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/ PROCESS ALGEBRA '

Has ordering of actions.

But we want quantative analysis.




~

Discrete vs. dense.
Linear vs. branching.
Least element.

Here,

e natural numbers,

o

e non-negative reals.

‘ TIME DOMAIN .




/ \ TIMING SYNTAX' \

Time-stamped vs. two-phase.
Axioms in two-phase.

But operational semantics and predicates for dense time work better time-

stamped.




/ TIMING SEMANTICS .

Absolute vs. relative (— parametric).
Time-determinism: o.a 4 0.0.0.b.

e No delay of 2 possible: strong time-determinism,
e Choice by delay of 1: time-nondeterminism,

e Choice by delay of 2, not by delay of 1: weak time-determinism.
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TIMING SEMANTICS (CONT.)

Duration of actions.

Urgent actions vs. multi-actions.
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THE BOOK .

PAwT, with Kees Middelburg, Springer 2002.

Add skip / explicit termination:

e Action prefix

e Focus on relative, dense
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MPAth '

undelayable deadlock

undelayable termination
current time slice action prefix
next time slice prefix (‘tick’)

alternative composition (choice)




AXIOMS .
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OPERATIONAL RULES '

€ gxﬂx omriwe

) y | r -5 y —y
4 7
r+yl 4yl z4+y>d z+y->y
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/ ‘ BISIMULATION '

A bisimulation R is a symmetric, binary relation on processes:
Vp,q : pRq =

ep| = gq|
e p=p = 3¢:q>q &p'Rg

/

ep—p = 3¢:q—q &pRgq

p<q << d bisimulation R
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/ \ THEOREMS ' \

Bisimilarity is a congruence relation for the operators.

MPA 4: is a sound and complete axiomatization of the model of bisimulation

equivalence classes of closed terms.
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o

o

n—+1

Generalize o to o”.

X =T

T =00".x

‘ (GENERALIZED TIME STEP '
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‘GENERALIZED TIME STEP AS BASIC OPERATOR'

T+yYy=y+z

(z+y)+z=2+ (y+2)

r+xr==x
r+o0=1x
olx ==z
n m n+m

~
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/ OPERATIONAL RULES '

. 1

Either %, |, +— as before,
a n

or —, la .

Both do not generalize to dense time easily.

Axiomatically, generalization is straightforward.
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MPTsrt '

5 undelayable deadlock

¢ undelayable termination

a. urgent action prefix

o'. relative time delay prefix

+ alternative composition (choice)
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r+x=x
r+d06==x
ao.x:x
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/ OPERATIONAL RULES '

‘
Can use —, |, .

But will have problems further on. Therefore go to time-stamped:

o v %, z’: after delay of ¢, x can execute a and thereby evolve to z’
e I |:: x can terminate after delay of ¢

e A;(x): x can delay for time ¢
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()PERATHJNAL:RULES'

12 D — 3
€ lo a.r —o & Ao (x)
T |t y Lt T ¢ o’ Yy ¢y
4 5 6 i 7 T
r+ylt xz+yls x+y—ra x+y—ty
CAE AW
9
At(z+y) Ai(z+vy)
T |+ x 2y x! t<s A¢(x)
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/ \ THEOREMS '

Congruence, soundness, completeness.

Uses elimination to basic terms:

o Vt>0 o'écB

e Vt>0 ot5eRB

o VacAt>0,zc€B otaxeDB
o Vx,ye B x+yebB
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SEQUENTIAL COMPOSITION '

(z+y)-z=x-z2+y- -2

-y) z=x(y-2)

/N

Q

-y =a.(z-y)

Qu

oclx-y=o0c"(z vy)

d-x =290
c-rT =21
rT-€e=2x
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OPERATIONAL RULES '

xlt, yls T -5 T lt, Yy —sy
1 2 a ; 3 a ;
Ty lt+s -y —tx -y Ty —tts Y
At(x) z |, As(y)
4— 5
Ai(z - y) Aprs(x-y)
acAt,s>0
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/ THE PROBLEM WITH TWO-PHASE SEMANTICS.

Sequential composition in two phase, discrete time:

1

o, (YVyks) ws zl,yrey aeed, ]y
1 2
1

3
z-y—ax -y z -y oy y+y

a € A

A delay t of x - y may be written in several ways as r + s, and

T Ty, Tr |, Y ys leadstox-y@ys—l—....

o

~
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Congruence,

soundness,

completeness,

elimination to basic terms,

conservative extension.

\ THEOREMS ' \
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/ PARALLEL COMPOSITION . \

z || y has interleaving and synchronisation.

Interleaving: x or y can execute an action now, urgent and independent.

Left merge.
Synchronisation (communication merge):

e r and y can execute a communication action synchronously, by each

executing their half (send and receive give communication);
e = and y can terminate now, synchronously;

e = and y can delay together.

N /




zlly=zlyt+tylz+zly zly=vylz
S|lz=19
Sllz=5 cle=¢
clz=35 ax|e=24
az || y=a(z|y) a.x|by==c(z]y)if y(a,b) =c
clz||y=2o a.x|by=2o otherwise
z4+y)llz=xz+y] = a.x|oty=2o
ol.x|e=oc%x
otx|o%y=oc" (x| vy

9¢
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OPERATIONAL RULES ' \

z |, yls -5 2, Ae(y) -5 2, yls, s<t

1

2 a / 3 a /
&L H Yy lma,a:(t,s) x H Yy—"t T || (t > y) x || Y —¢ &

b
x-S a, y >y, y(a,b) =c Ac(y), y >t v yls, s<t,y-S¢y

4

5 6
zlly Sea ||y zlly =S¢ (E>a) ]y zlly Sy

7At(x)7 At(y) At(m)v yls,SSt xlsv Sgtv At(y)

Ad(z | ) T A=) T Az )

a,b,ce A,t,s > 0




_ADDKHONAL}QGOMS.

O (8) =6 O>z=uzx

O (5) =& t>5=29

Oy (a.x) = a.0g(x) ifa g H u>e=20

O (a.z) = ifa€ H w>ax=2~

O (ot.x) = ot.0y (x) t> ol r=0%2
Og(x +vy) =0 (x) + g (y) (t+s)>c°x=t>x

t>@+y)=t>zc+t>y

acAHCA t,s>0,u>0

8C
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/ ADDITIONAL RULES '

Straightforward.

Congruence, soundness, completeness, elimination, conservativity.
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/ ‘AXIOMS OF STANDARD CONCURRENCY'

T|e==x

@y llz=x](yl=2)
(@ly)lz=2z](y]=2)

@ly)lz==z(yl2)
(@ly)Lz=2](l2)

Expansion theorem.

o

~
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/ HANDSHAKING COMMUNICATION '

Only binary communication.
Processes send, receive and communicate data at ports.

Internal and external ports.

si(d): the action of sending datum d at port ;

r;(d): the action of receiving datum d at port i;

V(si(d), mi(d)) = y(ri(d), si(d)) = ci(d)

o

ci(d): the action of communicating datum d at port 1.

~
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/ ‘ DELAYABLE ACTIONS .

Embedding of time-free theory.

Arbitrary delay prefix.
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/ \ COMMUNICATING BUFFERS '

1 @ 2 @ 3
Time-free process algebra:

BY = "ri(d).s;(d).BY

deD

Using time-free calculations:

71 00u(B? || B¥) = B3®

o
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/ NO DELAY BUFFERS '

At most one input per time slice, output with no delay.

CV = Zm(d).sj_u).a.cij

deD

or equivalently

CY = S:ri(d).sj(d).a.Cij + 0.CY

deD

Time-free projection

o
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/ \ CALCULATION '

0 (C*? || C*) = > ri(d). O (s2(d).0.C* || C) =

deD

— 11(d).ca(d)-08 (-0 | 33(d).0-.C%) =

= r1(d).c2(d).s3(d).0n (0.C*? || 0.C%%) =

=T (d).CQ(d).S3(d).O_.6H(Ol2 || 023).

Abstraction from internal communications:

710 0 (C*2 || C23) = ry(d).s3(d).or 0 B (C'2 || C23) = 13

o
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/ ‘UNIT DELAY BUFFERS.

At most one input per time slice, output with unit delay.

DY = Zm(d).a.sj_u).pij

deD

Time-free projection

mef(DV) = BY
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/ \ CALCULATION '

X — 8H(D12 H DQS) _ Zrl( )O'aH(SQ—() D2 H D23)

= r1(d).0.ca(d).0u (D' || 0.55(d).D?) = r1(d).0.c2(d). X
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~

CALCULATION (CONT.)

After abstraction:

mr(X) =) r(d).or(Xa)

m1(Xa) = Y ri(e).0.s3(d).71(Xe)+
+0.(Y ri(e).s3(d).o.71(Xe) + s3(d).Tr(X).

ecD

A two-place buffer with delay of two time units.
In accordance with time-free theory.

See picture.

o
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/ ‘ INPUT-ENABLED BUFFER .

EY =Y ri(d).o. (sj(d).g H E3>

deD

Again, delay of 1 between input and output.
But input always possible, at most one per time slice.

Possible to have three elements inside in 9y (E'? || E*?).
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PAR PROTOCOL '

S =5
Sp = Zﬁ(d) o
deD

: ( Z o".r5(ack).S1_p + ot .SFd,b>
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~

R = Ry

deD

Ry =Y r4(d,b).0" .55(d).0" .56 (ack)

K => rs(f). (at3.34(f).K+ Zak.er'ror.K>

L = re(ack). (at4.35(ack).l) + Z ak.ermr.l)>
k<ty

\ SPECIFICATION '

/ Ri_p + Zm(d, 1— b).O'té.SG(CLC]C).Rb

deD

k<ts

QH(SIIKIILII R)
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/ EXPANSION .

dbt—S‘O' T5 Sl b—I—O' S3(d b) Sél/,b

k<t

Or (Se || K || L|| Ro) = Y 71(d)-0m (S || K || L || Ro)

deD

Ou(Sup || K| L] Ry) =0 .cs(d,b).0u(Sqy || Ko || L || Re)

O (S || Kl I| L | Re) = 0%.ca(d,0).011 (4 s o | K | L | Riyy)+
+3° o*error0u (S0 i | K | L || Ry)

k<ts

O (Sap, || K || L || Rap) = 0" .52(d)-On (Sip,e—s, || K || L[| RY )

/

O (S p,e | K| LI RY_y) = 0"2.co(ack).Om (Sgp ¢y | K || L' || Rizs)
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~

O (Spe | K || L' || Rip) = 0" .cs5(ack).0u(Si—p || K || L || Ri—p)+
+Y o*.error.0u (St ek | K || L || Ris)

k<ty

O (Saps | K || L || Re) = 0".c3(d, b).0u (Sqy || Kap || L || Ry)

EXPANSION (CONT.)

Or (St | K || L || Rizp) = 0".c3(d, b).0u (Sqp || Kap || L || R1-b)

0w (S | Koo || L 1| Facs) = 0%.cald,b). 001 (S, || K I L | RE )+
+ZU .error.0n (S, dbt’ R I K| L Ris)
k<t3

Conclusion: system without deadlocks if t] > to + t5 + t3 + t4.

o
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/ ‘ ABSTRACTION ' \

Abstract from all actions except inputs (r1) and outputs (s2).

Functional correctness: first abstract from timing, then use time-free theory,

yields a one-place buffer. Still, timing was necessary to reach this result!

Can also do abstraction in the timed theory, using branching laws. Obtain

the following recursive specification for 77 0 Oy (S, || K || L || Rp):
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/ ‘ADDITIONAL T LAW' \
X =) ri(d).c".Yy

deD
Yd:O't37'O't282 tQZ—I—g 07'0 de,
k<ts
7 — o', T.X + E oF ’7'0' —(ta+t3+t3+k) U
k<ty
U—0t370t2 V" + g oF ’7'0' kU
k<t3
V—at47'X—|— g oF 7'0 —(ty+t3+k) U
k<ty

Timing of each silent action is preserved, so timing of all choices is preserved.

Leads to formulate extra 7-law: T.0.X = 0.T.%.

Qormulation of semantical equivalence difficult. /
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/ ‘FINAL RESULT, USING THE EXTRA LAWI \

Functional and timing behaviour of the PAR protocol is captured in the

following.

A=) ri(d).crtt By

deD
By = Sz(d).O'té.C + Utll.Bd

C =o' .(A+ o127t D)

D =oc".(A+ atll_t‘l'.D)

N /




