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Background

The modelling of chemical reactions using deterministic rate
laws has proven extremely successful in both chemistry and
biochemistry for many years.

This deterministic approach has at its core the law of mass
action, an empirical law giving a simple relation between
reaction rates and molecular component concentrations.

Given knowledge of initial molecular concentrations, the law
of mass action provides a complete picture of the component
concentrations at all future time points.
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Background: Law of Mass Action

The law of mass action considers chemical reactions to be
macroscopic under convective or diffusive stirring, continuous
and deterministic.

These are evidently simplifications, as it is well understood
that chemical reactions involve discrete, random collisions
between individual molecules.

As we consider smaller and smaller systems, the validity of a
continuous approach becomes ever more tenuous.

As such, the adequacy of the law of mass action has been
questioned for describing intracellular reactions.
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Background: Application of Stochastic Models

Arguments for the application of stochastic models for chemical
reactions come from at least three directions, since the models:

1 take into consideration the discrete character of the quantity
of components and the inherently random character of the
phenomena;

2 are in accordance with the theories of thermodynamics and
stochastic processes; and

3 are appropriate to describe “small systems” and instability
phenomena.
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Deterministic: The law of mass action

The fundamental empirical law governing reaction rates in
biochemistry is the law of mass action.

This states that for a reaction in a homogeneous, free medium, the
reaction rate will be proportional to the concentrations of the
individual reactants involved.
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Deterministic: Michaelis-Menten kinetics

Consider the simple Michaelis-Menten reaction

E + S
k1



k−1

ES
k2

→ E + P

For example, we have

dES

dt
= k1 × E × S − (k−1 + k2)× ES

Hence, we can express any chemical system as a collection of
coupled non-linear first order differential equations.
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k−1

ES
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E + S
k1



k−1

ES
k2

→ E + P

What is the differential equation for E?

dE

dt
= − k1 × E × S + (k−1 + k2)× ES
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Deterministic: Michaelis-Menten kinetics

E + S
k1



k−1

ES
k2

→ E + P

What is the differential equation for P?

dP

dt
= k2 × ES
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Stochastic: Random processes

Whereas the deterministic approach outlined above is
essentially an empirical law, derived from in vitro experiments,
the stochastic approach is far more physically rigorous.

Fundamental to the principle of stochastic modelling is the
idea that molecular reactions are essentially random processes;
it is impossible to say with complete certainty the time at
which the next reaction within a volume will occur.
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Stochastic: Predictability of macroscopic states

In macroscopic systems, with a large number of interacting
molecules, the randomness of this behaviour averages out so
that the overall macroscopic state of the system becomes
highly predictable.

It is this property of large scale random systems that enables a
deterministic approach to be adopted; however, the validity of
this assumption becomes strained in in vivo conditions as we
examine small-scale cellular reaction environments with
limited reactant populations.
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Discrete state-space of Michaelis-Menten example

E + S
k1



k−1

ES
k2

→ E + P

In the discrete stochastic domain we can consider the
state-space generated from initial numbers of molecules.
E.g. (E , S , ES , P) = (5, 5, 0, 0).

We consider the effect of each of the three reactions on the
four molecule counts E , S , ES , P.
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Discrete state-space of Michaelis-Menten example

(5, 5, 0, 0)

(4, 4, 1, 0) (5, 4, 0, 1)

(2, 2, 3, 0) (3, 2, 2, 1) (4, 2, 1, 2) (5, 2, 0, 3)

(3, 3, 2, 0) (4, 3, 1, 1) (5, 3, 0, 2)

(1, 1, 4, 0) (2, 1, 3, 1) (3, 1, 2, 2) (4, 1, 1, 3) (5, 1, 0, 4)

(0, 0, 5, 0) (1, 0, 4, 1) (2, 0, 3, 2) (3, 0, 2, 3) (4, 0, 1, 4) (5, 0, 0, 5)
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Probability distribution across the state-space

E + S
k1



k−1

ES
k2

→ E + P

If we know the initial molecule counts and the values of the
rate constants k1 = 1.0, k−1 = 20.0 and k2 = 0.05 we can
compute the probability of being in each state of the
state-space at all future time points.

At time t = 0 we have Pr(5, 5, 0, 0) = 1.
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Transient probability distribution at t = 1
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Transient probability distribution at t = 2
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Transient probability distribution at t = 3
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Transient probability distribution at t = 4

0.297438

0.371143 0.063977

0.022186 0.019040 0.004246 0.000263

0.148187 0.063726 0.005696

0.001107 0.001896 0.000844 0.000130 0.000006

0.000011 0.000047 0.000042 0.000013 0.000002 0.000000

r1r
−1

r1r
−1 r1r

−1

r1r
−1

r1r
−1 r1r

−1 r1r
−1

r1r
−1r1r

−1

r1r
−1

r1r
−1 r1r

−1 r1r
−1 r1r

−1 r1r
−1

r2

r2 r2

r2 r2 r2

r2 r2 r2 r2

r2 r2 r2 r2 r2

Stephen Gilmore. LFCS, University of Edinburgh. Quantitative Methods Part I: Background



Background
The deterministic and stochastic approaches

Michaelis-Menten kinetics

Discrete state-space
Transient probability distribution
Probability distribution functions
Time series plots

Transient probability distribution at t = 5
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Transient probability distribution at t = 6
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Transient probability distribution at t = 7
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Transient probability distribution at t = 8

0.249478

0.311300 0.109401

0.018609 0.032630 0.014876 0.001882

0.124293 0.109090 0.019912

0.000929 0.003253 0.002963 0.000936 0.000093

0.000009 0.000081 0.000148 0.000093 0.000023 0.000002

r1r
−1

r1r
−1 r1r

−1

r1r
−1

r1r
−1 r1r

−1 r1r
−1

r1r
−1r1r

−1

r1r
−1

r1r
−1 r1r

−1 r1r
−1 r1r

−1 r1r
−1

r2

r2 r2

r2 r2 r2

r2 r2 r2 r2

r2 r2 r2 r2 r2

Stephen Gilmore. LFCS, University of Edinburgh. Quantitative Methods Part I: Background



Background
The deterministic and stochastic approaches

Michaelis-Menten kinetics

Discrete state-space
Transient probability distribution
Probability distribution functions
Time series plots

Transient probability distribution at t = 9
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Transient probability distribution at t = 10

0.228482

0.285100 0.126313

0.017042 0.037691 0.021678 0.003462

0.113832 0.125981 0.029005

0.000850 0.003758 0.004320 0.001723 0.000215

0.000008 0.000094 0.000215 0.000172 0.000053 0.000006

r1r
−1

r1r
−1 r1r

−1

r1r
−1

r1r
−1 r1r

−1 r1r
−1

r1r
−1r1r

−1

r1r
−1

r1r
−1 r1r

−1 r1r
−1 r1r

−1 r1r
−1

r2

r2 r2

r2 r2 r2

r2 r2 r2 r2

r2 r2 r2 r2 r2

Stephen Gilmore. LFCS, University of Edinburgh. Quantitative Methods Part I: Background



Background
The deterministic and stochastic approaches

Michaelis-Menten kinetics

Discrete state-space
Transient probability distribution
Probability distribution functions
Time series plots

Transient probability distribution at t = 20
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Transient probability distribution at t = 30
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The deterministic and stochastic approaches

Michaelis-Menten kinetics

Discrete state-space
Transient probability distribution
Probability distribution functions
Time series plots

Transient probability distribution at t = 290

0.000001

0.000001 0.000059

0.000000 0.000018 0.001149 0.022476

0.000001 0.000059 0.001535

0.000000 0.000002 0.000229 0.011216 0.188090

0.000000 0.000000 0.000011 0.001119 0.046927 0.727105

r1r
−1

r1r
−1 r1r

−1

r1r
−1

r1r
−1 r1r

−1 r1r
−1

r1r
−1r1r

−1

r1r
−1

r1r
−1 r1r

−1 r1r
−1 r1r

−1 r1r
−1

r2

r2 r2

r2 r2 r2

r2 r2 r2 r2

r2 r2 r2 r2 r2

Stephen Gilmore. LFCS, University of Edinburgh. Quantitative Methods Part I: Background



Background
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Transient probability distribution
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Transient probability distribution at t = 300
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Discrete state-space
Transient probability distribution
Probability distribution functions
Time series plots

Transient probability distribution at t = 310
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Michaelis-Menten kinetics
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Transient probability distribution at t = 320
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Transient probability distribution at t = 330
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Discrete state-space
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Transient probability distribution at t = 340
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The deterministic and stochastic approaches

Michaelis-Menten kinetics

Discrete state-space
Transient probability distribution
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Time series plots

Transient probability distribution at t = 350
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Background
The deterministic and stochastic approaches

Michaelis-Menten kinetics

Discrete state-space
Transient probability distribution
Probability distribution functions
Time series plots

Probability distribution functions

It is rarely the case that we wish to see the probability
distribution across all of the reachable states of the model.
Rather we wish to see more meaningful results which can be
computed from the probability distribution.

We might find it easier to visualise the probability distribution
associated with each species E , S , ES and P.
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The deterministic and stochastic approaches

Michaelis-Menten kinetics

Discrete state-space
Transient probability distribution
Probability distribution functions
Time series plots

Michaelis-Menten PDFs (t = 10)
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The deterministic and stochastic approaches

Michaelis-Menten kinetics

Discrete state-space
Transient probability distribution
Probability distribution functions
Time series plots

Michaelis-Menten PDFs (t = 20)
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The deterministic and stochastic approaches

Michaelis-Menten kinetics

Discrete state-space
Transient probability distribution
Probability distribution functions
Time series plots

Michaelis-Menten PDFs (t = 30)
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The deterministic and stochastic approaches

Michaelis-Menten kinetics

Discrete state-space
Transient probability distribution
Probability distribution functions
Time series plots

Michaelis-Menten PDFs (t = 40)
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Background
The deterministic and stochastic approaches

Michaelis-Menten kinetics

Discrete state-space
Transient probability distribution
Probability distribution functions
Time series plots

Michaelis-Menten PDFs (t = 50)
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The deterministic and stochastic approaches

Michaelis-Menten kinetics

Discrete state-space
Transient probability distribution
Probability distribution functions
Time series plots

Michaelis-Menten PDFs (t = 60)
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The deterministic and stochastic approaches

Michaelis-Menten kinetics

Discrete state-space
Transient probability distribution
Probability distribution functions
Time series plots

Michaelis-Menten PDFs (t = 70)
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The deterministic and stochastic approaches

Michaelis-Menten kinetics

Discrete state-space
Transient probability distribution
Probability distribution functions
Time series plots

Michaelis-Menten PDFs (t = 80)
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The deterministic and stochastic approaches

Michaelis-Menten kinetics

Discrete state-space
Transient probability distribution
Probability distribution functions
Time series plots

Michaelis-Menten PDFs (t = 90)
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The deterministic and stochastic approaches

Michaelis-Menten kinetics

Discrete state-space
Transient probability distribution
Probability distribution functions
Time series plots

Michaelis-Menten PDFs (t = 100)
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The deterministic and stochastic approaches

Michaelis-Menten kinetics

Discrete state-space
Transient probability distribution
Probability distribution functions
Time series plots

Michaelis-Menten PDFs (t = 110)
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The deterministic and stochastic approaches

Michaelis-Menten kinetics

Discrete state-space
Transient probability distribution
Probability distribution functions
Time series plots

Michaelis-Menten PDFs (t = 120)
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The deterministic and stochastic approaches

Michaelis-Menten kinetics

Discrete state-space
Transient probability distribution
Probability distribution functions
Time series plots

Michaelis-Menten PDFs (t = 130)
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The deterministic and stochastic approaches

Michaelis-Menten kinetics

Discrete state-space
Transient probability distribution
Probability distribution functions
Time series plots

Michaelis-Menten PDFs (t = 140)
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The deterministic and stochastic approaches

Michaelis-Menten kinetics

Discrete state-space
Transient probability distribution
Probability distribution functions
Time series plots

Michaelis-Menten PDFs (t = 150)
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The deterministic and stochastic approaches

Michaelis-Menten kinetics

Discrete state-space
Transient probability distribution
Probability distribution functions
Time series plots

Michaelis-Menten PDFs (t = 160)
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The deterministic and stochastic approaches
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Time series

An alternative way to view the system dynamics is to plot the
expected values of the species as a function of time.

This view has the advantage that it is easily obtained by
solving the initial value problem for the ODEs and that it is
easier to compare against time course data obtained from wet
lab experiments.
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Michaelis-Menten Time series (t = 10)
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Michaelis-Menten Time series (t = 40)

0 5 10 15 20 25 30 35 40
−1

0

1

2

3

4

5

6

 

 

E[E ]± Std[E ]
E[S ]± Std[S ]
E[ES ]± Std[ES ]
E[P]± Std[P]

Stephen Gilmore. LFCS, University of Edinburgh. Quantitative Methods Part I: Background



Background
The deterministic and stochastic approaches

Michaelis-Menten kinetics

Discrete state-space
Transient probability distribution
Probability distribution functions
Time series plots

Michaelis-Menten Time series (t = 50)
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Michaelis-Menten Time series (t = 60)
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Michaelis-Menten Time series (t = 70)
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Michaelis-Menten Time series (t = 80)
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