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L Distances for finite processes

L Previous definitions

Previous definitions

@ Distances based on the (bi)simulation game for both branching and
linear semantics.

e A = (S, T) weighted transition system with s,t € S and
dr : K" x K" — [0, o] a trace distance.

e Using A as a game graph, the simulation game played on A from (s, t)
is an infinite two-player game.

e The strategy space of Player i is denoted by 6,.

e The utility function u : 6; x 8, — [0, ] leads the pay-off of Player 1.

@ The value of the game is the optimal Player-1 pay-off
v(s,t) = sup inf u(61,62)

6,0, 02602

@ We use 1-blind strategy 6; € @ for the case of linear semantics.

"U. Fahrenberg, A. Legay, and C. R. Thrane. The quantitative linear-time—branching-time
spectrum. In S. Chakraborty and A. Kumar, editors, FSTTCS, volume 13 of LIPIcs, pages
103-114. Schloss Dagstuhl - Leibniz-Zentrum fuer Informatik, 2011.
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When | visited the beautiful lceland

At least I ve seen whales
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L Previous definitions

When | visited the beautiful lceland

At least I' ve seen whales No whales, No Auroras!!
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L Previous definitions

What is the problem?

@ Bisimulation characterizes tree equality (up to idempotency).

@ The (bi)simulation game works because a single disagreement
produces non equality.

@ The distance game compares pairs of computations, even if
generated following an alternating procedure, and then it looks for
the maximal disagreement using the max operator.
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L Previous definitions

What is the problem?

@ Bisimulation characterizes tree equality (up to idempotency).

@ The (bi)simulation game works because a single disagreement
produces non equality.

@ The distance game compares pairs of computations, even if
generated following an alternating procedure, and then it looks for
the maximal disagreement using the max operator.

@ We need a more global approach that takes into account how many
disagreements there are.
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L Distances for finite processes

[ Our global distances

On a global definition of the distance between processes

da,p)=0ea=>b }

d(a.c) + d(c,b) < d(a,b) di(p.q) <m

d: Act x Act » N —>{

An example: We simply consider the discrete distance between actions.

p q
N N
b i ib c i ic

d5(p.q)?
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[ Our global distances

On a global definition of the distance between processes

d(a,b)=0sa=>b

d:ActxAct >N — { d(a,c) +d(c,b) < d(a,b)

b= dlpam

An example: We simply consider the discrete distance between actions.

p pi q
YRRV Y
bi ib bi ib ci ic

d(b,a) =1
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[ Our global distances

On a global definition of the distance between processes

dla,p)=0eoa=>b }

d(a,c) + d(c, b) < d(a, b) dg(p.q) <m

d: Act x Act » N —>{

An example: We simply consider the discrete distance between actions.

p p1 p2 q
.a/ . \b. (L) .a/ . \\a. <L) a; .a/ . \a.
bi ib bi ib bi ci ic

d(p1, p2) = 0 using that p; ~ p»
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[ Our global distances

On a global definition of the distance between processes

{a(a,b)—O@a—b }_} d(p.q) < m

d: Actx Act > N d(a.c) +d(c,b) < d(a,b)

An example: We simply consider the discrete distance between actions.

A N I A A
d(b,c) =1
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L Distances for finite processes

[ Our global distances

On a global definition of the distance between processes

d: Act x Act > N _){d(a,b):Oc»a:b }—> dz(p,q) <m

d(a,c) + d(c,b) < d(a,b)

An example: We simply consider the discrete distance between actions.

p P1 p2 Ps q
.a/ . \b. (1—) .a/ . \\a. <L> a; <1_> aI (i) .a/ . \a.
by b by \b bi ci ci ic

d(ps,q) = O using that p; ~ q
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[ Our global distances

On a global definition of the distance between processes

d: Act x Act » N {d(a’b):()@a:b }—> dz(p.q) <m

d(a,c) +d(c,b) < d(a,b)

An example: We simply consider the discrete distance between actions.

dz(p.q) <1+1=2
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L Distances for finite processes

L How it works?

How it works?

@ We could obtain “the” distance between two trees by considering the
minimal value d for which we have d4(p.,q) < d.

@ But, unfortunately, this corresponds to a global study of the set of
derivations that produces the bounds.

@ It is easy to see that our distance would correspond to the shortest
path in the graph whose

@ Nodes correspond to abstract trees (up to bisimulation).
e Arcs connect trees that only differ in one arc.
e Their cost is the distance between the two labels of the changed arc.
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L How it works?

How it works?

@ We consider processes up-to bisimulation.

Definition (Tree distance)

We say that an unordered tree p is at most at distance d from another
tree g, w.r.t. the symmetric distance between actions d, and then we write
d4(p. q) < d, if and only if:

(Cl)p=ap’, q=bp’,and d > d(a, b), or

(CQp=p' +r,g=q +r,andd>d4(p’.q'), 0

(C8) p=ap’,q=aq,andd > dy(p’,q’), or

(C4) There existr, d’ and d” s.t. d’ > dy(p, r), d” > d4(r,q) and
d>d +d".
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How it works?

@ We can present this definition by means of the following rules.

Gnq
1 2 P Sin
Wpap ®) 2 Gnidba) ba
(3) p Gnp (4)pGnq q Gnr

p+q G, P +q p Gniw r

de Frutos-Escrig & Romero-Hernandez On Global Measures for the Evaluation of Systems



On Global Measures for the Evaluation of Systems
L Distances for finite processes

L How it works?

How it works?

@ We can present this definition by means of the following rules.

Gnq
1 2 P Sin
Wpap ®) 2 Gnidba) ba
(3) p Gnp (4)pGnq q Gnr

p+q G, P +q p Gniw r

ProrosiITION

Forall n e N, we have p G, q if and only if d4(p, q) < n.
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LThe Simulation Distance and those for the rest of the Semantics

Simulation distance

Definition

Given two processes p and g, we say that the simulation distance from q
to p is at most m € N, w.r.t. the symmetric distance between actions d,
and then we write das(p, q) < m, if we can derive p G5 q applying the
following rules:

Cs g PG q
(1)E=51 (2) —5
pG q ap Gn+dba) bq
GSp G3q qGSr
(3)— PGP (4)PCxd 4

P+qG;p +q p Gyt

We look for the “minimal changes” that we need to make in g to get a
process q’ which simulates p.
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LThe Simulation Distance and those for the rest of the Semantics

The rest of the semantics

A (General) Definition

Given a semantics £, defined by a preorder C ., we say that a process q
is at global distance at most m € N of being better than some other p,
w.r.t. the semantics £ and the distance between actions d, and then we
write gdg(p, q) < n, if we can infer p G# g, by applying the following

rules: (1) P 1:11_; q D) pLG,fq
pGya ap Gn+a(b,a) o
(3) prp/ ()pGL qG r

P+qGrp +q pGE,r

ProPosITION
Whenever we have two semantics L1 and L and the first is finer than
the latter (C, C C,), then we have gdL1 (p.q)<n= gdL2 (p.q) < n, for

all processes p, g and any value n € N
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An interesting example: The case of Readiness

aI .a/.\\b.
g KN
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LThe Simulation Distance and those for the rest of the Semantics

An interesting example: The case of Readiness

) [ ] [ ]
a a a b
. 1 ] b . °
a a
2 YN\ AL AN
[ ] [ [ ] [ ) [ ] [ ] [ ]
atpa+ta aGyb
aGpa a(1)a+aGa b(3)
Goa 0T 1210
a% aGpyriatb 4
aGop1a+b <)(2)
aa G1+a a(a+Db)
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An interesting example: The case of Readiness

p P+ P2 q
) [ ] ] [ ] b
a a a
af _m 8} _n /N 2N
. 1 ] b =0 ] ] b . o b
a a a
a V2N 2 CEEE AN /b AN
[ ] [ [ ] (] L] [J L] [ [ [ ) [ ]
actpa+ta aGyb
alc-:‘0a+ax(1)a+a(51p+b(3)4
atoa aGpiia+b ()4
aGpr1a+b @ a(a+b) cg ala+b)+a(a+b)
pG1+Ha(a+b) @ a(a+b)Gga(a+b) +a(a+b) O
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LThe Simulation Distance and those for the rest of the Semantics

An interesting example: The case of Readiness

p P+ P2 aq
° [ ] L] [ ] b
a a a
ay <f ay <g Y\ <,1:, Y\
L] [ ] - [ ] [ ] - L] [ ]
a b
2y /N Yie e\ Ve o\
L] L] L] [ ] [ ] [ ] [ ] ° L] ° [ ]
atpa+t+a aGyb
2Gna aGpa+ta (1>a+aG1p+b<3)(4)
0 aGpii1a+b @ atbctgatb
aGpyya+b a(a+b) cg a(a+b)+a(a+b) a+bGoa+b() -
—a(a+b) @ a(a+b)Gga(a+b)+a(a+b) a(a+ b)GO—E(a.b)b(a } b)( )

PG
1+d
t @)

a(a+b)+a(a+b)Gyq
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An interesting example: The case of Readiness

] [ ] ] [ ] b
a a a
a\ll <R a‘l/ <R / \ < / \
. 1 ° b —0 ] ] b - . ° b
a a a
a VN 2 CEEE AN /b e\
[ ] [ ] [ ] [ ] [ ] [ ] [ ] [ ] [ ] [ ] [ ]
acpa+a aGqyb
aGOa+a(1>a+aG1p+b(3)
aGpa (4)
aGop1a+b @ atbctpa+b
aGopqa+b @ a(a+b)£Ra(a+b)+a(a+b)(1) m(ﬂ 2
PGy, gala+b) a(a+b)Gga(a+b)+a(a+b) a(a +b)60+3(a'b)b(a +b)
pGyyoa(a+b)+a(a+b) @ a(a+b)+a(a+b)Gyq ©)
PGi414 O
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L Distances for finite processes
LThe Simulation Distance and those for the rest of the Semantics

An interesting example: The case of Readiness

p P1 P2 q
° ° ° ° b
a a a
a\ll <R a‘l/ <F1‘ / \ < / \
° 1 ° b —0 ° ° b - ° ° b
a a a
ay /X /b al\ 72 LEEEEL AN
° ° ° e o e o o o e o
pata a+aGip+b
aGpa (4)
aGop1a+b @ atbctpa+b
aGpr1ath ala+b) Cp ala+b)+ala+b) . atbGeatb )
pG, . -aatb) @ @b Gyaarb) raar) a@r 06 o baib
1+d “ 0+d(a.b) @)
pGyyoa(a+b)+a(a+b) a(a+b)+a(a+b)Gyq “

pPGi419

d(p,q) <1+1=2 and d(p,q) £ 1
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An interesting example: The case of Readiness

However using the classical definition...

az SR .a/.\b.
Toosk N
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L Distances for finite processes
LThe Simulation Distance and those for the rest of the Semantics

An interesting example: The case of Readiness

However using the classical definition...

p q
az SR oa/.\bo
SIS L A

In fact,

_ 0 p<mrq
o) =@~ {§ B3

which gives us the same information that the Readiness semantics!!.
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Distances for finite processes

LThe Simulation Distance and those for the rest of the Semantics

The classic game distances in our frame

A simple variation of the system of rules defining our distances, produces
a characterization of the “classical” simulation distance (and also traces
distances).

()pESq

pHSq
p HS q (2) ap HS 7” bq
n+d(b,a)
@) pHSp’q Hy g (4)pHSqq Har
p + q Hmax[n n’} p + q p Hn+n’ r
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L Infinite (but finitary!) processes

LTake into account

Take into account

@ We consider the distance between processes based on bisimulation.

@ mi(t) is the k-th projection of t, i.e., we preserve those nodes at the k

first levels of t.
a *A

@ We restrict ourselves to finitary trees in order to guarantee continuity
of bisimilarity:

(Vk € N m(t) ~ () = t~t.
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L Infinite (but finitary!) processes

L Our coinductive distance

Our coinductive distance

Definition

Given a domain of actions (A, d), a discount factor a € (0, 1] and a family
D C FyTrees(A) x FyTrees(A) x RT, we define the family of relations

E?’a, by:
@ Forall d > 0 we have (i) (3 aity) + at + at =2 (Zey ajt) + at
and (i) (Zjes ajt)) + at =3 (Zjey ajty) + at + at.
Q@ (Siesat) +at =3, (Sesayty) + bt
Q Forall (t,t'.d) e Z)we have (ZIEJ ajty) + at =2 (ZIEJ ait)) + at’.
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Our coinductive distance

We introduce the coinductive proof obligations imposed to the families of
triples in the previous slide.

Definition

Given a domain of actions (A, d) and a discount factor a € (0, 1], we say
that a family D is an a-coinductive collection of distances (e-ccd)
between finitary trees, if for all (t, t’, d) € D there exists a finite
coinductive transformation sequence
4+ _ 40 _Da ;1 _Da _D. oy

C=t=t=t =2 . =t"=t
with d > 37, dj. Then, when there exists an a-ccd D with (t,t', d) € D,
we will write t =7 t’, and say that tree t is at most at distance d from tree
t wrt a.
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L Our coinductive distance

An example

Given a = 1/2 for the family D = {(p, g, 2)}, we have that p =;*'* g.

p q
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L Our coinductive distance

An example

Given a = 1/2 for the family D = {(p, g, 2)}, we have that p =2"'/? q.

We apply rule 2 to prove that (0p’) + Os z?(’;’/f; (0r') + e
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L Our coinductive distance

An example

D1/2

Given a = 1/2 for the family O = {(p, q,2)}, we have that p =,"'“ q.

We apply rule 3 to prove that (1e) + 0r’ ="/? (1e) + 0g’
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L Our coinductive distance

An example

@ The finite coinductive sequence
_D1/2 ., _D1/2
C:= p = / r =] / q

proves us that D is indeed an 1/2-coinductive collection of distance,
sothat p =)/? q.

@ The coinductive procedure “aggregates” the summands that
produce the bound for the distance 2 in a single step.

@ We do not need to sum infinite series: coinduction does it for free!.
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L Infinite (but finitary!) processes

L Our coinductive distance

An example

@ The finite coinductive sequence
_D1/2 ., _D1/2
C:= p = / r =] / q

proves us that D is indeed an 1/2-coinductive collection of distance,
sothat p =)/? q.

@ The coinductive procedure “aggregates” the summands that
produce the bound for the distance 2 in a single step.

@ We do not need to sum infinite series: coinduction does it for free!.

@ Our coinductive definition is equivalent to the operational one for
finite trees.
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L Infinite (but finitary!) processes

LOn the continuity of the global bisimulation distance

On the continuity of the global bisimulation distance

PropPosITION (Sound wrt finite approximation)
For any a-ccd D, the projected family

(D) = {(ma(t), wa(t'), d) | (t.1.d) € D, neN)

is an a-ccd that proves t = t' = Vn € N mp(t) =5 ma(t').

PRroPosITION (Completeness wrt finite approximation?)
= ¢/ =@ ’
t =4t & VneNm(t) =5 ma(t').

Idea: As far as we have a collection of “uniform” operational sequences
8" := 7p(t) e mn(t’), we could “overlap” all of them getting an infinite
transformation. By “folding” this transformation we obtain the coinductive
sequence C, proving t = t'.
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L Our algebraic framework

Our algebraic framework

Equational deduction system

@ Monotonicity: d < djand p =4 p' = p =g, p’
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L Our algebraic framework

Our algebraic framework

Equational deduction system

@ Monotonicity: d < dyandp =4 p’ = p =q4, P’
@ Partial reflexivity: p =g p.

o

o

o

p=p
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L Our algebraic framework

Our algebraic framework

Equational deduction system

@ Monotonicity: d < dyandp =4 p’ = p =q4, P’
@ Partial reflexivity: p =g p.

Q Symmetry: p=4p’ = p’ =4 p.

o

o

p=p =p =p
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L Our algebraic framework

Our algebraic framework

Equational deduction system

@ Monotonicity: d < dyandp =4 p’ = p =q4, P’

@ Partial reflexivity: p =g p.

© Symmetry: p =g p’ = p’ =4 p.

© Triangular transitivity: p =4 p’, p’ =a P”’ = P =d+a p”.
o

o
pEp,,p,Ep”:)pEp"
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L Our algebraic framework

Our algebraic framework

Equational deduction system

@ Monotonicity: d < dyandp =4 p’ = p =q4, P’

@ Partial reflexivity: p =g p.

© Symmetry: p =g p’ = p’ =4 p.

© Triangular transitivity: p =4 p’, p’ =a P”’ = P =d+a p”.

@ Instantiation: p =g p’ = p+qg=g p’ + g A ap =4 ap’ (plain)
[ap =4r ap’ (discounted)].

Q
p=p =p+qg=p +qrap=ap
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L Our algebraic framework

Our algebraic framework

Equational deduction system

@ Monotonicity: d < dyandp =4 p’ = p =q4, P’

@ Partial reflexivity: p =g p.

© Symmetry:p =g p’ = p’ =4 p.

© Triangular transitivity: p =4 p’, p’ =a P”’ = P =d+a p”.

@ Instantiation: p =4 p’ = p+qg=4 p’ +gA ap =4 ap’ (plain)
[ap =4r ap’ (discounted)].

Q Prefix axiom: ap =4 bp Vd > d(a, b).
And also we need...
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Our algebraic framework

How it works?

@ We have the equational deduction system.

@ For each semantics in the spectrum we use the corresponding set of
axioms transmuted into =.

@ For instance, consider the case of bisimulation:

(B1)x+y=0y+x (B2) X + x = X

(B x+(y+2) = (x+y)+2z (B4)z+0=02
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L Our algebraic framework

How it works?

Theorem

For each semantics S we have defined an operational distance which
measures “how far away” is a process p of being equivalent to q in this
semantics.

This operational presentation is equivalent to the algebraic presentation.

Theorem (What about classical definition?)

An algebraic presentation of the classical (bi)simulation distance (also
the trace distance) is obtained changing the instantiation rule:

P=aP AG=¢ q =P+ q=maxida) P +q Aap=qap’.
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L Our algebraic framework

Generalization

A (General) Definition

Let D be an adequate domain for distance values (e.g. N, R*, Q") and &
a (classic) signature. A (D, X)-algebra is a X -algebra (A, ~ #) and a
collection of relations (=4, d € D), =4 C D X D, such that:

Q@ a=gaforalacA.

Q@ a=gbob=yaforala,beAanddeD.

Q@ d<d,asgb=>a=ybforalla,bc Aandd,d € D.

Q (a=¢gbAb=yc)=>a=4.qg cforalla,b,ce Aandd,d € D.
Q fex, ar(f) =k ai=qbforallici.k=f(a)=,aq f(b)
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LScme extensions and future work

Some extensions

@ When comparing p and q the distances presented reflect how many
changes we need to make in g in order to get a process that really
simulates p.

@ It could be the case that g, already offers some actions that would
perefctly do the work without needing any change.

Definition

An asymmetric quasi-distance in a set of actions Act is a function

d: Act x Act — N which satisfies d(a,a) = 0 Ya € Act, and the
triangular inequality d(a, b) + d(b,c) = d(a, c) Ya, b, c € Act. We will
say that d(a, b) expresses “how far away” is action a of covering the
expectations to have a b.

@ Unexpected termination could be solved by adding a fixed payment
f, taking d(p,0) < f and d(0, p) < f, ¥p # 0. Or also aggregating the
payments needed to cover any action in p.
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LScme extensions and future work

Conclusions and Future work

@ We have presented the distance for all the semantics in an
operational, denotational (FORTE 2012), algebraic way (WADT
2012), and recently in FORTE 2014 we have studied the distances
between infinite (but finitary!) processes.

@ Near future

e We are (hopefuly!) close to conclude the proof of continuity.
e We are working in a definition of approximated testing.
@ Further future
e The plain distance between trees, no considering idempotency,
captures redundancy. We could use these ideas to define
approximated fault tolerance.

e What happens when we allow negative values at the distances?
Amortized simulation.
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