMr 1
2
1
2
1
2

βββ 1
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ααα ααα

(A0)-(A4) hold
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(A0)-(A4) not sufficient for PCTL pmc-por-19

MMM 1
2
1
2
1
2

βββ 1
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ααα

ααα ααα
βββ
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MrMrMr 1
2
1
2
1
2

βββ 1
2
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2

ααα ααα

(A0)-(A4) hold, butM �|= ΦM �|= ΦM �|= Φ andMr |= ΦMr |= ΦMr |= Φ where

Φ = P=1

(
�

(
green → (P=1(♦blue) ∨ P=1(♦red))

))
Φ = P=1

(
�

(
green→ (P=1(♦blue) ∨ P=1(♦red))

))
Φ = P=1

(
�

(
green→ (P=1(♦blue) ∨ P=1(♦red))

))
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Partial order reduction for MDPs pmc-por-22

extend Peled’s conditions for the ample-sets

(A0) ∅ �= ample(s) ⊆ Act(s)∅ �= ample(s) ⊆ Act(s)∅ �= ample(s) ⊆ Act(s)
(A1) stutter condition
(A2) dependency condition
(A3) cycle or end component condition

by the following branching condition

(A4’) ample(s) = Act(s)ample(s) = Act(s)ample(s) = Act(s) or ample(s) = {α}ample(s) = {α}ample(s) = {α} for
some nonprobabilistic action ααα
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Partial order reduction for MDPs pmc-por-22

extend Peled’s conditions for the ample-sets

(A0) ∅ �= ample(s) ⊆ Act(s)∅ �= ample(s) ⊆ Act(s)∅ �= ample(s) ⊆ Act(s)
(A1) stutter condition
(A2) dependency condition
(A3) cycle or end component condition

by the following branching condition

(A4’) ample(s) = Act(s)ample(s) = Act(s)ample(s) = Act(s) or ample(s) = {α}ample(s) = {α}ample(s) = {α} for
some nonprobabilistic action ααα

If (A0)-(A3) and (A4’) hold thenMMM andMrMrMr are
bisimilar and satisfy the same PCTL*\©PCTL*\©PCTL*\© formulas
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Implementation of the ample set method pmc-por-33
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Implementation of the ample set method pmc-por-33

supposeMMM is an MDP for P1‖. . .‖PnP1‖. . .‖PnP1‖. . .‖Pn
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Implementation of the ample set method pmc-por-33

supposeMMM is an MDP for P1‖. . .‖PnP1‖. . .‖PnP1‖. . .‖Pn

DFS-based on-the-fly generation ofMrMrMr

• tries to define ample(s) = Acti(s)ample(s) = Acti(s)ample(s) = Acti(s) for some iii

Acti(s)Acti(s)Acti(s) === action set of process PiPiPi enabled in state sss
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Implementation of the ample set method pmc-por-33

supposeMMM is an MDP for P1‖. . .‖PnP1‖. . .‖PnP1‖. . .‖Pn

DFS-based on-the-fly generation ofMrMrMr

• tries to define ample(s) = Acti(s)ample(s) = Acti(s)ample(s) = Acti(s) for some iii

(A0) ∅ �= ample(s) ⊆ Act(s)∅ �= ample(s) ⊆ Act(s)∅ �= ample(s) ⊆ Act(s)

(A1) stutter condition

(A2) dependency condition

(A3) cycle/end component condition

(A4) branching condition
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Implementation of the ample set method pmc-por-33

supposeMMM is an MDP for P1‖. . .‖PnP1‖. . .‖PnP1‖. . .‖Pn

DFS-based on-the-fly generation ofMrMrMr

• tries to define ample(s) = Acti(s)ample(s) = Acti(s)ample(s) = Acti(s) for some iii

(A0) ∅ �= ample(s) ⊆ Act(s)∅ �= ample(s) ⊆ Act(s)∅ �= ample(s) ⊆ Act(s) ←−←−←− local

(A1) stutter condition ←−←−←− local

(A2) dependency condition

(A3) cycle/end component condition

(A4) branching condition ←−←−←− local
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Implementation of the ample set method pmc-por-33

supposeMMM is an MDP for P1‖. . .‖PnP1‖. . .‖PnP1‖. . .‖Pn

DFS-based on-the-fly generation ofMrMrMr

• tries to define ample(s) = Acti(s)ample(s) = Acti(s)ample(s) = Acti(s) for some iii

(A0) ∅ �= ample(s) ⊆ Act(s)∅ �= ample(s) ⊆ Act(s)∅ �= ample(s) ⊆ Act(s) ←−←−←− local

(A1) stutter condition ←−←−←− local

(A2) dependency condition ←−←−←− global inMMM
(A3) cycle/end component condition←−←−←− global inMrMrMr

(A4) branching condition ←−←−←− local
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Implementation of the ample set method pmc-por-33

supposeMMM is an MDP for P1‖. . .‖PnP1‖. . .‖PnP1‖. . .‖Pn

DFS-based on-the-fly generation ofMrMrMr

• tries to define ample(s) = Acti(s)ample(s) = Acti(s)ample(s) = Acti(s) for some iii
• checks local conditions (A0), (A1) and (A4)
• realizes stronger conditions than (A2) and (A3)

(A0) ∅ �= ample(s) ⊆ Act(s)∅ �= ample(s) ⊆ Act(s)∅ �= ample(s) ⊆ Act(s) ←−←−←− local

(A1) stutter condition ←−←−←− local

(A2) dependency condition ←−←−←− global inMMM
(A3) cycle/end component condition←−←−←− global inMrMrMr

(A4) branching condition ←−←−←− local
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Implementation of the ample set method pmc-por-34

supposeMMM is an MDP for P1‖. . .‖PnP1‖. . .‖PnP1‖. . .‖Pn

DFS-based on-the-fly generation ofMrMrMr

• tries to define ample(s) = Acti(s)ample(s) = Acti(s)ample(s) = Acti(s) for some iii
• checks local conditions (A0), (A1) and (A4)
• realizes stronger conditions than (A2) and (A3)

(A2) dependency condition

(A3) cycle condition
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Implementation of the ample set method pmc-por-34

supposeMMM is an MDP for P1‖. . .‖PnP1‖. . .‖PnP1‖. . .‖Pn

DFS-based on-the-fly generation ofMrMrMr

• tries to define ample(s) = Acti(s)ample(s) = Acti(s)ample(s) = Acti(s) for some iii
• checks local conditions (A0), (A1) and (A4)
• realizes stronger conditions than (A2) and (A3)

(A2) dependency condition

(A3) cycle condition

if DFS detects a backward edge t → st → st → s
then ample(s) = Act(s)ample(s) = Act(s)ample(s) = Act(s)
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Implementation of the ample set method pmc-por-34

supposeMMM is an MDP for P1‖. . .‖PnP1‖. . .‖PnP1‖. . .‖Pn

DFS-based on-the-fly generation ofMrMrMr

• tries to define ample(s) = Acti(s)ample(s) = Acti(s)ample(s) = Acti(s) for some iii
• checks local conditions (A0), (A1) and (A4)
• realizes stronger conditions than (A2) and (A3)

(A2) dependency condition

replace with (A2) with a global dependency condition
on the control flow graphs for P1, . . .,PnP1, . . .,PnP1, . . .,Pn

(A3) cycle condition

if DFS detects a backward edge t → st → st → s
then ample(s) = Act(s)ample(s) = Act(s)ample(s) = Act(s)
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Conclusion pmc-conc
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Conclusion pmc-conc

• model checking for systems with discrete probabilities

∗∗∗ techniques for verifying non-probabilistic systems
(graph algorithms, automata, . . .. . .. . .)

∗∗∗ numerical methods for solving
linear equation systems (Markov chains)
linear programs (MDP)
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Conclusion pmc-conc

• model checking for systems with discrete probabilities

∗∗∗ techniques for verifying non-probabilistic systems
(graph algorithms, automata, . . .. . .. . .)

∗∗∗ numerical methods for solving
linear equation systems (Markov chains)
linear programs (MDP)

• to combat the state explosion problem

∗∗∗ symbolic MTBDD-based PRISM [Kwiatk. et al]

∗∗∗ partial order reduction LiQuor [Baier et al]

∗∗∗ abstraction, bisimulation MRMC [Katoen et al]

refinement RAPTURE [d’Argenio et al]

PASS [Hermanns et al]...
...
...
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Conclusion pmc-conc

• model checking for systems with discrete probabilities

∗∗∗ techniques for verifying non-probabilistic systems
(graph algorithms, automata, . . .. . .. . .)

∗∗∗ numerical methods for solving
linear equation systems (Markov chains)
linear programs (MDP)

• very active research field

∗∗∗ further techniques for state explosion problem
∗∗∗ probabilistic real-time/hybrid systems
∗∗∗ continuous-time and -space
∗∗∗ stochastic games
∗∗∗ special techniques for special application areas

...

...

...
376 / 376


