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Quantitative Models

Boolean world

Quantitative Logics

Pr< 1(Qerror)

Quantitative Verification

“Quantification”

Trace equivalence =
Bisimilarity ~

s~ timpliess=t
sEporsity
s~tiffVo:sEpstEe

Linear distance d;

Branching distance dpg

dL(S: t) < dB(Sa t)

[l (s) is a quantity

dg(s. t) = sup, d([¢](s). [¢](t))
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M= (5.2.7.0)

S: finite set of states
2 set of labels
m:S5x5—]0,1]
(:5—= 2.
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Markov Chains & :
Probabilistic Bisimulation

Probabilistic Bisimulation

Equivalence relation R € S x S such that

Ry ((s) = ((t)
> VR —equiv. classC. ) - 7(s,u) =3 o 7(t, V)

o

s ~ t iff s Rt for some probabilistic bisimulation R.

51

~ is polynomial-time decidable.
~ IS a congruence.

Christel Baier: Polynomial Time Algorithms for Testing Probabilistic Bisimulation and Simulation. CAV 1996



Markov Chains &

Probabilistic Bisimulation \((

Probabilistic Modal Logic

F:::p|—|F|F1ﬁFg|<>EMF

where p € AP and p € [0, 1].
s O Fiff Y m(s,t) > p
t=F

AP Characterization

s~tiff (VF.sEF < tE=F)
\_ J

51.5 ): 020.5-

K. G. Larsen and A. Skou. Bisimulation through probabilistic testing. Information and Computation, 1991



Markov Chains &
Probabilistic Bisimulation

Probabilistic Bisimulation [LS]
Equivalence relation R € S x S such that

((s) = ((t)
T = { VR — equiv. classC.
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Pseudometrics d: S x S — R are the quantitative analogue of
an equivalence relation

equivalence pseudometric
S=s s d(s,s) =0
s=t = t=s ~s d(s,t) = d(t,s)

AUZt — s=Zt ~ d(s,u)+d(ut)>d(s,t)

Bisimilarity Pseudometric: d(s,r 1‘) =0 << s~ t

A. Giacalone, C.-C. Jou, and S. A. Smolka. Algebraic Reasoning for IFIP 1990 In IFIP WG 2.2/2.3, pages 443{458, 1990
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Kantorovich Lifting of d:

VueS )y  cw(u.v)=m(s u)

K(d)(s.t) = min{ 3 d(u,v)-w(u,v) eSSl v) = n(t.v)

uveSdS

matching w € m(s, ) ® w(t,-)

dic(s,s’) is the least fixed point to the following operator on
pseudometrics:

K(d)(s,s") = max {|ls — 15|, K(d)(s.s")}

F. van Breugel and J. Worrell. Towards quantitative verication of probabilistic transition systems. ICALP2001.



dKl(Tpv Tq) —
p-di(Tp. Tq)+(g—p)-1

Thus dic(Tp. Tg) = =L p — 0 when g — p.
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Bisimulation Pseudometric: dx(s,s') =0 < s~

Complexity: dx can be computed in polynomial time.

Upper Bound:

sup [Po(6) — Po(6)] < dic(s. )
seL TL

Tools: Efficient on-the-fly algorithm for computing dx exactly has
been developed.

Compositionality: Process constructs are non-expanding,
contracting or continuous with respect to di.

Characterization: dr = di

Josee Desharnais, Vineet Gupta, Radha Jagadeesan, Prakash Panangaden: Metrics for Labeled Markov Systems. CONCUR 1999:
D. Chen, F. van Breugel, and J. Worrell. On the Complexity of Computing Probabilistic Bisimilarity. FOSSACS2012
G. Bacci, G. Bacci, K. G. Larsen, and R. Mardare. On-the-Fly Exact Computation of Bisimilarity Distances. TACAS2013

G. Bacci, G. Bacci, K. G. Larsen, and R. Mardare. Topologies of stochastic markov models: Computational aspects.

R. D'Argenio, Gebler, David Lee: Axiomatizing Bisimulation Equivalences and Metrics from Probabilistic SOS Rules. FoSSaCS 2014



Stochastic Timed Automata

(>=d END

X<=8

x>=2 7 x=0

x<=4 N X=U

X<=4 X<=4

Uniform [4,8]

END

S e

{1/6,5/6}

END

%% Pr{<=8](<> REND)

Probability Density Distribution
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run duration in time
Parameters: 0=0.0005, £=0.005, bucket width=0.137664, bucket count=29
Runs: 826 in total, 826 (100%) displayed, 0 (0%) remaining

Span of displayed sample: [4.00752, 7.99977]

Mean of displayed sample: 5.91432 + 0.139887 (99.95% CI)
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40 43 46 49 52 55 58 61
run duration in time

Parameters: a=0.005, £=0.005, bucket width=0.153096, bucket count=25

Runs: 597 in total, 597 (100%) displayed, 0 (0%) remaining

Span of displayed sample: [4.06871, 7.89611]

Mean of displayed sample: 6.02837 % 0.0935492 (99.5% CI)
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19, Pri<=8](<> Q. EN D) i ——

Probabhility Density Distribution

0,63
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0,49
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@

§ 0,35]

20,28 Il density
= Ed average
B o,21

=

Sp,14

43 46 49 52 55 58 61 64 67 70 73 7.6
run duration in time

Parameters: 0=0.005, £=0.005, bucket width=0.13996%, bucket count=25

Runs: 597 in total, 597 (100%) displayed, 0 (0%) remaining

Span of displayed sample: [4.30295, 7.80217]

Mean of displayed sample: 5.933 £ 0.0880521 (99.5% CI)
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Pr(<>[0,5] R.END) >= 0.2

Message

END

. x>=4 .

x<=8

b

@ (1013 runs) HO:
Bri<» ...} »= 0.21

with

confidence 0.995.

OK

x<=4 Pr(<>[0,5] Q.END) >= 0.2

O

’ x>=2
Ve
Ve
//
o =«
N\
Y
x<=4 N XE
Y
5 N

x<=4
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END

Message i

@ (765 runs) H1:
Pr{<» ...) <= 0.19

confidence 0.9985.

with

OK

Kim Larsen [12]



FIREWIRE

Smart Grid

Demand /
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4+ S finite set of states

+ 7: 5 = D(S) transition probability function

+ p: § — D(R.) residence-time distribution function

+ ¢: S — 24P labeling function (AP atomic propositions)

M =(S,71,p,{)

Open Problems in Concurrency Theory, Bertinoro, June 2014 Kim Larsen [14]



I timed path I cylinder set

to€Ry theR th+1 l
—>...H5n+1_>... c Q:(SO,RO,---:.RMSH—I—I)

1 ifsp=s

PM(¢(s0)) = {

0 otherwise transition
M probability probability
PS (Q:(SO:' RU& ce ey Rﬂa Sﬂ+1)) — J

Pf;w((j:(sov Ro,.... Rn—1.5n)) - p(sn)(Rn) - 7(sn)(Sn+1)
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MTL pr=p|L]p—o|XEp | pulttly,

‘ timed path |

M, =

M., mEp if p € ((m[0]),
M.,m =L never .

M, T Ep— if M, 7 =1 whenever M, 7 = ¢,
M, X, if 7(0) € [t,t'], and M, 7|1 = ¢,
M, 7= oUlEty if 37 > 0st. Sy w(k) € [t t], M.7|i =,

1 1
timed timed
next until

and M, 7|; = goTwhenever 0<j<i.

accumulated
delay
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Variational Pseudo Metrics (@

e MTL = [¢]m = {7 | M, 7 = ¢} is measurable

5MMT|_(5,5’): sup |P£4(HQHM)—P§A([[W9HM)|

peMTL

Ae DTA = [AJpm ={n | m € L(A)} is measurable

5, (s, 6') = up PM([ATMm) — PYY(TAT M)

Theorem (MTL and DTA variational distances coincide)

M M
5MTL — 6DTA

Taolue Chen and Stefan Kiefer. On the Total Variation Distance of Labelled Markov Chains . LICS2014
G. Bacci, G. Bacci, K. G. Larsen, and R. Mardare. Topologies of stochastic markov models: Computational aspects.



1-RDTA & Denseness (@

1-RDTA  — single-clock resetting DTAs

Lemma (1-RDTAs are P-dense in DTASs)

For any A € DTA and any = > 0, there exists B € 1-RDTA s.t.

[P ([ATM) — B([BIam)] < €

Let 61 kpTals,s') = sup  [PFY([B]a) — PEY([B]rd)l, then
Be1-RDTA
DTA = 91°RDTA J

O Chen, Han, Katoen, Mereacre: Model Checking of Continuous-Time Markov Chains Against Timed Automata Specifications. LMCS 2011 3]



Computable Upper Bound (((

prob. same delay time

o 1010
| a+ (1 —a)-K(d)(7(s).7(s")) otherwise

~

prob. different delay time

Kantorovich distance w.r.t. d
lo(s) — p(s")|lTv

Bisimilarity Distance

dM. S xS —[0,1] is the least fixed point of FM

bisim -

Theorem (Upper bound)

M(s, ) < di, (s.5')

ia\
bisim O““a

poy"

Open Problems in Concurrency Theory, Bertinoro, June 2014 Kim Larsen [19]



x=0 x<=110 =0

x>=49

H
Procl Proc2

Pr( Proci.T U[5;400] Proci.H)

Message ‘ Message ‘

@ (738 runs) Pr(MITL ) in [0.834824,0.934824] @ (738 runs) Pr(MITL ) in [0.852439,0.952439]
with confidence 0.95.

Ok Ok

with confidence 0.95.
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Pr( Proci.T U[5;400] Proci.H)

1

|
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s/ AN |

// \\ |

N 1!

,749 61~ :

D I

x<=110 |

Xx<=49 x>=49 :

|
Procl 1

Message ‘

(738 runs) Pr(MITL ) in [0.830759,0.930759]
with confidence 0.95.
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e N

OK

Message

oo

(738 runs) Pr(MITL ) in [0.85514%,0.955149]
with confidence 0.95.

OK
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d(Tl,Tz) =0.132
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BisIMDIST is a Mathematica® library that provides two packages:

MCDIiIsT MDPDisT CTMCDIiIsT

+ Data structures (model definition)

-+ Data structure manipulators & visualizers

+ Procedure for computing bisimilarity distances (on-the-fly!)

+ approximated methods (from known upper-bounds)
+ future-discount

-+ bisimilarity classes / quotient by bisimilarity

Library 4+ Tutorials .

http://people.cs.aau.dk/giovbacci/tools.html
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example (2).pdf

= Decidability of Total Variational MTL distance ?

= How birq is the gap between TV distance and
bisimulation distance ?

= Denseness of CTMC (1-RDTA) in the class of Semi
Markov Process with respect to bisimulation distance ?

» Extension to Generalised Semi Markov Processes

= Weak bisimulation distances

= Parameter continuity, i.e. d(s(pq),s(p2)) - 0 when
P1— D2’
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