
Reward Based Congruences:
Can We Aggregate More?

Marco Bernardo1 and Mario Bravetti2
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Abstract. In this paper we extend a performance measure sensitive
Markovian bisimulation congruence based on yield and bonus rewards
that has been previously defined in the literature, in order to aggregate
more states and transitions while preserving compositionality and the
values of the performance measures. The extension is twofold. First, we
show how to define a performance measure sensitive Markovian bisimu-
lation congruence that aggregates bonus rewards besides yield rewards.
This is achieved by taking into account in the aggregation process the
conditional execution probabilities of the transitions to which the bonus
rewards are attached. Second, we show how to define a performance
measure sensitive Markovian bisimulation congruence that allows yield
rewards and bonus rewards to be used interchangeably up to suitable
correcting factors, aiming at the introduction of a normal form for re-
wards. We demonstrate that this is possible in the continuous time case,
while it is not possible in the discrete time case because compositionality
is lost.

1 Introduction

In the past five years the problem of specifying performance measures has been
addressed in the field of Markovian concurrent systems. Following [10], in [6,
7, 3] the performance measures are characterized through atomic rewards to be
suitably attached to the states and the transitions of the Markov chains (MCs
for short) associated with the Markovian process algebraic specifications of the
systems. While in [6, 7] the states to which certain rewards have to be attached
are singled out by means of temporal logic formulas to be model checked, in [3]
rewards are directly specified within the actions occurring in the specifications
and are then trasferred to the MCs during their construction. In [13], instead,
temporal reward formulas are introduced, which are able to express accumu-
lated atomic rewards over sequences of states and allow performance measures
to be evaluated on MCs through techniques for computing long run averages.
Finally, in [1] a temporal logic is used to directly specify performance measures



for Markovian transition systems, where the evaluation of such performance
measures is conducted via model checking.

Among the approaches mentioned above, in this paper we concentrate on that
of [3]. Its distinguishing feature is that of being deeply rooted in the Markovian
process algebraic formalism. This has allowed us to define a performance measure
sensitive congruence in the bisimulation style inspired by [11], which permits to
compositionally manipulate system specifications without altering the values of
their performance measures. We recall that taking performance measures into
account when e.g. compositionally minimizing the state space of a Markovian
process algebraic specification is important. If for example the equivalence used
in the minimization process gives rise to the merging of two states whose asso-
ciated rewards are different, we come to the undesirable situation in which the
original model and the minimized model result in two different values for the
same performance measure.

Following [10], the reward based Markovian bisimulation equivalence of [3]
considers two types of rewards: yield rewards, which are accumulated while stay-
ing in the states, and bonus rewards, which are instantaneously gained when ex-
ecuting the transitions. Such an equivalence essentially aggregates yield rewards
whenever possible, but does not manipulate bonus rewards at all.

The contribution of this paper is to extend the equivalence of [3] in order to
aggregate as much as possible while retaining the bisimulation style, the con-
gruence property, and the value of the performance measures. The extension is
twofold. First, we show how to define a Markovian bisimulation congruence that
aggregates bonus rewards as well. This is achieved by taking into account in the
aggregation process the conditional execution probabilities of the transitions to
which the bonus rewards are attached. Second, we show how to define a Marko-
vian bisimulation congruence that allows yield rewards and bonus rewards to be
used interchangeably up to suitable correcting factors, aiming at the introduc-
tion of a normal form for rewards. More precisely, we demonstrate that this is
possible in the continuous time case, while it is not possible in the discrete time
case because compositionality is lost.

Since the way in which bonus rewards can be aggregated is easy to find
and the way in which yield and bonus rewards can be interchanged is known
in the literature, this paper is especially concerned with investigating whether
they respect compositionality or not. We also observe that, although such an
investigation is conducted for a particular language (EMPAgrn

[3]), its results
can be applied to every Markovian process algebra.

This paper is organized as follows. In Sect. 2 we recall the basic notions
about reward structures. In Sect. 3 we recall EMPAgrn

, a process algebra for the
specification of continuous time and discrete time Markovian systems, and the
related reward based Markovian bisimulation congruence. In Sect. 4 we present
an improved reward based Markovian bisimulation equivalence that aggregates
bonus rewards as well, we prove that it is a congruence, and we show a sound
and complete axiomatization. In Sect. 5 we present a further improved reward
based Markovian bisimulation equivalence that allows yield rewards and bonus



rewards to be used interchangeably in the continuous time case, we prove that
it is a congruence, and we show a sound and complete axiomatization. In Sect. 6
we report some concluding remarks.

2 Reward Structures

In the performance evaluation area, the technique of rewards is frequently used
to specify and derive measures for system models whose underlying stochastic
process is a MC. According to [10], a reward structure for a MC is composed
of: a yield function yi,j(t), expressing the rate at which reward is accumulated
at state i t time units after i was entered when the successor state is j, and
a bonus function bi,j(t), expressing the reward awarded upon exit from state i
and subsequent entry into state j given that the holding time in state i was t
time units. Since the generality of this structure is difficult to fully exploit due
to the complexity of the resulting solution, the analysis is usually simplified by
considering yield functions that do not depend on the time nor the successor
state, as well as bonus functions that do not depend on the holding time of the
previously occupied state: yi,j(t) = yi and bi,j(t) = bi,j .

Several performance measures can be calculated by exploiting rewards. Ac-
cording to the classifications proposed in [12, 9], we have instant-of-time mea-
sures, expressing the gain received at a particular time instant, and interval-of-
time (or cumulative) measures, expressing the overall gain received over some
time interval. Both kinds of measures can refer to stationary or transient state.
In the following, we concentrate on instant-of-time performance measures.

In the stationary case, instant-of-time performance measures quantify the
long run gain received per unit of time. Given yield rewards yi and bonus re-
wards bi,j for a certain MC, the corresponding stationary performance measure
is computed as: ∑

i

yi · πi +
∑

i

∑

j

bi,j · φi,j (1)

where πi is the stationary probability of state i and φi,j is the stationary fre-
quency with which the transition from state i to state j is traversed. φi,j is
given by the stationary frequency with which state i is entered (i.e. the ratio of
its stationary probability to its average holding time) multiplied by the proba-
bility with which the transition from state i to state j is traversed given that
the current state is i. In the case of a continuous time MC (CTMC) we have
φi,j = πi · qi,j with qi,j being the rate of the transition from i to j, while in the
case of a discrete time MC (DTMC) we have φi,j = πi · pi,j with pi,j being the
probability of the transition from i to j.

In the transient case, instant-of-time performance measures quantify the gain
received at a specific time instant. Given yield rewards yi and bonus rewards
bi,j for a certain MC, the corresponding transient state performance measure is
computed as: ∑

i

yi · πi(t) +
∑

i

∑

j

bi,j · φi,j(t) (2)



where πi(t) is the transient probability of being in state i at time t and φi,j(t)
is the transient frequency with which the transition from state i to state j is
traversed at time t, which is computed in the same way as φi,j with πi(t) in
place of πi.

3 An Overview of EMPAgrn

EMPAgrn
[3] is a family of extended Markovian process algebras with generative-

reactive synchronizations [5] whose actions are enriched in order to accommodate
the specification of n ∈ NI different performance measures simultaneously. This
is achieved by associating with every action a pair composed of a yield reward
and a bonus reward for each performance measure. The number n is called the
order. For the sake of simplicity, without loss of generality in this paper we deal
with order 1 only.

3.1 Syntax and Informal Semantics

The main ingredients of our calculus are the actions, each composed of a type,
a rate, and a sequence of n pairs of yield and bonus rewards, and the algebraic
operators. As far as actions are concerned, based on their rates they are clas-
sified into exponentially timed (rate λ ∈ RI + representing the parameter of the
corresponding exponentially distributed duration), immediate (rate ∞l,w to de-
note a zero duration, with l ∈ NI + being a priority level and w ∈ RI + being a
weight associated with the action choice), and passive (rate ∗l,w to denote an
unspecified duration with priority level l and weight w associated with the action
choice). Moreover, based on their types, actions are classified into observable and
invisible depending on whether they are different or equal to τ , as usual.

Definition 1. Let AType be the set of action types including the invisible type
τ , ARate = RI + ∪ {∞l,w | l ∈ NI + ∧ w ∈ RI +} ∪ {∗l,w | l ∈ NI + ∧ w ∈ RI +} be
the set of action rates, ARew = RI ∪ {∗} be the set of action rewards. We use
a to range over AType, λ̃ to range over ARate, λ to range over exponentially
timed rates, λ̄ to range over active (i.e. nonpassive) rates, ỹ to range over yield
rewards (y if not ∗), and b̃ to range over bonus rewards (b if not ∗). The set of
actions of order 1 is defined by

Act1 = {<a, λ̃, (ỹ, b̃)> ∈ AType ×ARate × (ARew ×ARew) |
(λ̃ ∈ {∗l,w | l ∈ NI + ∧ w ∈ RI +} ∧ ỹ = b̃ = ∗) ∨
(λ̃ ∈ RI + ∪ {∞l,w | l ∈ NI + ∧ w ∈ RI +} ∧ ỹ, b̃ ∈ RI )}

Definition 2. Let Const be a set of constants ranged over by A and let ATRFun
= {ϕ : AType −→ AType | ϕ−1(τ) = {τ}} be a set of action type relabeling func-
tions ranged over by ϕ. The set L1 of process terms of EMPAgr1 is generated by
the following syntax

E ::= 0 | <a, λ̃, (ỹ1, b̃1)>.E | E/L | E[ϕ] | E + E | E ‖S E | A
where L, S ⊆ AType − {τ}.



The null term “0” is the term that cannot execute any action.
The action prefix operator “<a, λ̃, (ỹ, b̃)>. ” denotes the sequential composi-

tion of an action and a term. Term <a, λ̃, (ỹ, b̃)>.E can execute an action with
type a and rate λ̃, thus making the corresponding state earn additional yield
reward ỹ and the related transition gain bonus reward b̃, and then behaves as
term E.

The functional abstraction operator “ /L” abstracts from the type of the
actions. Term E/L behaves as term E except that the type a of each executed
action is turned into τ whenever a ∈ L.

The functional relabeling operator “ [ϕ]” changes the type of the actions.
Term E[ϕ] behaves as term E except that the type a of each executed action
becomes ϕ(a).

The alternative composition operator “ + ” expresses a choice between two
terms. Term E1+E2 behaves as either term E1 or term E2 depending on whether
an action of E1 or an action of E2 is executed. The choice among several enabled
exponentially timed actions is solved according to the race policy, i.e. the fastest
action is executed (this implies that each action has an execution probability
proportional to its rate). If immediate actions are enabled as well, they take
precedence over exponentially timed ones and the choice among them is solved
according to the preselection policy: the immediate actions having the highest
priority level are singled out, then each of them is given an execution probability
proportional to its weight. The choice among several enabled passive actions is
instead solved according to the reactive preselection policy: for each action type,
the passive actions having the highest priority level are singled out, then each
of them is given an execution probability proportional to its weight. Therefore,
the choice among passive actions having different types and the choice between
passive and active actions are nondeterministic.

The parallel composition operator “ ‖S ” expresses the concurrent execution
of two terms. Term E1 ‖S E2 asynchronously executes actions of E1 or E2 not
belonging to S and synchronously executes actions of E1 and E2 belonging to S
according to the two following synchronization disciplines. The synchronization
discipline on action types establishes that two actions can synchronize if and
only if they have the same observable type in S, which becomes the resulting
type. Following the terminology of [8], the synchronization discipline on action
rates is the generative-reactive mechanism, which establishes that two actions
can synchronize if and only if at least one of them is passive (behaves reactively).
In case of synchronization of an active action a having rate λ̃ executed by E1

(E2) with a passive action a having rate ∗l,w executed by E2 (E1), the resulting
active action a has rate/weight given by the original rate/weight multiplied
by the probability that E2 (E1) chooses the passive action at hand among its
passive actions of type a. Instead, in case of synchronization of two passive
actions a having rate ∗l1,w1 and ∗l2,w2 executed by E1 and E2, respectively,
the resulting passive action of type a has priority level given by the maximum
lmax between l1 and l2 and weight given by the probability that E1 and E2

independently choose the two actions, multiplied by a normalization factor given



by the overall weight of the passive actions of type a executable by E1 and E2 at
the priority level lmax. As far as rewards are concerned, since only the rewards
of active actions are specified, in case of synchronization they are handled as
follows. The yield rewards of an active action are treated exactly as the rate of
that action, i.e. they are multiplied by the execution probabilities of the passive
actions involved in the synchronization. Instead, the bonus rewards of an active
action are just inherited, as multiplying them by the execution probabilities
of the aforementioned passive actions would lead to an underestimation of the
performance measures. The reason is that, in the calculation of the performance
measures according to formulas (1) and (2), each bonus reward of a transition
is multiplied by a factor that is proportional to the rate of the transition itself,
hence multiplying the rates by the execution probabilities of passive actions is
all we have to do. In the case of synchronization between two passive actions,
the rewards of the resulting passive actions are still unspecified.

Finally, we assume the existence of a set of constant defining equations of
the form A

∆= E. In order to guarantee the correctness of recursive definitions,
as usual we restrict ourselves to the set G1 of terms that are closed and guarded
w.r.t. Def 1.

3.2 Reward Master-Slaves Transition Systems

The semantic model of EMPAgr1 is a special kind of LTS called master-slaves
transition system of order 1 (RMSTS1 for short), whose transitions are labeled
with elements of Act1. Recalling that active actions play the role of the masters
(they behave generatively) while passive actions play the role of the slaves (they
behave reactively), each state of a RMSTS1 has a single master bundle composed
of all the transitions labeled with an active action and, for each action type a,
a single slave bundle of type a composed of all the transitions labeled with a
passive action of type a. Since the operational semantics for EMPAgr1 will be
defined in such a way that lower priority active transitions are not pruned (in
order to get a congruence) while lower priority passive transitions of a given type
are, all the passive transitions belonging to the same slave bundle of a generated
RMSTS1 have the same priority level.

Definition 3. A reward master-slaves transition system of order 1 (RMSTS1)
is a triple

(S,AType,−−−−→)
where S is a set of states, AType is a set of action types, and −−−−→ ∈ M(S ×
Act1 × S) is a multiset 1 of transitions such that for all s ∈ S and a ∈ AType:

(s
a,∗l′,w′ ,(∗,∗)−−−−−−−−−→ s′ ∧ s

a,∗l′′,w′′ ,(∗,∗)−−−−−−−−−→ s′′) =⇒ l′ = l′′

A rooted reward master-slaves transition system of order 1 (RRMSTS1) is a
quadruple

(S,AType,−−−−→, s0)
where (S,AType,−−−−→) is a RMSTS1 and s0 ∈ S is the initial state.
1 We use “{|” and “|}” as brackets for multisets and M(S) (P(S)) to denote the

collection of multisets over (subsets of) S.



We point out that the transition relation is a multiset, not a set. This allows
the multiplicity of identically labeled transitions to be taken into account, which
is necessary from the stochastic point of view. As an example, if a state has
two transitions both labeled with <a, λ, (y, b)>, using sets instead of multisets
would reduce the two transitions into a single one with rate λ, thus erroneously
altering the average sojourn time in the state.

Given a state, the choice among the bundles of transitions enabled in that
state is nondeterministic. The choice of a transition within the master bundle
is governed by the race policy if there are only exponentially timed transitions,
the preselection policy if there are immediate transitions (which take precedence
over exponentially timed transitions). The choice of a transition within a slave
bundle of type a is governed by the preselection policy.

We observe that the passive actions are seen as incomplete actions that must
synchronize with active actions of the same type of another system component
in order to form a complete system. Therefore, a fully specified system is per-
formance closed, in the sense that it gives rise to a fully probabilistic transition
system that does not include slave bundles. If in such a transition system we keep
for each state only the highest priority transitions, then we can easily derive a
performance model in the form of a reward DTMC or CTMC, depending on
whether only immediate transitions occur or not. We point out that, if only im-
mediate transitions occur, each of them is assumed to take one time step, hence
the underlying stochastic model naturally turns out to be a DTMC. Should expo-
nentially timed and immediate transitions coexist (in different states), a CTMC
is derived by eliminating the immediate transitions and the related source states
and by suitably splitting the exponentially timed transitions entering the re-
moved source states, in such a way that they are caused to reach the target
states of the removed immediate transitions.

As far as the yield rewards are concerned, when constructing a reward MC
from a RRMSTS1 we proceed as follows. Whenever a state has several actions, be
it due to an alternative composition operator or a parallel composition operator,
we make the additivity assumption, i.e. we assume that the yield reward earned
by the state is the sum of the yield rewards of its transitions. This assumption is
consistent with the race inherent in the parallel composition operator and with
the adoption of the race policy for the alternative composition operator, i.e. with
viewing alternative actions as being in parallel execution, hence all contributing
to the reward accumulation in the state.

3.3 Operational Semantics

The formal semantics for EMPAgr1 maps terms onto RRMSTS1. We preliminar-
ily provide the following shorthands to make the definition of the operational
semantic rules easier.

Definition 4. Given a RMSTS1 M = (S,AType,−−−−→), s ∈ S, and a ∈
AType, we denote by La(s) the priority level of the slave transitions of type
a executable at s (La(s) = 0 if the slave bundle a of s is empty) and we denote



by Wa(s) the overall weight of the slave transitions of type a executable at s:

Wa(s) =
∑

{|w | ∃s′ ∈ S. s
a,∗La(s),w,(∗,∗)
−−−−−−−−−→ s′ |}

Furthermore, we extend the real number multiplication to immediate rates as
follows:

∞l,w · p = ∞l,w·p

The operational semantics for EMPAgr1 is the least RMSTS1 (G1,AType, −−−−→1)
satisfying the inference rules of Table 1, where in addition to the rules (Ch1l),
(Ch2l), (Pa1l), (Pa2l), (Sy1l) referring to a move of the lefthand process E1, we
consider also the symmetrical rules (Ch1r), (Ch2r), (Pa1r), (Pa2r), (Sy1r) tak-
ing into account the moves of the righthand process E2, obtained by exchanging
the roles of terms E1 and E2. We consider the operational rules as generating
a multiset of transitions (consistently with the definition of RMSTS1), where a
transition has arity m if and only if it can be derived in m possible ways from
the operational rules.

Some explanations are now in order. First of all, the operational rules give rise
to an interleaving semantics, which is made possible by the memoryless property
of exponential distributions. The removal of lower priority passive transitions of
the same type is carried out in rules (Ch2l) and (Ch2r) for the alternative
composition operator and rules (Pa1l) and (Pa1r) for the parallel composition
operator by using La(E).

In the case of a synchronization, the evaluation of the rate of the resulting
action is carried out by rules (Sy1l), (Sy1r), and (Sy2) as follows. Whenever an
active action synchronizes with a passive action of the same type, the rate of the
resulting active action is evaluated in rules (Sy1l) and (Sy1r) by multiplying the
rate of the active action by the probability of choosing the passive action. The
yield reward of the active action undergoes the same treatment, while the bonus
reward is just inherited. Whenever two passive actions of type a synchronize,
instead, the priority level and the weight of the resulting passive action are
computed as described by rule (Sy2). In particular, the weight is computed by
multiplying the probability p of independently choosing the two original actions
by the normalization factor N , which is given by the overall weight of the passive
transitions of type a with maximum priority level executable by E1 and E2,
computed by using Wa(E).

Definition 5. The integrated semantics of E ∈ G1 is the RRMSTS1

I1[[E]] = (G1,E ,AType, −−−−→1,E , E)
where G1,E is the set of terms reachable from E according to the RMSTS1

(G1,AType, −−−−→1 ) and −−−−→1,E is the restriction of −−−−→1 to transitions
between terms in G1,E. We say that E ∈ G1 is performance closed if and only if
I1[[E]] does not contain passive transitions. We denote by E1 the set of perfor-
mance closed terms of G1.

We conclude by recalling that from I1[[E]] two projected semantic models can
be obtained by essentially dropping action rates or action types, respectively. Be-
fore applying such a transformation to I1[[E]], lower priority active transitions



(P r) <a, λ̃, (ỹ, b̃)>.E
a,λ̃,(ỹ,b̃)

−−−−−−→1 E

(Hi1)
E

a,λ̃,(ỹ,b̃)

−−−−−−→1 E′

E/L
a,λ̃,(ỹ,b̃)

−−−−−−→1 E′/L

a /∈ L (Hi2)
E

a,λ̃,(ỹ,b̃)

−−−−−−→1 E′

E/L
τ,λ̃,(ỹ,b̃)

−−−−−−→1 E′/L

a ∈ L

(Re)
E

a,λ̃,(ỹ,b̃)

−−−−−−→1 E′

E[ϕ]
ϕ(a),λ̃,(ỹ,b̃)

−−−−−−−−−→1 E′[ϕ]

(Ch1l)
E1

a,λ̄,(y,b)

−−−−−−→1 E′
1

E1 + E2

a,λ̄,(y,b)

−−−−−−→1 E′
1

(Ch2l)
E1

a,∗l,w,(∗,∗)
−−−−−−−−−→1 E′

1 l ≥ La(E2)

E1 + E2

a,∗l,w,(∗,∗)
−−−−−−−−−→1 E′

1

(P a1l)
E1

a,λ̄,(y,b)

−−−−−−→1 E′
1

E1 ‖S E2

a,λ̄,(y,b)

−−−−−−→1 E′
1 ‖S E2

a /∈ S

(P a2l)
E1

a,∗l,w,(∗,∗)
−−−−−−−−−→1 E′

1 l ≥ La(E2)

E1 ‖S E2

a,∗l,w,(∗,∗)
−−−−−−−−−→1 E′

1 ‖S E2

a /∈ S

(Sy1l)
E1

a,λ̄,(y,b)

−−−−−−→1 E′
1 E2

a,∗l,w,(∗,∗)
−−−−−−−−−→1 E′

2

E1 ‖S E2

a,λ̄· w
Wa(E2) ,(y· w

Wa(E2) ,b)

−−−−−−−−−−−−−−−−−−→ 1 E′
1 ‖S E′

2

a ∈ S

(Sy2)
E1

a,∗l1,w1 ,(∗,∗)
−−−−−−−−−→ 1 E′

1 E2

a,∗l2,w2 ,(∗,∗)
−−−−−−−−−→ 1 E′

2

E1 ‖S E2

a,∗max(l1,l2),p·N ,(∗,∗)
−−−−−−−−−−−−−−−−−−→ 1 E′

1 ‖S E′
2

a ∈ S

where: p = w1
Wa(E1)

· w2
Wa(E2)

N =

{
Wa(E1) + Wa(E2) if l1 = l2
Wa(E1) if l1 > l2
Wa(E2) if l2 > l1

(Co)
E

a,λ̃,(ỹ,b̃)

−−−−−−→1 E′

A
a,λ̃,(ỹ,b̃)

−−−−−−→1 E′
A

∆
= E

Table 1. EMPAgr1 operational semantics



are pruned because E is no longer to be composed with other terms as it de-
scribes the whole system we are interested in. The functional semantics F1[[E]]
is a standard LTS whose transitions are decorated with action types only. The
Markovian semantics M1[[E]] is instead a reward CTMC or DTMC, as seen in
Sect. 3.2, which is well defined only if E is performance closed.

3.4 Reward Based Markovian Bisimulation Equivalence

EMPAgr1 is equipped with a reward based Markovian bisimulation equivalence,
which relates two systems having the same functional, probabilistic, prioritized
and exponentially timed behavior, as well as the same performance measure
values, by considering their ability to simulate each other behavior. To achieve
this, the rates/weights of the transitions of the same type and priority level that
leave the same state and reach states belonging to the same equivalence class are
summed up, like in the exact aggregation for MCs known as ordinary lumping.
The yield rewards labeling the transitions above are handled in the same way
as the corresponding rates, because of the additivity assumption. The bonus
rewards of the transitions above, instead, are not summed up, as this would result
in an overestimation of the specified performance measures. The reason is that,
in the calculation of the performance measures according to formulas (1) and (2),
the bonus reward of a transition is multiplied by a factor that is proportional to
the rate of the transition itself, hence summing rates up is all we have to do.

Definition 6. We define function priority level PL : ARate −→ ZZ by:
PL(∗l,w) = −l

PL(λ) = 0
PL(∞l,w) = l

and we extend the real number summation to rates of the same priority level and
to unspecified rewards as follows:

∗l,w1 + ∗l,w2 = ∗l,w1+w2

∞l,w1 + ∞l,w2 = ∞l,w1+w2

∗ + ∗ = ∗
We define partial function aggregated rate-yield RY 1 : G1×AType× ZZ ×ARew×
P(G1) −→o ARate ×ARew by:

RY 1(E, a, l, b̃, C) = (Rate1(E, a, l, b̃, C),Yield1(E, a, l, b̃, C))
where:

Rate1(E, a, l, b̃, C) =
∑{| λ̃ | ∃ỹ. ∃E′ ∈ C. E

a,λ̃,(ỹ,b̃)
−−−−→ 1 E′ ∧ PL(λ̃) = l |}

Yield1(E, a, l, b̃, C) =
∑{| ỹ | ∃λ̃.∃E′ ∈ C. E

a,λ̃,(ỹ,b̃)
−−−−→ 1 E′ ∧ PL(λ̃) = l |}

with RY 1(E, a, l, b̃, C) = ⊥ whenever the multisets above are empty.

Definition 7. An equivalence relation B ⊆ G1 ×G1 is a RY-Markovian bisimu-
lation of order 1 if and only if, whenever (E1, E2) ∈ B, then for all a ∈ AType,
l ∈ ZZ , b̃ ∈ ARew, and equivalence classes C ∈ G1/B

RY 1(E1, a, l, b̃, C) = RY 1(E2, a, l, b̃, C)



(A1)
RY
1 (E1 + E2) + E3 = E1 + (E2 + E3)

(A2)
RY
1 E1 + E2 = E2 + E1

(A3)
RY
1 E + 0 = E

(A4)
RY
1 <a, λ̃1, (ỹ1, b̃)>.E + <a, λ̃2, (ỹ2, b̃)>.E = <a, λ̃1 + λ̃2, (ỹ1 + ỹ2, b̃)>.E

if PL(λ̃1) = PL(λ̃2)
(A5)

RY
1 <a, ∗l1,w1 , (∗, ∗)>.E1 + <a, ∗l2,w2 , (∗, ∗)>.E2 = <a, ∗l1,w1 , (∗, ∗)>.E1

if l1 > l2

(A6)
RY
1 0/L = 0

(A7)
RY
1 (<a, λ̃, (ỹ, b̃)>.E)/L = <a, λ̃, (ỹ, b̃)>.(E/L)

if a /∈ L

(A8)
RY
1 (<a, λ̃, (ỹ, b̃)>.E)/L = <τ, λ̃, (ỹ, b̃)>.(E/L)

if a ∈ L
(A9)

RY
1 (E1 + E2)/L = E1/L + E2/L

(A10)
RY
1 0[ϕ] = 0

(A11)
RY
1 (<a, λ̃, (ỹ, b̃)>.E)[ϕ] = <ϕ(a), λ̃, (ỹ, b̃)>.(E[ϕ])

(A12)
RY
1 (E1 + E2)[ϕ] = E1[ϕ] + E2[ϕ]

(A13)
RY
1

∑
i∈I0

<ai, λ̃i, (ỹi, b̃i)>.Ei ‖S

∑
i∈I1

<ai, λ̃i, (ỹi, b̃i)>.Ei =

∑
j∈I0,aj /∈S

<aj , λ̃j , (ỹj , b̃j)>.(Ej ‖S

∑
i∈I1

<ai, λ̃i, (ỹi, b̃i)>.Ei) +

∑
j∈I1,aj /∈S

<aj , λ̃j , (ỹj , b̃j)>.(
∑

i∈I0

<ai, λ̃i, (ỹi, b̃i)>.Ei ‖S Ej) +

∑
k∈K0

∑
h∈P1,ak

<ak, λ̃k · (wh/W1,ak ), (ỹk · (wh/W1,ak ), b̃k)>.(Ek ‖S Eh) +

∑
k∈K1

∑
h∈P0,ak

<ak, λ̃k · (wh/W0,ak ), (ỹk · (wh/W0,ak ), b̃k)>.(Eh ‖S Ek) +

∑
k∈P ′0

∑
h∈P1,ak

<ak, ∗max(lk,lh),(wk/W0,ak
)·(wh/W0,ak

)·Nak
, (∗, ∗)>.(Ek ‖S Eh)

where I0 ∩ I1 = ∅, λ̃i = ∗li,wi for i ∈ I0 ∪ I1.PL(λ̃i) < 0, and for j ∈ {0, 1}
Lj,a = max{lk | k ∈ Ij ∧ ak = a ∧ λ̃k = ∗lk,wk}
Pj,a = {k ∈ Ij | ak = a ∧ λ̃k = ∗lk,wk ∧ lk = Lj,a}
Kj = {k ∈ Ij | ak ∈ S ∧ PL(λ̃k) ≥ 0 ∧ P1−j,ak 6= ∅}
P ′0 = {k ∈ I0 | ∃a ∈ S. k ∈ P0,a ∧ P1,a 6= ∅}

Wj,a =
∑{|wk | k ∈ Pj,a ∧ λ̃k = ∗lk,wk |}

Na =

{
W0,a + W1,a if L0,a = L1,a

W0,a if L0,a > L1,a

W1,a if L1,a > L0,a

Table 2. Axiomatization of ∼MBRY
1



It is easy to see that the union of all the RY-Markovian bisimulations of order 1 is
a RY-Markovian bisimulation of order 1. Such a union, denoted ∼MBRY

1
, is called

the RY-Markovian bisimulation equivalence of order 1. ∼MBRY
1

is a congruence
w.r.t. all the algebraic operators as well as recursive constant definitions. In
Table 2 we report from [3] the sound and complete axiomatization of nonrecursive
EMPAgr1 terms w.r.t. ∼MBRY

1
.

4 Aggregating Bonus Rewards

As witnessed by axiom (A4)RY
1 , ∼MBRY

1
aggregates rates and yield rewards with-

out manipulating bonus rewards at all. However, if we look at the way perfor-
mance measures are computed according to formulas (1) and (2), we note that
whenever two actions are merged into a single one, then their bonus rewards
can be aggregated as well. Unlike the rates and the yield rewards of those two
actions, the bonus rewards are not just summed up as each of them needs to be
preliminarily multiplied by the execution probability of the corresponding ac-
tion. As an example, <a, λ1, (y1, b1)>.E + <a, λ2, (y2, b2)>.E can be equated to
<a, λ1+λ2, (y1+y2,

λ1
λ1+λ2

·b1+ λ2
λ1+λ2

·b2)>.E; similarly <a,∞l,w1 , (y1, b1)>.E+
<a,∞l,w2 , (y2, b2)>.E can be equated to <a,∞l,w1+w2 , (y1 + y2,

w1
w1+w2

· b1 +
w2

w1+w2
· b2)>.E. To be more precise, the probability by which each bonus reward

involved in the aggregation must be multiplied is the probability of executing
the corresponding action conditioned on the fact that one of the actions involved
in the aggregation is executed. Considering such a conditional execution proba-
bility instead of just the execution probability is not only necessary to preserve
the value of the performance measures according to formulas (1) and (2), but
is also crucial to get the congruence property. We introduce below an improved
reward based Markovian bisimulation congruence that aggregates bonus rewards
as well.

Definition 8. We extend the real number division to rates of the same priority
level as follows:

∗l,w1 / ∗l,w2 = ∗l,w1/w2

∞l,w1 / ∞l,w2 = w1/w2
and we extend the real number multiplication to passive rates and unspecified
rewards as follows:

∗l,w · ∗ = ∗
We define partial function aggregated rate-yield-bonus RYB1 : G1×AType× ZZ ×
P(G1) −→o ARate ×ARew ×ARew by:

RYB1(E, a, l, C) = (Rate1(E, a, l, C),Yield1(E, a, l, C),Bonus1(E, a, l, C))
where:

Rate1(E, a, l, C) =
∑{| λ̃ | ∃ỹ, b̃. ∃E′ ∈ C.E

a,λ̃,(ỹ,b̃)
−−−−→ 1 E′ ∧ PL(λ̃) = l |}

Yield1(E, a, l, C) =
∑{| ỹ | ∃λ̃, b̃. ∃E′ ∈ C.E

a,λ̃,(ỹ,b̃)
−−−−→ 1 E′ ∧ PL(λ̃) = l |}

Bonus1(E, a, l, C) =
∑{| λ̃

Rate1(E,a,l,C) · b̃ | ∃ỹ. ∃E′ ∈ C.E
a,λ̃,(ỹ,b̃)
−−−−→ 1 E′ ∧

PL(λ̃) = l |}



with RYB1(E, a, l, C) = ⊥ whenever the multisets above are empty.

Definition 9. An equivalence relation B ⊆ G1×G1 is a RYB-Markovian bisim-
ulation of order 1 if and only if, whenever (E1, E2) ∈ B, then for all a ∈ AType,
l ∈ ZZ , and equivalence classes C ∈ G1/B

RYB1(E1, a, l, C) = RYB1(E2, a, l, C)

It is easy to see that the union of all the RYB-Markovian bisimulations of order
1 is a RYB-Markovian bisimulation of order 1. Such a union, denoted ∼MBRYB

1
,

is called the RYB-Markovian bisimulation equivalence of order 1.

Theorem 1. ∼MBRYB
1

is a congruence w.r.t. all the algebraic operators as well
as recursive constant definitions.

Proof. See [4].

Theorem 2. Let ARYB
1 be the set of axioms obtained from those in Table 2 by

replacing (A4)RY
1 with

(A4)RYB
1 <a, λ̃1, (ỹ1, b̃1)>.E + <a, λ̃2, (ỹ2, b̃2)>.E =

<a, λ̃1 + λ̃2, (ỹ1 + ỹ2,
λ̃1

λ̃1+λ̃2
· b̃1 + λ̃2

λ̃1+λ̃2
· b̃2)>.E

if PL(λ̃1) = PL(λ̃2). The deductive system Ded(ARYB
1 ) is sound and complete

for ∼MBRYB
1

over the set of nonrecursive terms of G1.

Proof. See [4].

Theorem 3. Let E1, E2 ∈ E1. If E1 ∼MBRYB
1

E2 then the value of the reward
based performance measure is the same for E1 and E2.

Proof. See [4].

5 Mixing Yield and Bonus Rewards

Having the objective of defining a reward based Markovian bisimulation congru-
ence that aggregates as much as possible, the question arises as to whether it is
possible to consider just one type of reward instead of two. From the point of
view of an equivalence, this can be rephrased in terms of being able to jointly
consider yield and bonus rewards. By looking at formulas (1) and (2) and the
way transition frequencies are computed, we note that in the continuous time
case <a, λ1, (y1, b1)>.E+<a, λ2, (y2, b2)>.E can be equated to <a, λ1+λ2, (y1+
y2+λ1 ·b1+λ2 ·b2, 0)>.E, while in the discrete time case <a,∞l,w1 , (y1, b1)>.E+
<a,∞l,w2 , (y2, b2)>.E can be equated to <a,∞l,w1+w2 , (y1 + y2 + w1

w1+w2
· b1 +

w2
w1+w2

· b2, 0)>.E. This gives rise to a normal form where only yield rewards are
actually present, with bonus rewards being zero (or unspecified in the case of
passive actions). However, in the discrete time case, we observe that the factor by
which each bonus reward must be multiplied is equal to the execution probability
of the transition to which it is attached. Since such a probability varies depend-
ing on the context in which the term is placed, compositionality is lost. As an



example, if we call E1 and E2 the two equivalent terms above, respectively, and
we take E3 defined by <a,∞l,w3 , (y3, b3)>.E, we have that the aggregated yield
reward for E1 +E3 is y1 +y2 +y3 + w1

w1+w2+w3
·b1 + w2

w1+w2+w3
·b2 + w3

w1+w2+w3
·b3,

while the aggregated yield reward for E2 + E3 is y1 + y2 + w1
w1+w2

· b1 + w2
w1+w2

·
b2 + y3 + w1+w2

w1+w2+w3
· 0 + w3

w1+w2+w3
· b3. We introduce below a further improved

reward based Markovian bisimulation congruence that mixes yield and bonus
rewards in the continuous time case.

Definition 10. We define partial function aggregated rate-reward RR1 : G1 ×
AType × ZZ ×P(G1) −→o (ARate ×ARew) ∪ (ARate ×ARew ×ARew) by:

RR1(E, a, l, C) =
{

(Rate1(E, a, l, C),Reward1(E, a,C)) if l = 0
RYB1(E, a, l, C) if l 6= 0

where:

Reward1(E, a,C) =
∑

{| ỹ + λ̃ · b̃ | ∃E′ ∈ C. E
a,λ̃,(ỹ,b̃)
−−−−→ 1 E′ ∧ PL(λ̃) = 0 |}

with RR1(E, a, l, C) = ⊥ whenever the multisets above are empty.

Definition 11. An equivalence relation B ⊆ G1×G1 is a RR-Markovian bisim-
ulation of order 1 if and only if, whenever (E1, E2) ∈ B, then for all a ∈ AType,
l ∈ ZZ , and equivalence classes C ∈ G1/B

RR1(E1, a, l, C) = RR1(E2, a, l, C)

It is easy to see that the union of all the RR-Markovian bisimulations of order
1 is a RR-Markovian bisimulation of order 1. Such a union, denoted ∼MBRR

1
, is

called the RR-Markovian bisimulation equivalence of order 1.

Theorem 4. ∼MBRR
1

is a congruence w.r.t. all the algebraic operators as well
as recursive constant definitions.

Proof. See [4].

Theorem 5. Let ARR
1 be the set of axioms obtained from ARYB

1 by adding

(A4′)RR
1 <a, λ, (y, b)>.E = <a, λ, (y + λ · b, 0)>.E

The deductive system Ded(ARR
1 ) is sound and complete for ∼MBRR

1
over the set

of nonrecursive terms of G1.

Proof. See [4].

Theorem 6. Let E1, E2 ∈ E1. If E1 ∼MBRR
1

E2 then the value of the reward
based performance measure is the same for E1 and E2.

Proof. See [4].



6 Conclusion

In this paper we have improved the performance measure sensitive Markovian
bisimulation congruence of [3] in order to aggregate more states and transitions
while preserving compositionality and the values of the performance measures.
While the congruence of [3] aggregates yield rewards without manipulating bonus
rewards at all, the congruence of Def. 11 aggregates also the bonus rewards, pro-
vided that they are multiplied by the conditional probabilities of executing the
actions to which they are attached, and allows yield rewards and bonus rewards
to be used interchangeably in the continuous time case, provided that they are
divided/multiplied by the rates of the actions to which they are attached.

The impossibility result of this paper, i.e. the fact that it is not possible to
define a performance measure sensitive Markovian bisimulation congruence that
allows yield and bonus rewards to be used interchangeably in the discrete time
case, emphasizes the necessity of the bonus rewards. In the literature of Markov
reward processes it is well known that yield and bonus rewards can be used inter-
changeably in the continuous time case, and in this paper we have verified that
such a property does not violate compositionality. In the continuous time case
the yield rewards work well because of the race policy. In particular, the additiv-
ity assumption is sound because in every state all the transitions are viewed as
being in parallel execution, hence each of them contributes with its yield reward
to the accumulation of reward at the state. In the discrete time case, instead, the
preselection policy applies, hence the bonus rewards are more natural to express
performance measures. Besides being more convenient from the modeling view-
point, in the discrete time case the bonus rewards are also necessary from the
compositionality viewpoint, i.e. they cannot be transformed into yield rewards
if we want to get a congruence. In fact, if we transform them into yield rewards,
we have that the contribution of the transitions to the accumulation of reward
at the state is given by their average bonus reward, i.e. the weighted sum of their
bonus rewards with each of them multiplied by the execution probability of the
corresponding transition. Since the above mentioned execution probabilities (un-
like the rates in the continuous time case) vary depending on the environment
in which the state is placed, compositionality is lost.

The performance measure sensitive Markovian bisimulation congruence of
Def. 11 aggregates more than that of [3]. The reason is that the new congru-
ence can merge also those transitions that the old congruence cannot merge
only because of their different bonus rewards. A quantification of the achieved
improvement is left for future research.

We conclude with a practice related observation. Describing the rewards di-
rectly within the Markovian process algebra specifications of the systems has
the advantage of allowing the specifications to be compositionally manipulated
while preserving the values of the performance measures. This advantage on
the analysis side is unfortunately diminished by a drawback on the modeling
side: the system specifications are obfuscated with performance measure related
details. However, the Markovian process algebra specification of a system and
the specification of its reward based performance measures of interest can be



easily decoupled by separately describing the rewards to be attached to the ac-
tions occurring in the system specification. A syntactical preprocessing step, like
the one performed by the EMPAgrn

based software tool TwoTowers [2], then
permits to automatically insert the rewards into the system specification. This
avoids burdening the system specifications with rewards at modeling time, eases
the specification of additional performance measures for the same system spec-
ification, and allows every performance measure specification to be reused for
different system specifications.
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